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INTRODUCTION

This volume contains twelve of my game-theoretical papers, published in the
period of 1956-80. It complements my Essays on Ethics, Social Behavior,
and Scientific Explanation, Reidel, 1976, and my Rational Behavior and
Bargaining Equilibrium in Games and Social Situations, Cambridge University
Press, 1977.
These twelve papers deal with a wide range of game-theoretical problems.
But there is a common intellectual thread going though all of them: they
are all parts of an attempt to generalize and combine various game-theoretical
solution concepts into a unified solution theory yielding one-point solutions
for both cooperative and noncooperative games, and covering even such
'non-classical' games as games with incomplete information.
SECTION A

The first three papers deal with bargaining models. The first one discusses
Nash's two-person bargaining solution and shows its equivalence with
Zeuthen's bargaining theory. The second considers the rationality postulates
underlying the Nash-Zeuthen theory and defends it against Schelling's
objections. The third extends the Shapley value to games without transferable
utility and proposes a solution concept that is at the same time a generalization of the Shapley value and of the Nash bargaining solution.
SECTION B

The next two papers deal with equilibrium points. The first of these shows
that mixed -strategy equilibrium points can be interpreted as limits of purestrategy equilibria in games with small random fluctuations in their payoffs,
and argues that this model provides a new justification for use of mixedstrategy equilibrium points. The other paper presents a new proof for
Wilson's theorem according to which in 'almost all' games the number of
equilibrium points is finite and odd.
SECTION C

The four papers following these discuss some uses of probabilistic models in
game theory. Three papers are parts of a longer article on games with incomplete information (which are games in which some or all players have
less than full information about one another's payoff functions and/or
strategy spaces). Classical game theory had no way of dealing with such
xi
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INTRODUCTION

games. These three papers argue that such games can be brought within the
scope of game theory by introducing suitably chosen random variables
(random moves) in our mathematical representation for these games. It is
shown that the concept of equilibrium points can be naturally extended to
these probabilistic game models for incomplete-information games but that
cooperative solution concepts and, in particular, the Nash solution cannot
be directly extended to them. Finally, the problem of mutual consistency
between the probability distributions entertained by the different players
is discussed.
The fourth paper in this section discusses two uses of subjective probabilities in game theory: One is the use of probabilistic models in analyzing
games with incomplete information (see above). The other is the tracing
procedure, which is a mathematical model for convergence of rational players'
expectations to a specific equilibrium point in an n-person non-cooperative
game.
SECTION D

The next two papers discuss noncooperative-game models for cooperative
games. The first of these describes a noncooperative bargaining model for
von Neumann-Morgenstern stable sets. The second discusses the problem of
modelling cooperative games by means of noncooperative bargaining models
in general terms. It also outlines the Harsanyi-Selten solution theory, which
provides a one-point solution for every noncooperative game - and, of course,
also for every cooperative game remodelled as a noncooperative game. (The
new solution theory will be described in full detail in a forthcoming book
by Reinhard Selten and the present writer.)
SECTION E

The last paper uses game-theoretical concepts to clanfy the difference
between act utilitarian and rule utilitarian moral theories. It is argued that
act utilitarianism interprets moral behavior as a noncooperative game in
extensive form whereas rule utilitarianism interprets it as a cooperative
game in normal form, in which the concept of a rational commitment plays
an essential role.

SECTION A

BARGAINING MODELS

CHAPTER 1

APPROACHES TO THE BARGAINING PROBLEM BEFORE
AND AFTER THE THEORY OF GAMES: A CRITICAL
DISCUSSION OF ZEUTHEN'S, HICKS',
AND NASH'S THEORIES

It is proposed 1 to show that Professor Zeuthen's solution of the bargaining
problem 2 (antedating the von Neumann-Morgenstern theory of games 3 by
more than a decade) is mathematically equivalent to Mr. Nash's solution 4
(based on the theory of games), except that Zeuthen regards the two parties'
mutual bargaining threats as given while Nash furnishes a solution also for the
problem of selecting optimal threats. At the same time, it will be submitted
that Zeuthen's approach in turn supplements Nash's more abstract treatment
in an important way by supplying a plausible psychological model for the
actual bargaining process. However, certain minor changes in the basic postulates of Zeuthen's theory and a simplication of Nash's method for finding
the optimal threats will be suggested. Comparing Nash's theory with Professor
Hicks' theory of collective bargaining 5 (published shortly after Professor
Zeuthen's), it will be argued that the former rests on assumptions both more
realistic and more consistent with the postulate of rational behaviour. Finally,
the economic significance of the Zeuthen-Nash theory of bargaining will be
discussed.
1. THE INDETERMINACY OF THE BARGAINING PROBLEM
IN ORTHODOX ECONOMICS

As is well known, ordinary economic theory is unable to predict the terms on
which agreements tend to be reached in cases of oligopoly, of bilateral monopoly, and in general in situations where settlements must be arrived at by
means of explicit or implicit bargaining. Still less is current economic theory
(even with the help of current political theory) able to predict on what terms
agreements tend to be reached in situations where one or both of two bargaining parties use political pressure as one of the bargaining weapons.
All that orthodox economic theory can say in these cases it that any
3

4
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agreement tends to fall within a certain range, called by Professor Pigou the
'range of practicable bargains', defined by the following two properties: (1)
It is on the (Edgeworth) contract curve, i.e., the locus of situations where
neither party's position can be improved without at the same time worsening
the position of the other party. (2) It is on this curve between two limits,
which may be called the 'maximum-concession points' of each party, and
which are determined by the fact that neither party would accept an agreement that put him in a worse position than the conflict situation (not reaching
an agreement). In other words, each party's maximum-concession point is
that point at which all the net gain resulting from the agreement and the
co-operation agreed upon would go wholly to the other party. But current
economic theory does not explain how the position of the actual agreement
point is determined within this range of practicable bargains, that is, how the
division of the net gain is determined between the two bargaining parties.
At the same time, the theory of games itself, as developed originally by
von Neumann and Morgenstern, is no more able than is orthodox theory to
determine the exact position of the agreement point within the range of
practicable bargains. Only on the basis of additional assumptions 6 does the
theory of games furnish a determinate solution, as we shall see.
The unpredictability of the outcome of bargaining is, however, by no
means a law of nature, but is only a gap in current economic and political
theories. In practical life experienced businessmen, politicians, diplomats,
etc., seem to be often quite able to predict the terms of different agreements
with reasonable accuracy when they have sufficient information on the bargaining situation. Of course, information on the two parties' general economic
and political strength alone may not suffice: the outcome may depend significantly on such 'accidental' factors as the bargaining skill of the two parties'
actual representatives. 7 But it is a perfectly legitimate question (and one to
which we are entitled to an answer from economics and political science) to
ask what sort of agreement tends to result from a given objective economic
and political balance of power between two parties (as well as from given subjective attitudes on their part) if all disturbing forces are assumed away 8 (e.g.,
by postulating perfect rationality and perfect knowledge). In the absence of
a theory yielding determinate predictions as to the outcome of bargaining,
even the mere description of many social situations in a satisfactory way becomes impossible. 9 Thus a determinate solution for the bargaining problem
- as attempted by the three theories to be discussed - would fill a significant
gap in both economics and political science.
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2. BARGAINING WITH, AND WITHOUT, A CHOICE AMONG
ALTERNATIVE THREATS

An important advance over earlier authors has been the clear distinction in
Nash's theory between bargaining situations that do and those that do not
allow each party a choice among alternative threats by which to bring pressure to bear upon the other party.
Bargaining situations with one possible threat by each party arise either
when the two parties can achieve a certain gain by co-operation but when
each of them can threaten to withhold his co-operation unless a profitsharing agreement satisfactory to him is reached, or when one or both parties
are able to inflict one particular sort of positive damage on the other party
and use this possibility as a threat. It is, however, often a matter of definition
what we regard as mere p.on-co-operation and what we regard as positive
damage, and so it is desirable to bring both cases under the same terminology
by concentrating on the fact that in either case an agreement will mean at
least a relative gain to both parties over the conflict situation resulting from
the absence of agreement. In both cases agreement means saving the costs of
a conflict and this saving can be divided between the two parties.
But in more general situations the bargaining parties will have a choice
among several possible threats, each involving different degrees of non-cooperative or positively damaging behaviour. Of course, if there is no obligation
to carry out threats in the absence of agreement, the choice among alternative
threats may become trivial since each party may then use the most formidable
threat against his opponent as a matter of mere bluffing. To exclude this possibility, we may assume that each party is forced to carry out this threat if
agreement fails. 1 0 Or alternatively we may assume - in accordance with the
postulate of perfect knowledge - that each party can distinguish mere bluffs
from serious threats (say, on the basis of Nash's theory of optimal threats).
We may even admit the possibility that explicit threats are not used at all
during the negotiations, for it suffices if both parties can form a reasonably
accurate estimate of what retaliation would result in the event of a conflict.
In any case, if bluffing is made impossible or useless, the choice among alternative threats becomes a very real problem since, in general, the more
effective a certain non-co-operative or positively damaging policy is against
the opponent the more expensive it tends to be also to the party using it.
We begin, however, with the simpler problem of bargaining with given
threats, assuming that each party's threat is uniquely given either because he
has only one possible threat or because the problem of choosing among

6

CHAPTER 1

several possible threats has already been solved. Accordingly, both parties will
be assumed to know what kind of conflict situation will result if no agreement is reached.
3. NASH'S UTILITY-PRODUCT MAXIMIZATION RULE

The bargaining problem has an obvious determinate solution in at least one
special case: viz., in situations that are completely symmetric with respect
to the two bargaining parties. In this case it is natural to assume that the two
parties will tend to share the net gain equally since neither would be prepared to grant the other better terms than the latter would grant him. For
instance, everybody will expect that two duopolists with the same cost
functions, size, market conditions, capital resources, personalities, etc., will
reach an agreement giving equal profits to each of them.
Nash's theory of bargaining (with given threats) is fundamentally a generalization of this principle 11 for the more general case of asymmetric situations. This generalization is achieved by postulating that the general solution
should have desirable mathematical properties. 12 Nash's conclusion is that, if
both parties' utilities are measured by von Neumann-Morgenstern cardinalutility indices, they will reach an agreement at that point of the range of
practicable bargains at which the product of the utilities each party ascribes
to his net gain (over the conflict situation) is maximized.
It is worth noting that this solution does not presuppose the interpersonal
comparability of utilities since the index for each party's utility can be chosen
independently of the other's (because the solution is invariant with respect
to changes in the zero point or the unit of either party's utility index; in effect
this invariance property is one of the postulates actually used by Nash in
deriving his solution).
Moreover, it is easy to see that in the symmetric case this solution gives
equal shares to both parties, 13 so that it is a generalization of the solution
suggested above for this spe'cial case.
4. THE MATHEMATICAL EQUIVALENCE OF
ZEUTHEN'S AND NASH'S THEORIES

We now show that Zeuthen's solution is equivalent to Nash's.
Zeuthen's approach is based on a direct analysis of the process of collective
bargaining on the labour market, but is has general validity for any sort of
bargaining situation.
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Suppose that Party 1 would like to achieve the terms A 1 , but has been
offered only the less favourable terms A 2 by Party 2. Will he accept A 2 or
will he insist on obtaining A 1? This will obviously depend on Party 1's view of
the probability that Party 2 would definitely reject the terms A 1 , and that his
own insistence on them would lead to a conflict.
Let U1 (A!) and U1 (A 2 ) be the net utility gains over the conflict situation
that Party 1 would derive from A 1 and A 2 , respectively. By assumption,
U1 (A!) > U1 (A 2 ). Moreover, let p 2 be the probability that Party 2 would
finally reject the terms A 1 . Then, if Party 1 accepts A 2 he will obtain U1 (A 2)
with certainty, while if he rejects A 2 and insists on the better terms A 1 he
will have the probability (1 - p 2 ) of obtaining the higher utility U1 (A 1 ) and
the probability p 2 of obtaining nothing. Therefore, on the assumption that
Party 1 tries to maximize his expected utility ,1 4 he will accept the terms A 2
if U1(A 2) > (1 - p 2) · U1(A 1), that is, if [U1(A!)- U1 (A2)] /U1 (A!) <P2,
and will reject A 2 and insist on the better terms A 1 in the opposite case. Consequently, the utility quotient [U1(A!)- U1(A 2))/U1(A!), which may be
written briefly as (:).U 1 /U1 , expresses the maximum risk (maximum probability
of conflict) that Party 1 is prepared to face in order to secure the better terms
A 1 instead of the less favourable terms A 2 •
On the other hand, denoting the net utility gains Party 2 would derive
from the two situations by U2(A 1 ) and U2(A 2 ) (where U2(A 1 ) < U2(A 2 ), it
can similarly be shown that the maximum risk Party 2 would take in order to
achieve the terms A 2 more favourable to him is equal to the utility quotient
(:).Uz/U2 = [U2(A 2 ) - U2 (Ad]/U2 (A 2 ). Thus the two utility quotients
(:).U!/U 1 and (:).U2 /U2 - which in a sense measure the relative advantage of
A 1 over A 2 to Party 1 and the relative advantage of A 2 over A 1 to Party 2,
respectively - decide the strength of each party's 'determination' to insist on
the alternative more favourable to himself.
At this point Professur Zeuthen introduces the further assumption 15 that
each party will make a concession to his opponent once he finds that the
latter's determination is firmer (i.e., the latter's readiness to risk a conflict is
greater) than is his own. Thus Party 1 will always make a further concession if
while Party 2 will always make a concession in the opposite case. A concession need not be the complete acceptance of the other party's last offer, but
it must be large enough to reverse the inequality sign in (1) if the utilities corresponding to the new offer are substituted. (Zeuthen also assumes that if
both parties' utility quotients happen to be exactly equal, both of them will
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make some concession in order to avoid a deadlock.) This process will continue until the two parties meet somewhere in the middle. It will end after a
finite number of steps because the indivisibility of the smallest monetary unit
(and other technical or psychological indivisibilities) sets a lower limit to the
size of admissible concessions.
Zeuthen has also shown that this process will actually lead, in the essentially
symmetric case assumed by him, to an equal division of the net gain. This is,
of course, in agreement with Nash's theory. It is easy to see, however, that
Zeuthen's model leads to the same solution as Nash's theory in the general
case as well. In effect, inequality (1) can also be written in the form:
(2)

Ut(At) • U2(A1) < Ut(A:i) • U2(A2)

so that we can restate Zeuthen's assumption by saying that the party whose
last offer is associated with a lower value of the utility product, u1 . u2'
than is his opponent's last offer will always make a further concession and
put forward a new offer associated with an even higher value of the product
u1 . u2 than was his opponent's last offer. (If both parties' last offers gave
the same value for U1 • U2 , both will make concessions and put forward
offers giving higher values of U1 • U2 .) Thus, each new offer made during the
negotiations is bound to increase the value of the product u1 . u2 and in the
end the two parties will arrive 16 at terms that maximize 17 the value of
U 1 • U2 -which is exactly Nash's solution.
5. DERIVATION OF ZEUTHEN'S BASIC ASSUMPTION FROM
MORE GENERAL POSTULATES

We propose to derive now, from a few simpler and more general postulates,
Zeuthen's assumption that each bargaining party will be prepared to make a
concession to his opponent whenever he finds that the latter's readiness to
risk a conflict is at least as great as his own.
For this purpose we need the following postulates:
(1) Symmetry. The bargaining parties follow identical (symmetric) rules of
behaviour {whether because they follow the same principles of rational behaviour or because they are subject to the same psychologicallaws). 18
(II) Perfect knowledge. Each party can estimate correctly the probability
that the other party will definitely reject a certain offer.
(III)Monotonity. Suppose that Party 1 has received the offer A 2 from
Party 2. Then, the probability p 1 of Party 1's rejecting A 2 and insisting on
the more favourable terms A 1 is a monotone nondecreasing function 19 of the

9
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difference UI(At) - UI(A 2) if all other independent variables are kept
constant.
(N) Expected-utility maximization. Unless both parties agree to make
simultaneous concessions, each party will make a concession if and only if
his making this concession will give him a prospect with higher expected utility
than his refusing the concession would.
(IV') Efficiency. However, the two parties will agree to make simultaneous
concessions if this policy gives both of them higher expected utilities than
they would obtain otherwise.
We shall first assume that Postulate (IV) applies without the qualifications
expressed in the qualifying clause ("Unless ...) and in Postulate (IV'), and
shall later consider what modifications are needed in our conclusions in view
of these qualifications.
We have seen above (p. 7) that Party 1 will or will not insist on the more
favourable terms A I according as the utility quotient l::.UI/UI is larger or
smaller than p 2 • To derive this result we used only the utility maximization
postulate (corresponding to Postulate (IV). This result can also be expressed
as follows:
(3)

PI =0 if P2>t::.U1/UI, and

PI =1 if P2<t::.UdUI,

where PI denotes the probability that Party 1 will reject the terms A 2 •
By the same token the analysis of Party 2's behaviour gives us:
(4)

P2

=0

if PI >t::.U2!U2,

and

P2

=1

if PI <t::.U2/U2.

On the other hand, it is easy to see that (3) and (4) together require that
one of the following three possibilities should be true:
(5)

(a) Either
(b)
(c)

PI= 0 and p 2 = 1, or
pi=1 and p 2 =0,or
PI= !::.U2/U2 and P2 = !::.UI/UI.

But we have still to find out when each of these three cases applies. Now,
(3) makes PI a function of p 2 and !::.UtfU1 • We can therefore write:

(6)

p, =F(p2,!::.UtfU,).

Similarly, on the basis of (4)as well as the Symmetry Postulate (1), we have:

(7)

P2

=F(pi, !::.U2/U2).

( 6) and (7) are two simultaneous equations in the two unknowns, p 1 and
p 2 • Since they are symmetric with respect to these unknowns their solution

10

CHAPTER 1

must be of the form:
(8)

p1

=G(!1UdU1, AU2 /U2)

and

=G(!1U2/U2, 11UifUI).

P2

But the function G is uniquely determined by Postulate III and property
(5), so that we have:
(9.1)

P1

=0

(9.2)

P1

=P2 =!1UdU1,

and

P2

= 1,
if

if

!1UdU1

!1UdU1

< !1U2/U2,

=!1U2/U2,

(9.3)
P1 = 1 and P2 =O,if !1UdU1 >!1U2/U2.
(9.2) is, however, inconsistent with Postulate (N') since it will result in
wasteful conflicts with probability (11UI/U 1)2 , which can be avoided if the
two parties agree to make concessions simultaneously, i.e., adopt the rule of
behaviour:

(9.2')

P1

=P2 = 0

if

!1UdU1

=!1UdU2.

Thus we obtain the result that:
Party 1 will make a concession if 11UI/U1 < 11U2/U2 ;
Party 2 will make a concession if 11UI/U1 > 11UdU2 ; and
Both will make concessions if 11UI/U1 = 11UdU2 , as desired.
6. PSYCHOLOGICAL MODELS AND THE AXIOMATIC METHOD

The somewhat unexpected identity of the solutions yielded by Nash and by
Zeuthen is a most encouraging sign because on the surface their approaches
appear rather different. Many economists as well as other empirical social
scientists will probably find Zeuthen's reasoning more convincing as it is
based on a farily plausible psychological model of the bargaining process, and,
at the same time, they may look somewhat askance at Nash's game-theoretical
method, which relies on abstract mathematical postulates whose empirical
relevance may be less obvious. But, in actual fact, the two approaches are
complementary.
The abstract axiomatic method should primarily be regarded as a heuristic
device. If it can be shown that there is, consistent with peoples' behaviour in
a certain situation, one and only one hypothesis satisfying certain attractive
general postulates (whether formal postulates based on considerations of
mathematical simplicity, continuity, symmetry, determinateness, etc., 20 or
'material' postulates suggested by observation or introspection), this is a
strong argument2 1 for this particular hypothesis - or at least against any
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alternative ones - even if no convincing psychological model is known which
would explain the behaviour predicted by this hypothesis. Of course, if a
satisfactory psychological model is also found, this will further increase our
confidence in the hypothesis. But the converse is equally true. Our confidence
in a given psychological model will certainly increase if the pattern of behaviour predicted by it is found to be one and the only one compatible with
certain general postulates that are otherwise attractive to us.
Thus Zeuthen's and Nash's theories corroborate each other. At the same
time, Zeuthen's approach supplements Nash's in at least two important respects. It furnishes a more detailed analysis of the actual bargaining process.
Moreover, it explains how the result of the bargaining process depends on the
two parties' cardinal utility functions in the von Neumann-Morgenstern
sense, i.e., on their attitudes towards risk-taking - a dependence which in
Nash's theory must be assumed (in order to obtain a determinate solution)
without the possibility of being explained.
On the other hand, owing to its higher level of abstraction and its mathematical rigour, Nash's theory has the important advantage of complete generality, which assures us that no particular case falling within the scope of the
theory will possibly be overlooked. While Zeuthen's argument in its original
form is restricted to symmetric bargaining situations, Nash's theory automatically covers the asymmetric case also and even lends itself naturally to extension to the still more general case of bargaining with a choice among several
alternative threats. Moreover, whereas Zeuthen's argument as it stands is
limited to collective bargaining, Nash's theory at once covers all of bilateral
monopoly, duopoly, and bargaining by means of political pressure, etc.,
without restriction. 22
7. NASH'S THEORY OF OPTIMAL THREATS

Nash's theory of the selection of 'optimal' threats by each bargaining party
naturally follows from his theory of bargaining with given threats.
He has shown that both parties always have optimal threats with maximin
and minimax properties: i.e., if a given party uses an optimal threat, he will
be assured of obtaining the best terms that can be exacted at all in the given
situation from a rational opponent. 23 Nash also gives a geometric method by
means of which both parties' optimal threats in this sense can be determined.24 A simpler method can, however, be found on the basis of the following consideration.
Any threat aims at increasing the cost of a conflict to one's opponent

12
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without 'unduly' increasing the cost of a conflict to oneself. Nash's concept
of optimal threats makes possible an exact definition of what 'unduly' means
here. It can be shown that it is always profitable to increase the coast of a
conflict to one's opponent if the cost to oneself either fails to increase at all
or increases only in a smaller proportion, 25 and it is always profitable to
allow the cost of a conflict to one's opponent even to decrease if the cost to
oneself decreases in a still higher proportion. On this basis each party's optimal threat is easily found.
Not only will both parties follow the rule of behaviour expressed in this
conclusion, but they will also expect each other to follow it. If either party
attempted to put forward a threat that in the event of a conflict implied a
policy disproportionately burdensome to himself in relation to its damaging
effect on his opponent, the opponent would regard it as a mere bluff.
8. COMPARISON OF HICKS' THEORY OF BARGAINING WITH
THE NASH-ZEUTHEN THEORY

It is instructive to compare Nash's above theory of optimal threats with Hicks'
theory of collective bargaining on the labour market (1932). 26
Hicks' theory can be summarized as follows. Each bargaining party will
make a concession if, in his view, the strike resulting from his refusing this
concession would costhim more than the concession would. (Of course, costs
must be reckoned at their present values to make significant comparison possible.) The higher a given wage rate the more its acceptance will cost the employer and the longer the strike he will be prepared to endure rather than to
accept this wage rate. Thus each wage rate will be associated in the employer's
mind with a strike of a given length (with one which would be just as expensive as accepting this wage rate), higher wage rates being associated with
longer strikes. On the other hand, the lower a given wage rate the more its
acceptance will cost the trade union (in terms of disutility) and the longer the
strike they will be prepared to undertake rather than to accept this wage rate.
Thus each wage rate will be connected in the trade unionists' minds with a
strike of a given length (one which would be just as bad as accepting the wage
rate), but in this case lower wage rates will be connected with longer strikes.
There will be a unique wage rate that both parties associate with a strike of
the same length: this is the highest wage rate that the union can exact from
the employer. The latter in effect will not accept a wage rate higher than this
one since he knows that his refusal can at worst result only in a strike short
enough to cost him less than accepting this wage rate would. On the other
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hand, for opposite reasons he will certainly be prepared to accept this particular wage rate or, of course, any lower one.
As is easy to see, the primary difference between Hicks' theory and Nash's
is Hicks' assumption that either party will choose, or threaten to choose, a
strike in preference to a concession only if this strike is expected to cost him
less than the concession. 27 By contrast, in Nash's theory each party is ready
to exert pressure on the other party by the threat of a strike whose actual
occurrence, if agreement failed, would cost the threatening party more than a
concession would, provided the threat is likely to exact better terms from the
other party if agreement succeeds. 28
I think it must be admitted that Nash's assumption is the more realistic
one. Trade unions, employers, and bargaining parties in other fields, do use
threats of retaliation that would, if carried out, entail losses for themselves no
less than for their opponents -and it is rational for them to do so since they
can thereby achieve better terms. 29
9. ON THE ECONOMIC MEANING OF THE NASH-ZEUTHEN THEORY

What is the economic meaning of the Nash-Zeuthen theory of bargaining?
We have seen that this theory goes beyond orthodox economic theory in
that it not only states that the agreement point will lie somewhere within the
range of practicable bargains, but also predicts the actual position of this
point within this range. Moreover, it predicts the two parties' behaviour even
in the more general case where the limits of the range of practicable bargains
themselves depend on the two parties' behaviour (viz., on the threats they use
against each other).
According to this theory the most important factors determining the position of the agreement point within the range of practicable bargains are the
two parties' attitudes towards risk-taking as expressed by their cardinal utility
functions. A bargaining party will reach better terms the greater his risk preference, and the smaller the risk preference of his opponent. Thus orthodox
economic theory is right in taking the view that, on the basis of the variables
considered by the orthodox theory, the position of the agreement point is
indeterminate within the range of practicable bargains: for it to become determinate it is necessary, though not yet sufficient, that the two parties' cardinal utility functions are also included among the variables of the theory.
The two parties' cardinal utility functions, however, are not the only variables influencing the position of the agreement point within the range of practicable bargains. This position will also depend on the conditions under which
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economic values (especially money) can be transferred from one party to the
other: in particular, on whether, in the event of one party's making a concession to the other, the former's net loss will exceed, equal, or fall short of the
latter's net gain. An obvious case where the net loss and the net gain will not
be equal is a situation in which transfers are subject to transport costs. But
the same will apply also if the two parties are subject to income taxation at
different marginal rates. Again, in duopoly situations where direct side payments between the duopolists are not possible for one reason or another, but
where concessions can take only the form of reducing output or allowing the
opponent's output to rise, the loss in profits to one party will generally differ
from the gain in profits accruing to the other party. 30 The conditions of
transfer in this sense will obviously influence the readiness of both parties to
make concessions and, therefore, the final outcome of the bargaining. We cannot here go into the details (which the reader can easily work out for himself),
but it can be shown, for example, that each party's willingness to make concessions will be greater the more progressive the income tax to which he is
subjectl1 - a fact not unfamiliar to observers of wage determination by
collective bargaining.
Another important corollary of the Zeuthen-Nash theory is the possibility
of determining the exact economic value (nuisance value) of the ability to
exert economic, political, or other pressure. Take the following simple example. Suppose that Party 1 tries to blackmail Party 2 by the threat of
causing him a .damage of$ 1000 unless Party 2 pays a certain amount. What is
the amount they will tend to agree upon?
Some people would probably argue that this figure would be just a little
below $ 1000 since Party 2 would be prepared to pay anything short of the
full $ 1000 in order to avert Party 1's damaging action. But this would be no
more valid than to argue that Party 1 would be ready to accept any amount,
however small, since, if no agreement could be reached, he would receive
nothing at all. In actual fact, these two arguments prove only that any figure
between $ 0 and $ 1000 would be within the range of practicable bargains,
but they tell us nothing about which figure will in fact be agreed upon. To
determine this figure one must know the two parties' attitudes towards risktaking as expressed by their cardinal utility functions.
The conclusion reached has general validity. The value of the ability to
exert pressure on people by economic, political, or other threats is in general
less than the value of the loss which the Victim would suffer if these threats
were carried out. The exact ratio between these two values, on the other hand,
is primarily determined by the two parties' attitudes towards risk (and, of
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course, by the extent to which the threatened party can use effective counterthreats).
It may be noted that the bargaining theory considered here can be rendered more dynamic by allowing for the fact that, in deciding on their policies, the bargaining parties may also consider the effects of their present behaviour on their future bargaining positions. A tough policy followed in the
present may increase the chance of a conflict in the present transaction, but
may at the same time help to gain the reputation of toughness and thereby
help to obtain better terms in other transactions. Taking account of this fact
increases the relative desirability of obtaining better terms in the present deal
and has the same effect on a bargainer's behaviour as an increase in his risk
preference. The final terms reached will be most affected when this consideration has a much different importance for the two parties, e.g., if one of them
is a large economic or political unit expecting to have to settle many similar
transactions by bargaining in the future, while the other party is a small unit
expecting to be involved in few or no similar transactions. In this case, the
greater the difference between the sizes and transaction volumes of the two
units, the tougher the policy that the larger unit will find it profitable to
follow; and if this difference is considerable, the smaller unit may be forced
back virtually to its maximum-concession point - which means, of course,
the disappearance of actual bargaining in the usual sense. Markets with one
large monopolist (or monopsonist) on one side and a great number of small
atomistic competitors on the other and oligopolistic markets with one large
price leader and a greater number of followers are both instances of such a
situation. 32
The main applications of the Zeuthen-Nash theory of bargaining are obviously in the fields of duopoly, of bilateral monopoly (including the problem
of collectiv~ bargaining on the labour market), and of bargaining with the
help of political pressure. (Another of its applications is in the analysis of
political equilibrium between two political units, but this is beyond the scope
of this paper.) But in no other field, perhaps, has its superiority over erarlier
theories been more conspicuous than in the field of duopoly, which has so
notoriously defied so many of the great names of economic science. 33
On the other hand, the most important limitation 34 of the Zeuthen-Nash
theory lies in the fact that it is restricted to two-party bargaining situations
("two-person games"), so that it is, for instance, inapplicable to oligopoly
situations with more than two oligopolists. The removal of this restriction
depends on finding a satisfactory determinate solution for the general n-person
game, 35 and a solution to this problem will do much more than make a
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general theory of oligopoly possible; it will open the way for a general theory
of the distribution of income and of power within society.
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is constant to both parties. In the more general case we must measure all values in terms
of von Neumann-Morgenstern cardinal utility.
1 5 The intuitive plausibility of this assumption has been questioned (see J. Pen, 'A
General Theory of Bargaining', American Economic Review XLII, No. 1 (March, 1952),
esp. 33-34). We shall, however, see that this asseumption can be dispensed with as an
independent postulate (see Section 5 below).
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further increases.
2 0 The history of the natural sciences - especially in the last few decades - has forcibly
attested to the heuristic value of the axiomatic method and, in particular, of formal
mathematical simplicity, etc., requirements in the selection of scientific hypotheses.
21 But, obviously enough, it is never a conclusive argument. However plausible a certain
postulate seems to be at first sight, there is always the possibility that it will have to be
dropped if further empirical research finds it inconsistent with the actual facts - or even
if further theoretical analysis finds it inconsistent with some other logical or mathematical postulates of a more fundamental nature.
2 2 No economic theory relying on the concepts of orthodox economics alone could
possibly cover such prima-facie different phenomena as duopoly, bilateral monopoly,
etc., by the same argument; this is possible only on the higher level of abstraction
adopted by the theory of games.
23 It is, of course, assumed throughout that, after the choice of threats by each party,
the outcome of bargaining is determined according to Nash's utility-product maximization rule.
24 See his 'Two-Person Co-operative Games', Zoe. cit., esp. pp. 134-136.
2 5 This can be shown as follows:
Suppose that in the original position each party's net gain connected with the equilibrium agreement point (as above the conflict situation) is U1 and U2 respectively. Obviously U1 and U2 will also express the cost of a conflict to each party. Moreover, we
know that
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(a)

where U1 and U2 are utility gains connected with any alternative terms. Now let the cost
of a conflict to Party 1 and Party 2 increase by a • iJ, and b • U2 respectively, where
(b)

a<b.

Then the net utility gafns connected with any terms will also increase by a • U1 and
b • U2 for each party. Suppose the net utility gains connected with the new equilibrium
agreement point (as above the new conflict situation) are (U'1 +a • ii,) and (U~ ·+ b • U2 ),
while the net utility gains connected with the same point in the original position (as
above the original conflict situation) were l/~ and l/~. According to the utility maximization rule, in the new position the utility product now connected with the new equilibrium point must be larger than the utility product now connected with the old equilibrium point, so that
(c)

(ii',

+a •

U1 )

•

(U~ + b •

ii,) > (U 1 +a • U1 ) • (U2 + b • U2 ).

On the other hand, (a) implies that
(d)

ii~

.

ii~

< iJ, . tJ• .

(c), (d) and (b) taken in conjunction give us:
(e)

u, · <U~- iJ,> > u, · (U,- iJ',).

It will be shown that (e) entails that
(f)

Uj ;;.. U1

For, suppose that (J~
(g)

<li~-

and

li~

.;;; U,.

< U1 , so that li', > li,, then (e) could be written as
V,>!<li,- U~» (0,/U,).

Let us denote the upper-right boundary curve of the set of all possible pay-off points
(U., U2 ) by C. (The curve C represents, of course, the contract curve between the two
parties, and both the point (U1 , U2 ) and the point (U'., U'2 ) will lie on C.) Then two
cases may be distinguished.
(1) If the curve C has no angular point at (U1 , U2 ) then the tangent drawn to Cat
(U., U2 ) will have the backward slope VJf}. because (U., li,) is the point at which the
product U1 • U2 takes its maximum value. Therefore, in view of (g), the point (U~, fr,)
would lie above and to the right of this tangent, which is impossible since the set of the
points (U., U2 ) is a convex set.
(2) If the curve C does have an angular point at (l'l1 , (!2 ) , two tangents can be
drawn to it at this point. The tangent, however, that is drawn from the side nearer to
the point ( ~, U~) will, in general, have a slope even smaller than ii2 /U1 so that the
point (li'1 , U~) Will all the more lie above and to the right of this tangent, which is once
more impossible because of the convexity of the set of points (U1 , U2 ).
Consequently, (f) must be true, and the new equilibrium agreement point (U~, V;>
must be more favourable than (or at. worst as favourable as) the old equilibrium agreement point (U1 , li,) was to Party 1 - which is what we have wanted to show.
2 6 Op.

cit. (See note 5 above).
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27 Professor Hicks admits that a union may occasionally embark upon strikes not profitable in terms of immediate results and costs in order to keep the employer aware of
the union's power (op. cit., p. 146). But he does not discuss the use of threats of such
'unprofitable' strikes as bargaining weapons.
28 Thus in Nash's theory it is not required that this strike should itself be a profitable
venture, but only that its cost to this party should not be out of proportion to the losses
this strike would cause to the other party.
29 Professor Hicks' theory yields a determinate solution only because this special assumption just discussed reduces the range of practicable bargains to one unique point. If
this assumption is dropped, indeterminacy returns and recourse must be made to some
other theory of bargaining to obtain a determinate solution.
3
For an analysis of a duopoly situation on the basis of Nash's theory and a comparison of the results with other theories of duopoly, see J.P. Mayberry, J. F. Nash, and
M. Shubik, 'A Comparison of Treatments of a Duopoly Situation', Econometrica 21
(1953), 141-154.
31 The reason is that, other things being equal, a progressive income tax tends to decrease the value of the utility quotient t,U/U because it raises the marginal rate of taxation relative to its average rate, and this is the case all the more, the more progressive this
income tax is.
32 The last part of our argument, of course, has carried us over from the field of twoperson games to the field of n-person games (with a large value for n), a field we are not
qualified to enter in strict logic (but see note 35).
33 See note 30.
34 Another important limitation is the restrictive assumption of perfect knowledge, in
particular the assumption that each bargaining party perfectly well knows the other
party's subjective preferences (including his attitude towards risk-taking) as well as his
objective damaging power. This assumption excludes the use of secrecy, deception and
bargaining skill, so important in the real world. But it can be shown that this restrictive
assumption might be dropped without essentially affecting the validity of the theory.
Only, the position of the agreement point must now be made dependent not only on the
two parties' actual cardinal utility functions but also on each party's estimate of the
other party's utility function, and even on each party's estimate of what the other party's
estimate is of his own (the first party's) utility function, etc. (which is the traditional
problem of 'conjectural variation'). But the discussion of this problem must be left for
another occasion.
3 5 For a solution of this problem in relation to a certain important but restricted class
of n-person games, see L. S. Shapley, 'A Value for n-Person Games', in Contributions to
the Theory of Games, ed. by H. W. Kuhn and A. W. Tucker, Vol. II, Princeton, 1953,
pp. 307-317. (It may be mentioned that the same value for this class of n-person games
was found independently by the present writer before Mr. Shapley's paper became available in Australia.) A more general solution, extending the Zeuthen-Nash concept of bargaining equilibrium to then-person co-operative game, will be described in a forthcoming
paper of the present writer. (See Chapter 3 of this volume.)

°

ON THE RATIONALITY POSTULATES UNDERLYING
THE THEORY OF COOPERATIVE GAMES

The purpose of this paper is to re-state and re-examine the rationality postulates underlying the theory of cooperative games. It is also proposed to
discuss T.C. Schelling's recent criticism of some game-theoretical postulates,
in particular the symmetry postulate [15, 16].

The theory of games aims at developing criteria for rational behavior in situations that involve a total or partial conflict of interests 1 between two or more
individuals. Its primary concern is with the case where a rational individual
is faced with an opponent who himself also behaves rationally (or with several
such opponents),althoughitsinterest also extends to the case where a rational
individual has to deal with an opponent (or opponents) liable to more or less
irrational behavior.
If a given player could regard his opponents' strategies as given, the problem
of rat,ional behavior for him would reduce to the selection of a strategy that
maximizes his expected utility, i.e., the expected value (or actuarial value) of
his utility function. But the point is precisely that in general he cannot regard
his opponents' strategies as given independently of his own. For, if his opponents behave rationally, then their strategies will depend on the strategy they
expect him to follow, in the same way as his own strategy depends on the
strategies he expects them to follow. Hence the fundamental problem of the
theory of games is to establish criteria for defining what sorts of mutual expectations can be rationally entertained by the players of a game concerning
one another's strategies.
II

In some special cases one can derive satisfactory criteria for rational behavior
(rational decision rules) without making stronger assumptions than that:
(1) each player tries to maximize his. own expected utility (postulate of
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individual utility maximization or of individual rationality); and that (2) each
player expects (and acts on the expectation) that the other player(s) will also
try to maximize his (their) own expected utility (postulate of mutually ex-

pected rationality).
These two postulates we shall call the weak postulates of rationalit)J. They
involve only assuming that all players act rationally and also expect each
other to act rationally, but do not involve any stronger assumptions about
what sort of strategies the players expect each other to follow.
In particular, von Neumann and Morgenstern have shown [ 11, ch. 3] that
i.p the case of the two-person zero-sum (or constant-sum) game, if mixed
strategies are admitted, these two assumptions make it a rational decision rule
for both players to use maximin strategies. This is so because neither player
can obtain more than his maximin payoff if the other player plays rationally
- as he is expected to under the expected-rationality postulate. On the other
hand, by using a maximin strategy, each player can make sure to obtain at
least that much; while if he uses some other strategy he may run the risk of
obtaining even less than that.
In some other games, dominance 2 considerations make it possible to
derive well-defined rational decision rules without making use of stronger
assumptions than the postulates of utility maximization and of expected
rationality.
By the utility-maximization postulate, a rational player will always give
preference to a dominant strategy over a strategy dominated by it, and so will
never use a dominated strategy at all (assuming that he has some undominated
strategies). On the other hand, by the expected-rationality postulate, the
other players will be aware of this and will choose their own strategies on this
expectation.
Hence, to derive a rational decision rule for the players, we can replace the
original game by a smaller one, by means of eliminating for each player all.
strategies dominated by some other strategy. Then, we eliminate all dominated
strategies from this new smaller game, etc. In games where this procedure
leaves us finally with one unique undominated strategy for each player, the
rational decision rule for each player will be obviously to use this one undominated strategy. 3
An important application of this principle is to ultimatum games, i.e., to
bargaining games where one of the players can firmly commit himself in advance under a heavy penalty that he will insist under all conditions upon a
certain specified demand (which is called his ultimatum). Let us call a penalty
adequate if it is large enough to make it unprofitable for the first player to
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break his commitment, whatever strategy his opponent may use. (Sometimes
the loss of face the player would suffer if he broke his commitment may be
an adequate penalty). Moreover, let us call a demand by the first player
admissible if its acceptance would still leave the second player better off than
he would be in the conflict situation that would arise if no agreement could
be reached. It can be shown by dominance considerations that it will be rational for the second player to accept any admissible demand to which the
first player has committed himself under an adequate penalty. Consequently,
it will be rational for the first player to commit himself to his maximum
demand,4 i.e., to the most extreme admissible demand he can make. 5 • 6
III

However, apart from such special cases, the weak rationality postulates of
individual utility maximization and of expected rationality are in themselves
quite insufficient for establishing well-defined decision rules for the players,
and additional assumptions have to be made. In what follows we shall restrict
ourselves to cooperative games, 7 where the players are allowed free pre-play
communication and, what is more important, where agreements between the
players are fully enforced. More particularly, we shall concentrate on twoperson simple bargaining games because once we have a satisfactory theory
for this important class of cooperative games, our results. can be easily extended to the general two-person cooperative game and even to the n-person
cooperative game. 8
By a simple bargaining game we mean a situation where two individuals
can obtain certain prizes if they can agree on how these should be divided
between them: while if they cannot agree, then a conflict situation will arise
with specified payoffs to both parties (e.g., in the absence of agreement both
parties may simply retain their existing positions; or may have to pay certain
specified fines; or may receive certain consolation prizes). Communication
between the two players is completely free and the communication facilities
are not biased in favor of either party. The players are also assumed to know
each other's utility payoff functions. 9
A simple bargaining game differs from a general cooperative game in that in
the former the players' conflict payoffs are completely fixed by the rules of
the game, while in the latter, these conflict payoffs are in general dependent
on the retaliatory strategies that the players would actually use against each
other in the conflict situation. A simple bargaining game thus corresponds to
the special case where each player has only one possible retaliatory strategy
(e.g., plain non-cooperation) but has no choice among several alternative
retaliatory strategies.
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A simple bargaining game differs from an ultimatum game (see Section II)
in providing equal communication facilities for both players, so tliat neither
player can unilaterally decide the outcome of the game by putting forward
an ultimatum before the other player could take any effective counteraction.
Given equal communication facilities, if ultimatums are permitted, both parties, if they are rational, will put forward an ultimatum simultaneously at the
very moment the game starts- or alternatively, they may rule out ultimatums
altogether by common consent (or even by simple refusal to consider any
ultimatum the other party may try to make).
Accordingly, the conclusions we have reached for ultimatum games have
no application to simple bargaining games. In ultimatum games it was a rational strategy for one of the players to put forward an ultimatum containing
the most extreme admissible demand he could make. But in simple bargaining
games, if ultimatums are allowed at all, both parties will make an ultimatum;
but then both parties will have an incentive to moderation because, if the two
players' ultimatums contain incompatible demands, a conflict will result,
unprofitable to both parties. Thus, in a simple bargaining game it is not a
rational strategy against a rational opponent to insist on an extreme demand.
The rational strategy is rather to be ready for some sort of compromise; and
the main task of game theory in the case of simple bargaining games is to decide what kind of compromise will represent a rational strategy for both
players. 10
At the same time, the rational compromise that game theory tries to
define is a compromise of a rather special sort. It is a compromise that two
rational bargainers will tend to reach if their behavior is determined solely
by self-interest (or, more generally, by those personal preferences and value
judgments that enter into each player's utility function) as well as by consideration of what concessions they are likely to obtain from the other party.
That is, altruism, fairness, and other moral considerations can come in only so
far as they are included in each party's {or both parties') utility function(s).
But the emergence of a compromise in the model is not to be made dependent
on the two parties' sharing a common set of moral principles (or on their
willingness to accept the moral principles11 of a third party, say, an arbitrator).
One of the purposes of our analysis is to show - contrary to statements
sometimes made in the literature -that it is possible to define a unique rational compromise purely in terms of the two parties' self-interest (as expressed by their utility functions) and in terms of certain rationality criteria,
without making use of any moral criteria at all.
That is, for the sake of conceptual clarity, among the various theories
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dealing with bargaining situations, we must clearly distinguish between bargaining theories in a narrower sense, and arbitration theories. The former are
parts of game theory proper and try to define solutions based on the rational
pursuit of self-interest (or, more generally, on the rational pursuit of individual utility), while the latter are parts of ethics or welfare economics and try
to define solutions satisfying certain moral criteria. In this sense Braithwaite's
and Raiffa's theories [I; 12, pp. 361-87] are arbitration theories while the
Zeuthen-Nash theory (which we shall discuss) is a bargaining theory proper. 12
IV

As the postulates of individual utility maximization and of expected rationality do not define a unique determinate solution for the simple bargaining
game, Nash has suggested certain further postulates which achieve this purpose [9]. As I have shown elsewhere [3], the Nash solution can also be obtained from weaker and, I believe, more fundamental postulates if one makes
use of the Zeuthen model of the bargaining process. I now propose to present
a revised form of my original argument, with a view to more clearly bringing
out the logical function of each postulate. (I have also tried to make other
improvements over my earlier exposition.)
The purpose of the Zeuthen model is to find a rational decision rule which
tells each bargainer at any given stage of the bargaining process whether he
should himself make the next concession or should wait for his opponent to
make the next concession. 13
We shall use the following six postulates:
1. Individual Utility Maximization (as in Section II)
Definitions. Let R 1 and R 1 1 be alternative decision rules for player 1 while
R 2 and R 2 1 be rules for player 2. We shall call the pair (R t. R 2 ) more efficient
than the pair (R 1 : R 2 1) if the use of R 1 and R 2 would yield higher payoffs
to both players than would the use of R 1 1 and R 2 1 • We shall call the pair
(Rt. R 2 ) most efficient within a given setS of decision rules if there is no
pair more efficient than (R 1 , R 2 ) within the setS.
2. Efficiency

(A) Out of the set of all decision rules consistent with postulates 1, 3, 4, 5,
and 6, the players will select a pair (R 1 , R 2 ), of most efficient decision rules.
(B) However, if there is an alternative pair (R 1 ', R 2 ')of decision rules even
more efficient than (R 1 , R 2 ), then the players will adopt (R 1 ', R 2 ') instead
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of(R 1 ,R2 ) so long asR 1 1 andR 2 1 are consistent with postulates 3, 4, S, and
6, even if they are not consistent with postulate 1.

3. Acceptance of Higher Payoffs
Whenever a given player makes a certain offer to the other player, this means
that he will accept the terms specified in this offer and, a fortiori, any terms
even more favorable to him.

4. Symmetry
The decision rules of the two players have the same mathematical form and
differ only in having the variables associated with the two players interchanged.

5. Restriction of Variables
The decision rules of the players involve only such variables as have to be included by virtue of our present postulates.

6. Mutually Expected Rationality
The players expect each other to follow decision rules consistent with the
present postulates.
These six postulates we shall call the strong postulates of rationality.
Among the new postulates, the efficiency postulate is a natural extension
- and also a natural qualification - of the utility maximization postulate.
Rational pursuit of self-interest by the two players not only requires that they
should individually maximize their utilities and should choose efficient individual strategies. It also requires that they should choose individual strategies
which, taken in conjunction, represent an efficient joint strategy. Indeed,
self-interest demands even that the players should suspend independently
maximizing their utilities if both can benefit by switching to a more efficient
joint strategy not based on individual utility maximization. (We shall use this
efficiency postulate only for excluding individual utility-maximizing strategies
which would lead to unnecessary conflicts between the two players.)
The postulate on the acceptance of higher payoffs can also be regarded as
a rationality postulate concerning the rational pursuit of self-interest by the
players. 14 Or, alternatively, it may be taken as an institutional assumption
about the nature of the bargaining process envisaged by our model. That is,
we may assume that the rules of our bargaining game require that at any given
stage of the bargaining process each player must state his minimum demand,
which then automatically commits him to accept, not only the terms actually
specified in this demand, but also any alternative terms even more favorable
to him.
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While postulates 1, 2, and possibly 3 have the function of stating what the
rational pursuit of self-interest by the players demands, postulates 4, 5, and
6 have the function of stating, in terms more specific than the expectedrationality postulates of Section II, what expectations rational players can
consistently entertain about each other's behavior.
Postulate 6, like the expected-rationality postulate of Section II, is a direct
expression of the principle that the two players expect each other to act
rationally. But now this means that they must expect each other to act in
conformity not only with the utility-maximization postulate but with our
other, newly adopted, postulates as well.
Postulate 4 is also based on the principle that the two players expect each
other to act rationally. Its purpose is to exclude bargaining strategies that a
given player could adopt only on the expectation that the other player would
follow a different, and less rational, bargaining strategy. In particular, it wants
to rule out that a player should act on the expectation that a rational opponent would make a concession in a situation in which he himself, following
his own criteria of rational behavior, would refuse to make a concession.
Finally, postulate 5 serves to exclude, from the players' decision rules, irrelevant variables extraneous to our rationality postulates . .If we dropped
postulate 5, our remaining five postulates would not rule out some quite
arbitrary, or even silly, decision rules. For instance, it would be quite compatible with our other five postulates that the players should divide any joint
profit in proportion to their telephone numbers, or in proportion to the logarithms of their waist measurements, etc.
·
The only reason why a rational player could possibly accept such an
arbitrary decision rule would be the expectation that his opponent would
insist on an agreement along these lines. Likewise the only reason why a
rational opponent could possibly accept such a decision rule would be the
expectation that the first player would insist on it. But, assuming that a fully
rational decision rule exists, neither player can have any reason to expect that
the other player will adopt such an arbitrary and, on the face of it, quite
irrational decision rule - at least if he thinks that the other player is also a
rational individual.
The question is, of course, whether in actual fact there is a sufficiently
definite, fully rational decision rule for the players to follow. This question
we shall be able to answer in the affirmative only when we have shown (as we
propose to do in Section V) that our rationality postulates do furnish a welldefmed decision rule for the players, which provides a unique solution for the
game.
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That is, the final justification for excluding extraneous variables from the
players' decision rules lies in the fact that it is possible to define a satisfactory
rational decision rule not involving any extraneous variables. This means that,
in strict logic, our acceptance of postulate 5 at this stage must remain tentative. We can fully accept it as a basic assumption of our theory only when we
have satisfied ourselves in Section V that postulate 5, together with our five
other postulates, does yield a uniquely defined decision rule for the players.
We shall come back again to postulates 4 and 5 in Sections VI and VII when
comparing our own theory with Schelling's theory of bargaining.·
To sum up what has been said about the last three postulates, postulate 6
directly states that the two players expect each other to act rationally; postulate 4 excludes bargaining strategies which depend on the expectation that
the opponent will use a less rational bargaining strategy than the player concerned himself does; and postulate 5 excludes bargaining strategies based on
the expectation that the opponent's strategy will depend on irrelevant
variables extraneous to the criteria of rational behavior.

v
At a given stage of the bargaining process, let,A 1 be player 1's last offer and
A 2 be player 2 's last offer. Suppose that the terms of A 1 would yield the
utility U 1 (A 1 ) to player 1 and the utility U2 (Ad to player 2, whereas the
terms of A 2 would yield the utilities U 1 (A 2 ) and U2 (A 2 ) to the two players.
Let U 1 (C) and U2 (C) be the utilities that the two players would assign to the
conflict situation which would arise if no agreement could be reached. Finally,
let p 12 be the subjective probability that player 1 attaches to the possibility
that player 2 will firmly stick to his last offer A 2 and will make no further
concession; and let p 2 1 be the subjective probability that player 2 attaches to
the possibility that player 1 will firmly stick to his last offer A 1 and will
make no further concession.
What decision rules will the two players follow as to making further concessions?
First let us make the provisional simplifying assumption that both players
restrict their choices to the extreme strategies of either fully accepting their
opponent's last offer or fully keeping to their own last offer.
Under this assumption, by postulate 1, player 1 will stick to his own last
offer A 1 if
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that is, if
(a)

.
U1 (AI)- Ut(A2)
P12 <q1 = U1(AI)~ U1(C)

and will accept his opponent's last offer A 2 if the inequalities are reversed.
By similar reasoning, player 2 will stick to his last offer A 2 if

(b)

p 21

< _U2(A2)- U2(At)
q 2 - U2(A2)- U2(C)

and will accept his opponent's last offer A 1 if the inequality is reversed.
Comparison of the two sides of inequality (a) could serve as a decision rule
for player 1 if he could attach a numerical value top 12 .
By postulate 6, he will be aware of the fact that player 2's behavior is
governed by inequality (b). Consequently, in view of the definition of p 12 , he
will know that his assessment of p 12 will be realistic only if it satisfies the
condition
(c)

P12 =0 if P21 >q2 and
P12 = 1 if P21 <q2

Hence he will look for a decision rule consistent with condition (c).
On the other hand, in view of postulate 4, by symmetry, if a decision rule
satisfies condition (c) it must also satisfy
(d)

P21 = 0 if P12 > qt and
P21 = 0 if P12 <qt

Conditions (c) and (d) taken together allow only three possible cases:

(e)

Either
(i)P12=0 and P21=l,
or (ii) P12 = 1 and P21 =0,
or(iii)P12=q1and P21=q2

But it still has to be decided when each of these three cases applies.
Now, (c) makes p 12 a step function of p 21 and q 2 , so that one can write

(t)

P12 =F(p2t.q2)

In view of postulate 4, by symmetry
(g)

P21 =F(p12,q.)

RATIONALITY POSTULATES AND COOPERATIVE GAMES

29

(f) and (g) are two simultaneous equations in the two unknowns,p 12 and
p 21 • By symmetry their solution must be of the form
(h)

P1 2 =G(q1,q2) and
P21 = G (q2, qt)

Thus our postulates make p 12 and p 21 functions of the variables q 1 and
q 2 • But they do not make them functions of any other variables. Hence, by
postulate 5, they are in fact not functions of any other variables.
By postulates 3 and 6,p 12 must be a monotone nondecreasing function of
U 1(A 1) if all other utilities are held constant while p 2 1 must be a monotone
nondecreasing function of U2 (A 2 ). Therefore G must be a monotone nondecreasing function of its first argument.
All functions G satisfying this monotonity requirement and at the same
time also satisfying postulate 4 as well as condition (e) must be of the following form. They must be defined over the square 0 ~ q 1 ~ 1 ; 0 ~ q 2 ~ 1,
dividing this square into three regions corresponding to cases (i), (ii), and (iii)
of condition (e). (See diagram.) Region (i) must include the q 1 axis while
region (ii) must include the q 2 axis. Region (iii) must include the line q 1 = q 2
and must be symmetric with respect to this line. Any straight line running
parallel to the q 2 axis in the positive direction must traverse regions (i), (iii),
and (ii) in this order, whereas any straight line running parallel to the q 1 axis
in the positive direction must traverse these regions in opposite order.
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Any such function G corresponds to a possible decision rule for the players
to the effect that:
in region (i) player 1 should stick to his last offer A 1 , and player 2 should
yield;
in region (ii) player 2 should stick to his last offer A 2 , and player 1 should
yield;
whereas:
in region (iii) the players should use mixed strategies, so that player 1 is
sticking to his last offer A 1 with probability q 1 and is yielding with probability
(1 - q 1 ) while player 2 is sticking to his last offer A 2 with probability q 2 and
is yielding with probability (1 - q 2 ).
Different functions G, of course, will define different regions (i), (ii), and
(iii), and so will furnish different decision rules. LetS be the set of all decision
rules corresponding to any admissible function G. All decision rules in this set
will be consistent with postulates 1, 3, 4, 5, and 6.
However, adoption by the players of any decision rule in setS will result
in conflicts between them in region (iii), with probability p = q 1 q 2 • Therefore
the most efficient decision rule in set S is the one which, of all members of
S, reduces region (iii) to the smallest possible size, i.e., which reduces region
(iii) to the line q 1 = q 2 itself. This means that all points satisfying the inequality q 1 . > q 2 will be assigned to region (i) while all points satisfying
q 1 < q 2 will be assigned to region (ii). Let us call this decision rule R *. By
part A of postulate 2, the players cannot adopt any other decision rule in
setS than (possibly)R*.
At the same time, R* is still not a perfectly efficient decision rule because
its adoption would still result in conflicts between the players in the case
q 1 = q 2 , with probability p = q 1 q 2 = q 1 2 . These conflicts could be avoided if
in region (iii),i.e.,on the line q 1 = q 2 , both players would always yield instead
of adopting a mixed strategy. Let this modified form of R* be called R**. By
partE of postulate 2,R** supersedesR*. 15
So we obtain decision ruleR** as the only decision rule consistent with all
our rationality postulates. It says that:
player I should stick to his own last offer A 1 and player 2 should yield if
Ql >q2;
Q1

player 2 should stick to his own last offer A 2 and player 1 should yield if
<q2;and
both players should yield if q 1 =q 2 •
This decision rule has been obtained on the simplifying assumption that
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the two players restrict their choices to the two extreme strategies of either
fully accepting their opponent's last offer or fully sticking to their own last
offer.
Now let us drop this simplifying assumption. Suppose that the two players'
last offers A 1 and A 2 are such that q 1 > q 2 • It will still be true that, so long
as neither player makes a new offer, our rationality postulates will require
player 2 to accept player 1's last offer A 1 in full. But now player 2 can avoid
this extreme move, by making a new offer A 2 ' intermediate. between his own
last offer A 2 and his opponent's last offer A 1 . As making this new offer will
be preferable for him to full acceptance of A 1 , it will be the rational course
for him to take. (On the other hand, player 1 will have no incentive to make
a new offer and, even less, to accept player 2's last offer A 2 ).
Hence, if q 1 > q 2 , it will be player 2 who has to make a new concession
(although he need not go as far as fully accepting his opponent's last offer).
By similar reasoning, if q 1 < q 2 , it will be player 1 who has to make the
next concession (but again he need not go as far as fully accepting his opponent's last offer).
Finally, if q 1 = q 2 then both players will have to make some concessions.
This is the final form of the decision rule we obtain.
It can be shown [3] that if the two players follow this decision rule they
will tend to reach an agreement at the point A where the product

takes its maximum value. This point, however, is unique and is the Nash solution of the bargaining game.
VI

In my earlier paper I did not introduce the restriction-of-variables postulate as
a separate assumption distinct from the symmetry postulate. But now I think
that the logical structure of our model comes out more clearly if these two
assumptions are made separate postulates.
Out of these two postulates, in my view, the restriction-of-variables postulate is the really crucial assumption. This is because our model differs
from alternative theories of bargaining, such as Raiffa's, Braithwaite's, and
Schelling's, mainly in making the two parties' bargaining strategies dependent
only on a restricted set of variables, viz., on those variables which are directly
relevant for the rational pursuit of individual utility by the two parties
- whereas Raiffa and Braithwaite make the two parties' strategies dependent
on certain ethical criteria, and Schelling makes them dependent on certain
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psychological considerations. In our model these ethical and psychological
variables are excluded by the restriction-of-variables postulate.
Unlike the restriction-of-variables postulate, the symmetry postulate is by
no means peculiar to our model. On the contrary, the symmetry postulate has
to be satisfied, as a matter of sheer logical necessity, by any theory whatever
that assigns a unique outcome to the bargaining process. This is true irrespective of whether the theory in question means to make a realistic prediction,
or means to set up a normative standard -and, in the latter case, whether
this normative standard is based on individual rationality or is based on moral
criteria. In any case such a theory must make the outcome (the dependent
variables) a function of some particular independent variables, such as the
variables describing the players themselves, their physical environment, their
rights and duties within the game, etc. As any theory must apply to both
players, if the two players happen to be equal with respect to all relevant independent variables they must be assigned full equality also with respect to the
dependent variables, i.e., with respect to the outcome. But this is precisely
what the symmetry postulate says. Different theories of bargaining may differ
in what variables they regard as the relevant independent variables - but, if
the two players are equal on all variables regarded by the theory as relevant,
the theory must allot both players the same payoffs. 16
Although Schelling objects to the symmetry postulate, his own theory,
also, cannot avoid conforming to this postulate if it proposes to make any
definite predictions, even in a mere probabilistic sense, about the outcome
of the bargaining process [16]. For instance, he argues that, even in an other-wise symmetric bargaining game, rational players may come to divide their
joint profit in proportion 80:20 (instead of 50:50 as predicted by the ZeuthenNash theory in such cases) because some object or event in their present
environment or in their past history may catch their fancy and may suggest a
division of 80:20 [16, p. 220]. (For example, they may see a sign on a blackboard suggesting this particular proportion, or they may hear of a precedent
where two other players adopted this proportion, etc.) This account shows
that for Schelling's theory the set of potentially relevant independent variables
is much larger than for our own theory. He would include certain environmental variables (e.g., blackboard signs, precedents, etc.) which we would regard as irrelevant for decision-making by rational players. However, given this
larger set of relevant variables under Schelling's theory, the general psychological laws determining the outcome must be the same for the two players,
and thBrefore the. outcome (or the probability distribution of possible outcomes) must be a symmetric function of the independent variables if all
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relevant independent variables are taken into account. If the blackboard sign
suggested that player B should get 80% and player A 20%, instead of suggesting the opposite (and if all other relevant psychological and non-psychological variables were also interchanged between A and B) then the outcome
predicted by the theory would also have to be exactly the opposite, with B
now getting the 80% and A now getting the 20%. (In a stochastic model the
relevant probabilities, rather than the outcome itself, would be reversed, with
the proportion 20:80 now being assigned the same probability as was assigned
to the proportion 80:20 in the original case, etc.) Schelling's theory could
avoid this conclusion only if it were to assume that human behavior in bargaining situations were not governed by any kind of general laws at all -not
even by probabilistic laws.
Thus, Scheling cannot really avoid the symmetry postulate if he is to propose any definite theory of bargaining at all; and the real difference between
his theory and our own lies not in our symmetry postulate, but rather in our
restriction-of-variables postulate, which excludes many of Schelling's variables
as beirig irrelevant for decision-making by rational players.
VII

The essential effect of our restriction-of-variables postulate is to exclude,
from the players' decision rules, all variables which are not directly involved
in the two players' choice of utility-maximizing bargaining strategies. According to inequalities (a) and (b) of Section V, the only variables relevant to the
choice of utility-maximizing strategies are qb q 2, p 12 , and p 21 • Our subsequent argument in the same section then shows that, out of these four
quantities, the variables p 12 and p 21 are dependent variables determined by
q 1 and q 2 • This leaves only q 1 and q 2 as the independent variables which
must govern the two players' behavior at each particular stage of the game.
Only when this conclusion had been established could the symmetry and the
efficiency postulates be used to find the specific mathematical form that the
two players' decision rules must take.
The rationale behind the restriction-of-variables postulate is the fact that
either player's bargaining strategy would depend on additional variables (e.g.,
on those occurring in Schelling's theory) only if he had some reasons to believe that the other player's bargaining strategy would depend on these
variables. For instance, by inequality (a), player 1's strategy would depend on
the additional variable X (say, on the presence of a certain sign on the blackboard) only if he had reasons to think that p 12 (which represents player 2's
expected behavior) should depend on X. But, as both players are assumed to
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be rational individuals, in actual fact neither of them will have any reason to
think that the other player will be influenced by X, or indeed by any other
variable intrinsically unrelated to utility maximization.
The only reason why rational players could expect each other to be influenced by such extraneous variables would be the impossibility of defining
a unique rational solution in terms of the directly relevant independent
variables q 1 and q 2 alone. If no such solution could be found this would
mean that no rational criteria existed to choose among alternative possible
agreements. As the two players would still have a clear interest in reaching
some agreement, i.e., in making some mutually consistent choices, it would
be no doubt rational for them to bring in additional variables if this were
thought to increase the chances of reaching an agreement. If any way of dividing one hundred dollars between the two players were equally rational
(or equally arbitrary) then there could not be any objection on rationality
grounds to the suggestion of dividing this amount in the proportion suggested by an accidental blackboard sign, or suggested by an arbitrary precedent, or, for that matter, even in the proportion of their telephone numbers.
But the main result of our argument has been that it is possible to define a
unique rational solution in terms of the directly relevant independent variables
alone. Consequently, rational players can have no reasonable ground for
making their bargaining strategies dependent on other variables intrinsically
irrelevant for utility maximization.
VIII

This last conclusion can be further corroborated by comparing bargaining
games with coordination games. Schelling has developed an ingenious theory
of tacit coordination games and bases this theory of bargaining games on an
assumed analogy with such tacit coordination games [14]. But I shall try to
show that this analogy breaks down - precisely because tacit coordination
games by definition always lack a unique rational solution, whereas bargaining
games with free communication always possess a rational solution unique in
all strategically relevant respects. 17
By a pure coordination game we mean a game in which the two (or more)
players have exactly identical interests. Both win certain fixed payoffs if
they manage to choose coordinated strategies, and both lose if they fail to do
so. For example, let us denote player 1's strategies by O!t. a 2 ••• , and player
2's strateiges by 13 1 , 13 2 ••• Let a 1 and 13 1 , or a 2 and 132 , etc., denote coordinated strategies. Then both players will win if they use strategies with the
same subscript, and both will lose if they use strategies with different sub-
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scripts. But so long !!S they use strategies with identical subscripts it makes
no difference whether they use the pair (a 1 , ~d or the pair (a 1 , ~ 2 ), etc. Consequently, the players have no rational criterion to choose between such
alternative winning strategy pairs.
Nevertheless, if they are free to communicate, coordination of their strategies poses no real problem. Either player may suggest one particular winning
strategy pair, and the other player will agree at once as he has no reason to
prefer some alternative pair of strategies. But if the two players cannot communicate, i.e., in a tacit coordination game, the solution of the coordination
problem may require. real ingenuity, as each player must try to guess what
strategy the other player will use. As there is no intrinsically rational criterion
to choose among alternative potential winning strategies, the players may try
to fall back on any arbitrary selection rule which picks out a unique strategy
pair so long as they have any reason to expect that the other player may hit
upon the same arbitrary selection rule.
For example, two individuals may have to meet in a large city without
having agreed in advance on any particular meeting place. Both will 'win' if
they go to the same place, and both will 'lose' if they go to different places.
But so long as both choose the same place, any possible meeting place will
do equally well.
Now suppose that both individuals have read a: novel (and each knows)
that the other has read this novel) in which two people had met in the same
city at the Town Hall. By itself this fact would not be a good reason for them
to meet at the same place. But, as they have no more rational criterion to
choose a meeting place, it may be a good strategy for them to try the Town
Hall, as each individual may reasonably hope that the novel they have both
read will suggest this meeting place to the other individual as well.
But if one particular pair of strategies were cleady preferable to all others
on some clear-cut rational ground, (e.g., if some possible meeting place were
clearly much more convenient to both parties than any other) then no
additional extraneous selection rule would be called for. Of course, by definition, in a coordination game this never happens: any particular potential
winning strategy is always just as rational as any other. In contrast, in a bargaining game there is a unique rational selection rule, which yields the ZeuthenNash solution: therefore there is no real analogy between the two cases.
IX

This point can be brought out even more clearly if we consider tacit bargaining
games which happen to involve both a bargaining and a coordination problem.
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In such games, in order to avoid a conflict, the players have to agree not only
on how to distribute the payoffs between them but also on some other, more
or less independent, aspects of their joint strategies, and have to reach these
agreements without any explicit communication. For instance, suppose there
are two armies in a certain area. Both would like to control as much territory
as possible, but both would like to avoid a battle, and to reach a tacit agreement on some sort of demarcation line between them. 18 This situation involves a (tacit) bargaining problem as far as both parties would like to increase their own territories at each other's expense, though without actual
fight. But it also involves a coordination problem because, even if the two
parties did reach an agreement about the proportion of the territory to be
held by each side, there would still be infintely many ways of dividing up the
total territory in this given proportion, and so agreement would have to be
reached also in detail on who should get which particular areas. In general, a
tacit bargaining game always involves a bargaining problem as far as the two
parties have opposite interests as to the distribution of the payoffs; and it
may also involve a coordination problem if there are several alternative strategies to achieve the same given payoff distributions, so that the choice among
these alternative strategies does not involve a conflict of interest between the
players. 19
Now suppose that the two armies are at the beginning separated by a great
river which flows across the whole area and divides it in two parts. Also
suppose that the river is the only conspicuous landmark in the whole region.
Then, as far as the problem of tacit coordination is concerned, it will be a
natural idea to accept the river as the desired demarcation line because this
may be the only solution that can be achieved without detailed explicit negotiations. So far we are in full agreement with Schelling's theory of the coordination problem. But, how readily this solution will find actual acceptance
will also depend on the bargaining aspect of the game, i.e., on the relative
bargaining positions (power positions) of the two parties - an aspect of the
game completely neglected by Schelling's theory. Even if the river should
represent the only possible demarcation line so long as the game remains a
strictly tacit bargaining game, it will be the relative bargaining positions of the
two parties, together with the costs of communication between them, which
will decide how long the bargaining in fact remains restricted to the tacit
level. If one of the two parties comes to feel that the area on its own side of
the river is much too small in relation to its military strength as compared
with the other party's, it will surely try to shift the demarcation line beyond
the river, either by explicit negotiations, or by using sign language, or simply
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by putting pressure on the other party by means of small-scale military
attacks, etc. - unless the costs and risks associated with any of these methods
of communication happen to outweigh the value of the disputed territory.
In any case, no satisfactory analysis of the situation is possible without
recognizing both the bargaining considerations (balance of power considerations) and the coordination considerations involved, which may very well
pull in opposite directions. A theory relying on coordination considerations
alone, like Schelling's, cannot do justice to the influence that the two parties'
bargaining positions, i.e., the balance of power between them, have on the
outcome.
X

Our theory of bargaining is based on certain rationality postulates and describes actual bargaining behavior only to the extent to which this behavior
is in fact rational (or to the extent to which possible deviations from perfect
rationality have no significant effect on the outcome). For instance, we do
not claim the people's actual bargaining behavior is never influenced by irrelevant considerations. We have only argued against Schelling that, in bargaining
games with free communication (and also in tacit bargaining games that do
not involve a coordination problem), if a player is influenced by irrelevant
considerations this represents i"ational behavior. That is, our contention is
only that it is preferable - both on grounds of conceptual clarity and on
grounds of analytical usefulness - to define rational behavior in such a way
that it excludes behavior dependent on irrelevant considerations.
Models of rational bargaining behavior are meant to be used for three main
analytical purposes:
(1) for the prediction or explanation of the outcome of actual bargaining
behavior;
(2) for conceptual clarification. of what sort of behavior really represents
rational behavior in bargaining situations; and
(3) for defming a theoretical bargaining equilibrium point for any given
bargaining situation, i.e., for determining that particular payoff distribution
which would represent the stable equilibrium position between perfectly rational bargainers, and which therefore can be regarded as the payoff distribution corresponding to the real balance of power between the two parties.
Experience has shown in economics, political science, organization theory,
and other fields that models based on rationality postulates can often be used
with reasonable success to predict or explain actual social behavior. In the
case of bargaining, of course, it is obvious enough that the outcome is often
affected by irrational behavior on the part of either party (or both parties).
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Indeed, what we call bargaining skill largely consists in exploiting the opponent's proclivities to such irrational behavior. But it seems reasonable to assume that, in many cases at least, economic, political, diplomatic, or other,
bargaining tends to result in agreements that fairly closely correspond to the
real balance of power between the two parties, with irrational influences
being no doubt present but having only marginal significance. Similarly, the
distribution of economic and other values in society between rival social
classes or other social groups, even when it is decided without any explicit
bargaining tends to correspond to the relative bargaining positions (power
positions) of the parties concerned, and can be regarded as the outcome of a
(tacit) bargaining game. Naturally, it is the task of detailed empirical research
to determine in what particular fields, and under what particular conditions,
our models based on rationality postulates give reasonably realistic predictions
of the actual outcomes.
But even in cases where bargaining models based on rationality postulates
have little direct predictive value they still have important analytical functions. Even when people's actual bargaining behavior is not particularly rational it is still an interesting theoretical problem what would be rational behavior in that particular situation. Both recent controversies on the theory of
bargaining and the earlier history of bargaining problems (e.g., the earlier
history of the duopoly problem 20 ) clearly show that it is by no means a
trivial task to develop a consistent idea of what rational behavior really involves in bargai.ning situations. How far does it involve insistence on extreme
demands and how far does it involve readiness for a suitable compromise?
What factors determine the actual terms of a rational compromise? How is a
compromise based on a rational pursuit of self-interest related to a compromise based on certain ethical considerations? In the case of bargaining among
several parties, to what extent does rational behavior involve the forming of
two or more rival coalitions? Etc.
Herbert A. Simon has made out a strong case for the view that realistic
models of social behavior must be based not on the assumption of 'unlimited'
rationality, but rather on the assumption of some sort of 'limited rationality'. 21
But the setting-up of a fruitful model of limited rationality seems to presuppose a clear notion of what the assu-mption of full rationality would imply: We can best decide how to restrict our rationality postulates when we
clearly know what predictions our unrestricted rationality postulates would
entail and how these predictions deviate.from the empirical facts.
Finally, irrespective of what the actual outcome of bargaining is in a given
particular case, the bargaining models based on rationality postulates -
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such as Nash's theory of the general two-person cooperative game [9, 10] and
the present writer's theory of then-person cooperative game [3, 5] - define a
unique bargaining equilibrium point which represents the outcome theoretically corresponding to the real balance of power among the bargaining
parties in that particular situation. The concept of bargaining equilibrium
point thus gives an exact meaning to the balance of power notion, often used
by social scientists for analytical purposes, but lacking a clear meaning in the
absence of a unique definition of what outcome would theoretically
correspond to the relative power position among the different parties. The
concept of the bargaining equilibrium point also allows us to judge the influence of the two parties' relative bargaining skills on the actual outcome:
the better the terms a given party has achieved, as compared with the
theoretical bargaining equilibrium point between the two parties, the more
his bargaining skill must have exceeded that of his opponent(s).
However, in order that a model of rational bargaining behavior can perform these analytical functions of prediction or explanation, of conceptual
clarification, and of definition of a unique bargaining equilibrium point, it
must be based on a very sharp and unambiguous concept of rational behavior.
That is why we oppose Schelling's suggestion of using a broader and less
sharply defined concept of rational behavior, based on weaker assumptions
than our symmetry and our restriction-of-variables postulates. Even if intrinsically irrelevant variables do play some role in actual bargaining behavior
(although it seems to me that Schelling greatly overstates their actual importance) this does not mean that such bargaining behavior represents a
rational strategy against a rational opponent- at least in cases where rational
bargaining strategies not involving such irrelevant variables are available. 22
A concept of rational behavior broad enough to include bargaining strategies
based on irrelevant variables would be, in my view, too vague to be of much
use for analytical purposes.
XI

To conclude, we have argued that the basic analytical problem of game
theory is to determine what sorts of expectations rational players can consistently entertain about one another's behavior. In the case of the two-person
zero-sum game and in some other cases no stronger assumption has to be
made than that the players mutually expect each other to act rationally by
maximizing their expected utilities. In other cases, however, stronger assumptions are required, specifying in greater detail what it means to expect one's
opponent to act rationally.
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In the case of simple bargaining games (and more generally in the case of
cooperative games), under our own version of the Zeuthen-Nash theory of
bargaining, these stronger assumptions include a symmetry postulate and a
restriction-of-variables postulate. We have contended that the latter, rather
than the former, is the really crucial assumption which distinguishes our own
theory from alternative theories of bargaining, in particular from Schelling's.
While Schelling claims that even rational players may be influenced by various
factors intrinsically unrelated to the balance of power between the two
parties, we have argued that being influenced by such irrelevant factors represents irratinal behavior - unless the concept of rational behavior is broadened to such an extent as to become useless as an analytical tool.
On the other hand, our own theory differs from Raiffa's and Braithwaite's
theories of bargaining in making no use of ethical postulates and in assuming
that the players are concerned only with the rational pursuit of their own
individual utility. (Ethical considerations are assumed to affect the players'
behavior only insofar as they are incorporated in each individual player's
utility function.)
Finally, we have briefly discussed three main uses, in theoretical analysis,
of bargaining models based on rationality postulates: their use for prediction
or explanation of the outcome of actual bargaining behavior; for conceptual
clarification of what strategies rational behavior involves in bargaining situations; and for definition of a bargaining equilibrium point which represents
the outcome theoretically corresponding to the real balance of power between
or among the bargaining parties. We have argued that our bargaining models
can serve these analytical purposes only if they are based on a sharp and unambiguous concept of rational behavior as assumed by the Zeuthen-Nash
theory of bargaining.
NOTES
As a limiting case one may also include the study of situations that involve a full
identity of interests between two or more individuals, in the sense of Marschak's theory
of teams [7 ,8] or Schelling's theory of pure coordination games [14].
2 We say that a given strategy of a certain player dominates another of his strategies
if it yields a higher payoff than this other strategy would against at least one possible
combination of strategies by the other players; provided that against any other combination of strategies by the other players it yields a payoff no lower than this other strategy.
3 This method of arriving at rational decision rules corresponds to what Luce and Raiffa
call a solution in the complete weak sense for the game (6, pp. 108-9]. They also show
that this procedure works even if in the end several undominated strategies are left over
for some players, provided that these strategies satisfy certain equivalence and interchangeability requirements.
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For the sake of simplicity we are assuming that this maximum exists, e.g., owing to
the indivisibility of the smallest monetary unit. If this maximum does not exist because
the set of all possible demands is not a closed set, then the first player will have no optimal strategy in the strict sense at all, but will have only e-optimal strategies. That is, the
set of his possible payoffs will have an upper bound that he can never reach but can
approximate as closely as desired. But from a practial point of view e-optimal strategies
are just as good as true optimal strategies.
5 On the application of the dominance method to this case, see Schelling [ 13; 15, pp.
240-4].
6 In the two-person zero-sum game, also, the solution can be said to depend on dominance considerations in a generalized sense.
7 However, I shall show in a later publication that these same principles, with minor
modifications, can also be used to define decision rules for non-cooperative games.
8 On the two-person simple bargaining game, as well as on the two-person general
cooperative game, see Nash [9, 10) and Harsanyi [3]. On the n-person cooperative
game, see Harsanyi [5, pp. 325-55).
9 Thjs would mean, for instance, in the case of a duopoly situation, that the two duopolists would know each other's cost functions and their joint demand function, as well
as each other's attitudes towards risk-taking (as expressed by their von Neumann-Morgenstem cardinal utility functions for money). In many situations these assumptions will represent a reasonable approximation to the facts. But our model can be easily extended
also to the more general case where the players do not know each other's utility payoff
functions, if we assume that each player acts on the basis of his subjective estimate of
his opponent's utility function. See Harsanyi [4].
10 I cannot agree with Schelling's contention that simple bargaining games, in which the
symmetrical communication possibilities available to the players rule out the effective
use of ultimatums, have less theoretical interest than ultimatum games have [ 16, p. 128).
I would rather argue for the very opposite of this view. Admittedly, ultimatum games
may involve some interesting types of tactical moves (e.g., tampering with communication facilities) which are absent from simple bargaining games. But, at the level of basic
theoretical analysis, simple bargaining games pose some rather deep theoretical problems
of rational behavior (precisely because they have no determinate solution so long as we
assume only utility maximization and expected rationality) - whereas ultimatum games
have a rather trivial solution (based on dominance considerations), as we have seen.
Moreover, the outcome of an ultimatum game may greatly depend on rather accidental
features of the communication system between the players, while the outcome of a
simple bargaining game always depends on the fundamental balance of power between
the two parties (i.e., on each party's ability to inflict damage and to confer benefits on
the other party). Hence, to determine the theoretical bargaining equilibrium point corresponding to the fundamental balance of power between the parties, we have to use a
simple bargaining game model (see Section X below).
11 Of course, if both parties do happen to ascribe high utility to the observance of the
same moral principles, it is reasonable to require that our model should furnish a solution which satisfies these principles - this follows from the efficiency postulate.
1 2 It is no accident that both Raiffa (in one version of his theory) and Braithwaite use
interpersonal utility comparisons while Nash's theory explicitly excludes such comparisons. As I have argued elsewhere [ 2) , no satisfactory theory of ethics or welfare
4
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economics is possible without interpersonal comparisons of utility. On the other hand,
such comparisons have no place in models based solely on the rational pursuit of individual utility.
13 Zeuthen's model envisages a simple bargaining game where no ultimatums are used
[18, ch. 4]. In contrast, in Nash's model both players put forward ultimatums simultaneously. However, as I have shown [3], the two models are mathematically equivalent,
and the Nash model can be regarded as a 'normalized' form of the Zeuthen model, itself
considered as an 'extensive' game.
14 Admittedly, in real life it may occur that a given bargainer would be willing to accept
a moderate concession by his opponent, but refuses to accept an unexpectedly large concession. This can happen because the first bargainer can take such an over-large concession
for a 'sign of weakness' by his opponent. That is, it may induce him to revise his assumptions about the form of the opponent's utility payoff function, and/or about the latter's
proficiency (rationality) as a bargainer, and so make him expect, and therefore insist
upon, even larger further concessions. But this case cannot arise in our model, where
the players are assumed to know each other's utility payoff functions, and to be firmly
convinced of each other's rationality; under such conditions an offer of better terms can
only increase, and can never decrease, one's willingness to accept.
1 5 It will be noted that in our argument the only essential use of the efficiency postulate
occurs in the previous paragraph, where part A of the postulate is used to select the decision ruleR* out of the setS. In the present paragraph part B of the postulate is used to
replaceR* by R** - which is done only in order to deal with the very special case of
q 1 = q 2 , a case that can occur only with zero probability (i.e., corresponds to a set with
measure zero).
16 The symmetry postulate must be satisfied not only by deterministic theories but also
by probabilistic theories of bargaining. Of course, if the outcome is made a random
variable, then the probability distribution of possible outcomes, rather than the actual
outcome itself, will become a symmetric function, with respect to the two players, of
the relevant independent variables.
17 For bargaining games the Zeuthen-Nash theory always determines a unique solution
in the sense of defining unique equilibrium payoffs to the two players. On the other
hand, there may be several alternative coordinated joint strategies by which the players
can achieve these equilibrium payoffs. However, so long as there is free communication,
the coordination of their strategies poses no problem to the players.
18 The example has been taken from Schelling [ 14, p. 24, example 6].
19 This means that the Zeuthen-Nash solution gives no criterion to choose among these
alternative strategies.
20 Modern critics of the classical theories of duopoly agree that almost all of these
theories at one stage or another attribute some highly irrational forms of behavior to the
two duopolists.
2 1 For a recent summary of Simon's views, see [17].
22 A bargaining strategy involving intrinsically irrelevant variables may be, however, a
perfectly rational strategy against an irrational opponent whom one expects to be himself
influenced by these irrelevant variables.
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CHAPTER 3

A SIMPLIFIED BARGAINING MODEL
FOR THEn-PERSON COOPERATIVE GAME* 1

1.

INTRODUCTION

THE BARGAINING MODEL I propose to discuss in this paper• is a
simplified and, as I hope, improved version of my bargaining model
published in the Princeton Contributions (see [3]). Like my earlier
model, this one is also a generalization of the Nash solution for the
two-person cooperative game [6, 7] to the n-person cooperative game;
and it is at the same time also a generalization of (a somewhat modified
form of) the Shapley value [8] from the transferable-utility• case to
the general case.
Indeed my new model is even more closely related both to the Nash
solution and to the Shapley value, and preserves many of their desirable
mathematical properties that my old model did not preserve. As a
result, the payoffs it yields are in much better agreement with
our intuitive notions about the various players' power positions and
threat possibilities in each specific game! In particular, to any given
game r (which of course in general will not have transferable utility)
my new model assigns as payoffs the modified Shapley values• of that
gamer which, among all games with transferable utility, most closely
approximates in an appropriate sense the original game r.
Conceptually the main difference between my present model and my
earlier one is this. Since formally both models are generalizations of
Nash's theory of two-person cooperative games, both models have to

* Manuscript

received November 28, 1960, revised July 31, 1962.
An earlier version of this paper was written while the author was at the Australian
National University, Canberra, Australia. It was read at the Stanford meeting of the
Econometric Society in August, 1960. The author is indebted to Professor Leonid Hurwicz,
of the University of Minnesota, and to Professor Gerard Debreu, now of the University
of California at Berkeley, for helpful comments.
2 I have been informed by Dr. E. L. Kaplan, of the University of California Radiation
Laboratory, Livermore, that he had independently developed a very similar model for
payoff determination in the n·person cooperative game.
8 Transferable utility means that the players are free to make side payments to each
other, so that the sum of the two players' utility payoffs will remain unaffected, the payee's
net utility gain being always exactly equal to the payer's net utility loss. If side payments
are made in money, transferable utility may be the result of all players' having linear
utility functions for money.
• The new model also overcomes the objections raised by Isbell [4] against the old model.
~ For definition of the modified Shapley value, see Section 3 below. Cf. also [3, (353-54)].
1

44

45

n-PERSON COOPERATIVE GAME

reduce any n-person cooperative game ultimately to some combination
of two-person subgames. But in my earlier model this reduction was
accomplished in two steps. First any n-person cooperative game r
was reduced to a set of several-person bargaining subgames rs played
by the s members of each possible subset (syndicate or coalition) S of
players. Then each such s-person subgame rs was itself reduced to
a set of two-person bargaining subgames
between each possible
pair i, j among the s members of any given syndicate S.
In contrast, my new model avoids the unnecessary intermediate step
of several-person bargaining subgames rs, and reduces any n-person
cooperative game r directly to a set of two-person bargaining subgames
r,i between each of the n(n- 1)/2 possible pairs i, j among the n
players. This approach results in a closer and more direct conceptual
and mathematical relationship between my present model and the Nash
solution for two-person bargaining games. My new model also has the
advantage of giving rise to a system of simultaneous equations much
simpler and easier to handle than were the equilibrium conditions of
my model.

rr,

2.

THE NASH SOLUTION IN THE CASE OF FIXED
DISAGREEMENT PAYOFFS

Before describing my new model in greater detail, I should like to
discuss certain properties of the Nash solution and of the Shapley value,
which we shall need later on.
Let P be the set of all possible payoff pairs x = (x1 , a:2) that the
two players of a given two-person cooperative game r can achieve by
any possible joint strategy (including jointly randomized strategies)
available to them. Pis called the prospect space of the game and is
assumed to be a compact and convex set of full dimensionality (i.e.
of 2 dimensions). Let H be the upper-right boundary of P, defined as
the set of points in P undominated (even in a weak sense) by any
point of P. The equation of H will be written as

H(r»10 rx;J = 0.
As on the upper-right boundary H the variables X1 and
strictly decreasing functions of each other, we have8

(2.1)

:s;;o
[~]
d,rx;J ll=o '

X 2 are

mutually

i,j = 1, 2,
i '4=j,

a It will be throughout assumed, wherever convenient, that the function H and its
n·dimensional analogue possess all :first derivatives. This will result in no loss of generality
as our results can be easily extended to any game in which H has corner points, by means
of making r the limit of a sequence of certain games r1r. in which H possesses first
derivatives everywhere.

46

CHAPTER 3

where the equality sign can hold at most at the end points of the
curve H.
Let H1 and H, be the first derivatives of the function H with respect
to x1 and
By (2.1) H1 and H. will have the same sign. Without
loss of generality we can assume that

x..

(2.2)
The equality sign again can apply at most at the end points of H.
In view of the convexity of the prospect space P we also have
i, j = 1, 2,
:o;; 0 ,
(2.3)
[ d•x,
dx'. H=oi=t=j.

J

'

Let us first consider the special case of a game where the two players
obtain certain fixed disagreement payoffs t 1 and t, if they cannot agree
on the distribution of final payoffs between them. Then, according
to Nash's theory [6, (159)] the two players will agree on the final
payoffs X 1 = U 17 x, = u, such that
(2.4)
(u1 - t 1)-(u,- t,) = max (x1 - t 1)-(x,- t,).
(:tl,z2)EP

:'C,~t,,i=l,:i

t 1 ,t 2 =eonst.

By using Lagrange's method of multipliers one sees immediately that
(2.4) is equivalent to the requirements:
(2.5)
H(u17 u,) = 0 ,
(2.6)
where
(2.7)
a, = H,(u17 u.) ,
i = 1, 2 .
The second-order requirements are taken care of by the convexity of
the prospect space P.
·
Equations (2.5), (2.6) and (2.7) show that the Nash solution has the
following important property:
Invariance with respect to commensurate increments or decrements
in the two players' disagreement payoffs t1 and t.. Suppose that in
a given game r both players' disagreement payoffs are increased
(decreased) to t~ = t 1 + dt1 and t~ = t. + dt., with

(2.8)
whereas the upper boundary H of the prospect space is left unchanged.
Then the resulting new game will have the same solution u = (Ut, u.)
as did the original game r.
This property can be used in the analysis of bargaining games embedded in larger bargaining games as follows.
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The solution of a bargaining game imbedded in a larger bargaining
game: Suppose a given two-person bargaining game F* is embedded
as a subgame in a larger bargaining game r between the same two
players. More specifically, let P* and P be the prospect spaces of F*
and of r respectively, with P*cP. Let H* and Hbe the upper-right
boundaries of P * and of P.
Suppose that the main gamer is a composite bargaining game played
in two stages. In stage 1 the players have to play subgame F*. That
is, they have to agree on some payoff vector u* = (u:, u:) E P*. If
they cannot agree then they receive the prearranged disagreement
payoff vector t = (t 11 t,) E P*.
In stage 2 the players have to agree on a final payoff vector u =
(u 11 u,) E P. If they cannot reach agreement at this stage, then they
receive, as their disagreement payoff vector for stage 2, the payoff
vector u* already agreed upon in stage 1.
Though game r is played in two stages, it is strategically equivalent
to, and has the same normal form as, a one-stage bargaining game
with the same prospect space P and the same disagreement payoff
vector t. Therefore its Nash solution u will be defined by equations
(2.5), (2.6) and (2. 7). Consequently the two players, if they follow the
rationality postulates of Nash's theory, must play the two-stage game
r in such a way as to arrive at a final payoff vector u defined by
these equations. But this implies that, during stage 1 of the game
(corresponding to subgame F*), the players must choose a payoff vector
u* such that by using this u* as disagreement payoff vector during
stage 2, they will arrive at the same final payoff vector u as they would
arrive on the basis of the original disagreement payoff vector t. But
by equation (2.8) this means that u* must satisfy
(2.9)

where
i = 1, 2.

(2.10)

On the other hand, efficiency requires that u* should satisfy the condition
(2.11)

H*(u:, u:) = 0 .

Intuitively, this argument amounts to saying that a rational player
i in stage 1 of the game will not agree to a payoff vector u* which
would worsen his bargaining position with respect to his final payoff
Therefore, if both players act rationally, then in stage 1 they will
adopt a payoff vector u* which will not alter their relative bargaining
power with respect to the final outcome of the game.

u,.
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Thus if a given bargaining game F* is embedded as a subgame in
a larger bargaining game F, then the solution ofF* will be in general
different from what it would be if F* were played as an independent
bargaining game. In the former case the solution u * of F* will be
defined by equations (2.9), (2.10), and (2.11). In the latter case, in
view of equations (2.5), (2.6), and (2.7), the solution u* would be defined
by the equations
(2.12)
(2.13)

at ·(ut - t1) =a: ·(u: - t,)
at= H,*(ut, u:)

i = 1, 2

together with equation (2.11), which equally applies in both cases.
Extension of this analysis to composite bargaining games r played in
several stages (say, m stages) is straightforward. Let P1 c P, c · · · c P,. =
P, where P 3 is the prospect space for stage j, P.,. = P being the prospect
space for the whole game as well as for stage m. In each stage j
the players agree on a payoff vector uJ E P3 • In stage 1 the disagreement
payoff vector is t. In each later stage j the disagreement payoff vector
is the vector u<J-1) agreed upon in the previous stage._ Then for every
stage j
(2.14)
Hence
(2.15)
where
(2.16)

i

3.

= 1, 2.

THE NASH SOLUTION IN THE CASE OF
VARIABLE DISAGREEMENT PAYOFFS

In the general case the disagreement payoffs t 1 and t. of a given
two-person cooperative game r will not be constants directly determined
by the rules of the game. Rather, they will be variables depending
on the actual retaliatory strategies fJ1 and fJ1 the two players would.
use against each other in case they could not agree on the final payoffs.
Hence

t,

(3.1)

= X,(fJu fJ

1) ,

i

= 1, 2 ,

where X, is the payoff function of player i. We shall also write
t

= (t,_, t.) =

X(fJ1, fJ.) •

Under Nash's model the two players announce their retaliatory strategies
fJ1 and fJ, in advance at the beginning of the game and therefore these
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are called the threat strategies of the two players [7, (180-86)].
Against any given iJ2 = iJ~, player 1's optimal threat strategy will
be that particular iJ1 = iJ~ which maximizes his final payoff U 1, subject
to the constraints (2.5), (2.6) and (2. 7). Similarly, against any given
iJ1 = iJ~, player 2's optimal threat strategy will be that particular iJ2 = iJ~
which maximizes his own final payoff Us, subject to the same constraints.
Nash [7, (185-86)] has shown that in any two-person cooperative
game r there exists a pair of threat strategies iJ~ and iJ~ mutually
optimal against each other. Though there may be several such pairs
of mutually optimal threat strategies, all will lead to the same final
payoffs U 1 and Us.
We shall now prove
LEMMA

1. Let

(8.2)

and let u = (u11 Us) be the Nash solution corresponding to this disagreement payoff vector t, so that
(8.8)

H(ul, Us) = 0 ,

(8.4)

al'(U1

-

tr) = a 1 •(Us- ts) ,

where
(8.5)

i = 1,2.

Then, in order that threat strategy iJ~ of player i be optimal against
threat strategy iJ~ of player j (i, j = 1, 2 and i =/= j) it is both necessary
and sufficient that
a,t, - a;t;

(8.6)

where

o,

=

max [a,X,(iJ,, iJ}> - a;X;(iJ,,
-s,e,,

om ,

"t•a;=const.

is the set of all strategies available to player i in the game.

PROOF. Take any point u* = (ut, u1) on the upper-right boundary H
of the prospect space. Consider the set T(u*) of all possible disagreement payoff vectors t* = (tt, t1) such that would make this point
u* the Nash solution of the game. By (2.6) the set T(u*) is given
by the intersection of the prospect space P and the straight line L(u*)
whose points t* satisfy the linear equation

(8.7)

H,(u*)·tt - H;(u*)·t1 = H,(u*)·ut - H1(u*)·u1 = const.

Now, any point t* of the prospect space will belong to one and only
one such set T(u*). Hence, the family of all sets T(u*), u* e H
represents a partitioning of the prospect space Pinto these sets T(u*)
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as equivalence classes. Clearly the mapping T of all points u* of H
into the family of all sets T(u*) is continuous, and so is the inverse
mapping T-1•
Comparing two possible disagreement payoff vectors t = (t, t,) and
t* = (tt, tn, t* is called more favorable than t for player i if t E T(u),
t* e T(u*), and ut > u,.
Let T+(u) be the set of all points t* in the prospect space P such that
(3.8)

> H;(u)·u,- H;(u)·ui,

H,(u)ott- H;(u)·tj

or equivalently such that
(3.9)
where the equivalence of (3.8) and (3.9) follows from (3.5) and (3.4).
Let u* = (ut, uj) be any point on the upper-right boundary H such
that
(3.10)
Since a,

> u,.

ut
~

0 we can write

(3.11)
By the convexity of the prospect space
(3.12)

a,u,

+ aiui ~ a,ut + aiuj

.

By (3.11) and (3.12)
(3.13)

a,uf - aiuj

~

a,u, - a1ui .

Hence the point u* must lie either in the set T(u) or in the set T+(u).
But it cannot lie in T(u) because then, in view of (3.7) and (2.1), we
would have u* = u, which would be inconsistent with (3.10). Hence
(8.14)

u*

E

T+(u).

Now, for player i the point t* = u* as disagreement payoff vector
would be certainly more favorable than any point t in T(u) because
clearly u* e T(u*) and by (3.10) ut > u,. But, in view of the continuity
of the mapping T-1, by the Bolzano-Weierstrass theorem if for player
i any point u* of T+(u) is more favorable than are the points in T(u),
then all points t* of T+(u) must be more favorable' than the points
in T(u).
Hence if player i had any threat strategy tJt yielding a disagreement
point t* = X(iJ!, iJ~) belonging to T+(u), i.e. satisfying the inequality
a,t! - a 1tj > a,t, - a 1t 1, then iJ~ could not be optimal against iJ~. Thus
iJ~ can be optimal against iJ~ only if it maximizes the expression on
the right-hand side of (3.6). This proves the lemma.
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COROLLARY. In order that '!9-~ and '!9-~ be mutually optimal against
each other it is both necessary and sufficient that the point t should
satisfy equations (3.2) to (3.6) as well as the additional equation
(3.15)
a,t, - a3t 3 = min [a,X;(8~, t?-3) - a3 X;(t9-~, ·83)] ,
8jE8;

ai.a.;=const.

where

f) 3

is the set of all strategies available to player j.

The corollary follows from the fact that minimizing the expression

(a,t,- a1t 3) is equivalent to maximizing the expression (a 3t 1 - a,t,).

Since Nash has shown that a pair of mutually optimal threat strategies
and '!9-~ always exists, there is always a pair '!9-~ and '!9-~ satisfying equations (3.2) to (3.6) as well as (3.15). But if such a pair exists then it must
have maximin and minimax properties, and therefore the quantity
£1, = a,t,- a;t; will correspond to the maximin (as well as the minimax)
value of the expression in square brackets on the right-hand side of
(3.6) and (3.15).
'!9-~

LEMMA 2. Assuming that conditions (3.2) to (3.5) are fulfilled,
if strategies '!9-~ and '!9-~ will satisfy equations (3.6) and (3.15), then
(3.16)
a,t, - a3t 3 = max min [a,X,(t?-,, '!9-;) - a3X 3(t9-,, '!9-;)] •
s,esi s;eB;

a,,a;=const.

This statement remains true if we reverse the order of the max and
min operators (i.e. if we use the maximin operator instead of the
minimax operator).
PROOF. The lemma follows from the fact that equations (3.6) and
(3.15) entail equation (3.16). Let

(3.17)
F(t?-,, '!9-;) = a,X.(&,, '!9-;)- a1X;(t9-,, '!9-1) .
Then for any t?-, Eo,
min F(t?-,, '!9-;) ~ F(t?-,, '!9-~) ~ max F(8,, '!9-~)
8i
(3.18)
8;
= F(t?-~, t?-n = min F(8~, '!9-;) ,
8;

where the last two equalities follow from (3.6) and (3.15). Consequently
(3.19)
as desired.
(3.20)

F(t?-~,

t?-n = max min F(8,, '!9-3)
,,

'i

,

We can prove by a similar argument that
F(t?-~, '!9-~)

= min max F(t?-,, '!9-;) •
8;

8.

LEMMA 3. lf the variables u,, a,, and t, (i = 1, 2) satisfy equations
(3.3), (3.4), (3.5), and (3.16), then the vector u = (u1 , u 1) is the Nash

Boluti<m of the game.
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PROOF. Equation .(3.4) can be written in the form
(3.21)
On the other hand, equations (3.3) and (3.5) do not contain the variables t 1 and t,. Consequently the choice of t 1 and t, is important only
as far as it determines the value of tl1 (or of tl, = - tl1).
But, by Lemma 2, if equation (3.16) is satisfied, then the value of
tl, (i = 1, 2) will be the same as the tl, value satisfying equations (3.6)
and (3.15). Therefore, by Lemma 1, if equations (3.16) as well as
(3.3), (3.4) and (3.5) are fulfilled, we shall obtain the same vector u
as that corresponding to a pair of mutually optimal threat strategies
VI~ and VI~, but this vector u is the Nash solution, as desired.
Lemmas 1, 2 and 3 establish the following theorem.
THEOREM 1.

In the general case with variable disagreement payoffs

t 1 and t, the Nash solution can be defined by the following conditions,

which are both necessary and sufficient:
(A)

H(u10 u,) = 0;

(B)

a, = H,(u10 u,) ,

(C)
(D)

a1•(u1- t1) = a,·(u.- t,);
t, = X,(VI~, VI~) ,
a1t1 - a,t, = a1 X1(VI~, VI~) - a,X,(VI~, VI~)
= max min [a1X 1(VI10 VI,) - a,X,(V11 , VI,)] ,

(E)

i = 1, 2 ;
i = 1, 2 ;

~1ee1 ~,ee 2

s 1 . a2 =const.

or, equivalently,
a1t1 - a,t, =min max [a1X 1(V110 VIJ- a,X,(V11 , VI,)] •
~ 2 eB 1 B1 eB1
a1 , "s=const.

Conditions (D) and (E) can be omitted in the special case where t 1
and t, are constants directly determined by the rules of the game.
In order to obtain conditions that do not assume the existence of
the derivatives H 1 and H 1 at the solution point u = (u10 u,), we can
replace conditions (A) and (B) by the following conditions:
(AA)
(BB)

a,~

a1U1

0,

+ a,Ut =

max

l•t·••lEP

(a1:~:1

+ a,z,) ,

i = 1,2,

Gl, CIJ=OODSt.

while conditions (C), (D) and (E) can be retained unchanged. In cases
where H1 and Hs exist, these new conditions are equivalent to conditions
(A)-(E). In cases where these derivatives do not exist, we can justify
the new conditions by the method outlined in footnote 6 above.
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4. THE MODIFIED SHAPLEY VALUE

Let r be an n-person cooperative game with transferable utility.
Then the Shapley value of game r to player i can be defined as
(4.1)

u, =

E

~~1

(8- 1)! (n- 8)! [v(S) - v(S)] ,

n!

where N stands for the syndicate (or coalition) of all players, n for
the number of players in N, 8 for the number of ·players in each
syndicate S ~ N, and S = N- S for the syndicate complementary to
S. This definition is clearly equivalent to the one given by Shapley
[8, (311, equation (11))].
Under Shapley's original definition the symbol v(S) denotes the von
Neumann-Morgenstern characteristic function of the game, corresponding to the maximin value of the joint payoff us = E uf (i E S)
of each syndicate S.
However, as I have argued elsewhere [3, (353-54)], if the players'
final payoffs are in fact determined according to equation (4.1), and
if the players are free to make binding threats to one another, then
one must redefine the symbol v(S) in equation (4.1) as follows.
By equation (4.1), the final payoff u, of each member i of syndicate
Sis maximized if the difference ns = us- us is maximized. On the
other hand, the final payoff u 1 of any member j of the complementary
syndicate S is maximized if - ns = us - us is maximized, that is,
if ns = us - us itself is minimized. Hence the choice of threat
strategies (conflict strategies) iJS and iJB by the two complementary
syndicates S and S can be regarded as a two-person zero-sum subgame,
in which one side tries to maximize the same quantity ns that the
other side tries to minimize. This subgame will have a unique solution,
corresponding to the maximin (as well as the minimax) value of this
quantity ns.
Therefore in equation (4.1) the symbol v(S) should be re-interpreted
as denoting, not the von Neumann-Morgenstern characteristic function
of the game, but rather a modified characteristic function. It should
be made to correspond, not to the maximin value of the joint payoff
us itself, but rather to the maximin value of the difference ns =
us- us. This gives the definition
(4.2)

with

v(S) = us(iJ~,

Jg) ,

v(S) = U8(iJ~, iJff) ,
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Ds = us(fJ~, tJn- UB(tJ~ ,?'J~)
=max min [U8 (l7 8 , tJ8)- us(08 , tJ8)]
ssees 88ees

=min max [U 8 (0S, tJB)- us(08 , 198)],
s8ee8 ssees

where 0 8 and os are the sets of all joint strategies available to S
and to S.
If in (4.1) we define the symbol v(S) in accordance with equation
(4.2) then the resulting quantity u, is called the modified Shapley
value of the game to player i.
This modification also overcomes Luce and Raiffa's objection [5, (13738)] to the original Shapley value, based on the latter's insufficient
sensitivity to the players' threat possibilities.
Our own solution for the general n-person cooperative game will be
a generalization of this modified Shapley value.
5.

ADMISSIBLE STRATEGIES AND THE PROSPECT SPACE

We shall now resume discussion of our new bargaining model for
the general n-person cooperative game.
We shall make the usual assumption that in a cooperative game r
the n players are free to use any jointly randomized mixed strategy
iJN, The set of all joint strategies iJN available to the n players (i.e.
to the all-player syndicate N) will be denoted by ON. In the case of
a conflict between two complementary syndicates S and S, it will
be assumed that each side is free to use a jointly randomized mixed
strategy iJ8 or iJS respectively, where now joint randomization is
restricted to the members of the relevant syndicate S or S. The set
of all joint strategies 1'l8 available to syndicate Swill be denoted by 08 ,
Let P be the set of all payoff vectors x = (x,, · · ·, x,.) that the n
players can achieve by any joint strategy iJN E ()N, P will again be
called the prospect space of the game. P will be obviously a convex
set. We shall also assume that it is a compact set of full dimensionality
(i.e. of n dimensions).
Let P be the set of all points x in the utility space U" of the n
players, such that x either is itself a point of P or is at least weakly
dominated by some point x E P. Clearly, F-:::>P. P will be called the
extended prospect space. We shall assume that any player i is free
to decrease voluntarily his own payoff x, by any amount. This essentially
amounts to making P the effective prospect space of the game!
1 The motivation for this assumption will be explained later (Section 9). Of course,
when our model is applied to the special case of games with transferable utility (where
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This assumption also enlarges the strategy space es available to each
syndicate S s;;; N to an extended strategy space fJ 8 -::J{) 8 •
The set H of all points x in the original prospect space P such that
are not dominated, even weakly, by any other point x* E P is called
the upper boundary of the prospect space. On the other hand, the
set it of all points x E P such that are not strongly dominated by some
other point x* E P is called the extended upper boundary.
Obviously, il~H. Both H and il are hypersurfaces of (n- 1)
dimensions, convex to above.
The equation of it (and of course of H) will be written as

(5.1)

H(x" · · ·, x,.) = 0 •

H; will again denote the first partial derivative of the function H
with respect to X;. 8
Since at any given point these partial derivatives must all have the
same sign, we can assume without loss of generality that
(5.2)

H;~O,

i

= 1, ···,n.

At any point x E il at least one H; must be nonzero. Indeed, at any
point of H itself, except for the points on the boundary of H, all
H; must be nonzero.
6.

DEFINITIONS AND ASSUMPTIONS

The purpose of my present model, like that of my original one [3],
is to define a set of payoffs that represent the equilibrium outcome
of bargaining among rational players. We shall assume that the
final payoffs of the game are determined by a whole network of various
agreements among the players; and we shall try to define the equilibrium
conditions of mutual consistency and interdependence that these various
agreements have to satisfy. That is, we shall assume that each such
agreement will represent a bargaining equilibrium situation between
the participants if all other agreements between the players are regarded
as given.
As my earlier model, the present one is also based on the fundamental
assumption that every possible subset (syndicate or coalition) S of the
players will agree to cooperate in protecting their common interests
it always yields as payoffs the modified Shapley values of the game) the compactness
assumption must be further relaxed. For in that case the prospect space will contain,
as subsets, unbounded hyperplanes of the form L:xt = const. But in the general case it
is convenient to assume the compactness of at least the set P itself, which generates the
noncompact set P.
a See Footnote 6 above.
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against the rest of the players. More particularly, it will be assumed
that the members of each syndicate S, including both the all-player
syndicate N and each of the sectional syndicates SeN, publicly
guarantee certain payments, called dividends, to one another and agree
to cooperate in securing these dividends to all members of the syndicate.
These dividends will be assumed to be additional to the dividends that
each member of the syndicate may receive from other syndicates. A
syndicate may also distribute negative dividends, i.e. may reduce the
payoffs of its members by certain amounts. Any decision by a syndicate
is supposed to require the consent of all its members. The dividend
of player i from syndicate S will be denoted by wf.
The final payoff of a given player i from the whole game will be
denoted by u,. It will simply represent the sum of the dividends to
i from all syndicates of which he is a member. That is
(6.1)

for all i EN.

We shall require that the final payoff vector u = (u 11
game should be efficient (Pareto-optimal), so that
(6.2)

u

= (U 11

• • ·,

• • ·,

u,.) of the

u,.) E H .

It will also be assumed that each sectional syndicate S backs the
dividends it guarantees to its members, by announcing a threat strategy
'!JS, i.e. a joint strategy that the members of S would use against the
other players if they could not agree with them on the distribution
of final payoffs. The threat strategies lJ8 and is announced by a given
syndicate S and by the complementary syndicate S fully determine
the conflict payoffs uf and u1 that each member i of S and each member
j of S (i.e. all players) would receive in case of a conflict between S
and S. Thus we can write
(6.3)

for each SeN and iE S,

where X, denotes the payoff function of the game.
We want to exclude dividend-guaranteeing agreements which are in
themselves unrealistic or are inconsistent with the other commitments
of the participants. Therefore we shall require that the dividends
guaranteed to any player i by a given syndicate S and by all its
subsets taken together should not exceed the conflict payoff ur, which
is the largest payoff that the cooperative effort of the members of S
could secure for him in the event of a conflict between S and S. On
the other hand, we also want to exclude dividend-guaranteeing agree-
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ments which are inefficient (not Pareto-optimal}, and therefore also
require that the sum of these dividends should not fall short of this
conflict payoff, either. Therefore we postulate
u~

(6.4)

=E

R3i

for each SeN and i

w~

E

S.

R~S

For the sake of notational symmetry, we also define the symbol uf as

uf=

(6.5)

E

R3i
Rr;;;,N

w~

= u,

for each i

E

N ,

where the last equality holds by (6.1).
7.

THE DIVIDEND-PROPORTIONALITY RULE

We shall first discuss the case where in a given game

w7 from the various syndicates S are nonnegative.

r all dividends

Consider the bargaining subgame rii in which players i and j have
to agree on the distribution of dividends between them for all syndicates
S of which both of them are members. That is, they have to choose
dividends wf and w1 for all S 3 i, j and <;;;;. N. We shall assume that
for the purposes of subgame F;; all other dividends within the game
are regarded as given. Thus we regard as given all dividends wf of
player i from syndicates S of which player j is not a member; all
dividends wJ of player j from syndicates S of which player i is not a
member; and all dividends
of all other players k =t= i, j from any
syndicate S whatever. (In view of (6.1) this implies that the final
payoffs uk of all other players k are also regarded as given.)
With respect to subgame F;;, the disagreement payoffs t, and t; of
players i and j are obviously

w:

(7.1)

t, =

E wr,

8t;;.N
8~j

In view of equation (6.1}, the payoffs of the two players i and j
from subgame r,; are simply their final payoffs u, and u; from the
main game r as a whole. Applying conditions (A), (B) and (C) of the
Nash solution (see Section 3 above) to subgame r;;, the payoffs u, and
u; must satisfy:
(7.2)
(7.3)
(7.4)

H(ul, · · ·, u,.} = 0,
a,·(u,- t,) = a;·(u;- t;),
a.. = H,.(u., · · ·, u,.),

m= i,j,

where only u, and u; are to be regarded as variables since all the other
uk's are considered as given.
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(7.3), in view of (7.1), can also be written as
(7.5)

But we are assuming that in subgame r,; players i and j have to
agree not only on the sums E wf and E w~ for all syndicates S of
which both are members, but also separately on each pair of dividends
wf and w1 for each particular syndicate S 3 i, j. Agreement on each
such pair wf and w1 can be regarded as a smaller bargaining subgame
rr, embedded in the larger subgame r,;, which itself can be considered
as a composite bargaining game. Hence, by (2.16) in each subgame
Ff; separately the two players must agree on dividends wf and w1
such that
(7.6)
where a, and a; are defined by (7.4). This requirement applies to
every syndicate S of which both i and j are members. Thus if R 3 i, j
then also
where a, and a; are the same quantities as in (7.6). Consequently, for
any two syndicates S ~ N and R ~ N, if both players i and j are
members of both S and R, we must have
(7.7)

wf

w1

= wf = .!!:.L =
w1

a,

H;(ul, • · ·, u,.)
H,(U 1 , • . . , u,.)

In view of this fact we shall call equation (7.6) the dividendproportionality rule.

Then proportionality factors al = H1(u1, • • ·, u,.), • • ·,a,.= H,.(u1, • • ·, u,.)
determining the distribution of dividends within each syndicate S we
shall call the weights of the game.
We shall now consider the case where some of the dividends wf in
the game are negative. We define the quantities

(7.8)

tf=Ewf,
sa•

8CN

(7.9)

tf =

E

.RSH

wf.

RC8

By (6.4) and (6.5)
(7.10)
(7.11)

tf = uf - wf = u, - wf ,
tf=uf-wf.

It may happen that the dividends wf that the various players i
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receive from the sectional syndicates S are

so large that
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(7.12)
In such cases requirement (6.2) can be satisfied only if at least some
of the dividends wf, .. ·, w;; are negative.
Likewise, it may happen that the dividends
of player i from the
various subsets R of S are so large that

wr

(7.13)

tf

> uf =

X,(!J8 , iii) •

In such cases requirement (6.4) can be satisfied only if player i's dividend

wf from syndicate S itself is negative.

We shall assume that such negative dividends wf or wf must also
satisfy the dividend-proportionality rule (7.6). (As the a;'s are all
nonnegative, this implies that, if one dividend wf, S ~ N, is negative
from some given syndicateS, all other dividends w~ from this syndicate
S must also be negative or zero.) We propose to justify this extension
of requirement (7.6) as follows.
We have seen that the Nash solution remains unchanged if the two
players' disagreement payoffs t 1 and t 2 are increased or decreased by
commensurate increments or decrements Llt1 and Llt 2 such that

(7.14)

a1•Llt1 = a2·Llt2

[equation (2.8)]. We have inferred from this fact that at each stage
in several-stage composite bargaining games the players will agree on
commensurate payoff increments Llu1 and Llu2 such that
(7.15)
[equation (2.15)], so that their relative bargaining positions with respect
to their final payoffs will remain unchanged.
We now postulate a similar principle in cases where the rules of the
game require the two players (or at least one of them) to accept
decreases in their payoffs, but where it is left to these players
themselves how they distribute these decreases between them. We
shall assume that in such cases the players will agree on commensurate
payoff decrements satisfying (7.15)-which will mean, intuitively
speaking, payoff decrements such that leave their relative bargaining
positions unchanged. Applying this principle to the case where, for
a given syndicate S ~ N, at least one of the two dividends wf or w1
must be negative, we obtain the requirement
(7.16)
extending the dividend-proportionality rule (7 .6) also to negative
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dividends.

8.

THE GENERALIZED SHAPLEY-VALUE EXPRESSIONS

As can be verified by substitution, the inverse relationship to (6.4)
and to (6.5) is
(8.1)

wf=:E(-1)•-•uf,
R3i

Rr;;;,S

where sand rare the number of players in syndicateS and in syndicate
R respectively.
We introduce the new quantities
(8.2)

ys = r:;a,wf'

(8.3)

zs

i€8

= r:;a,uf.
i€8

Then by (8.1), (8.2) and (8.3)
ys = :E(-1)•-•zR.

(8.4)

RhS

By (7.6), (8.2) and (8.4)

a,wf = _!_ ys = :E _!_(-1)•-•ZB.

(8.5)

8

R>;,S

8

By (8.5), and in view of (6.4) and (6.5),

a,ur =

(8.6)

EE

R3iQ>;,R

R~S

_!_ ( -1)'-qZQ'
r

where q is the number of players in syndicate Q.
The result of this double summation is

(8.7)

a,ur = E (r- 1)! (s- r)! ·(ZR- zii)'
B3i

Rt;;.S

s!

where R = N- R is the syndicate complementary to R, and where
we define

zu=o.

(8.8)

If we now take the special case S = N, and set uf = u,; a, = · · · =
a,.= 1; and Z 8 = v(R); zii = v(R); then this equation becomes identical
to equation (4.1) defining the Shapley value. We shall call the right-

hand side of (8. 7) a generalized Shapley-value expression.
9.

THE OPTIMAL THREAT STRATEGIES

Equations (7.2), (6.1), (6.5), (7.6), and (7.4) give us the following
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requirements concerning the variables uf and wf (S
as well as a,(i eN):
(9.1)

H(uf, · · ·, u!)

N and i e S),

= 0;

uf=Ewf,

(9.2)

ieS,

R;ti

s~

N;

sr;;s

a,wf

(9.3)
(9.4)

~

= a;w1,

i,jeS,

a,= H,(uf, • • ·, u!') ,

S~N;

ieN.

We have all together n·2"-1 variables of form uf; the same number
of variables of form wf; and n variables of form a,. On the other
hand, we have 1 equation of form (9.1); n·2"-1 equations of form (9.2);
(s - 1) independent equations of form (9.3) for each syndicate S ~ N,
that is, all together [(n- 2)·2"-1 + 1] independent equations of this
form; and finally n equations of form (9.4). Thus we are still short
of (2" - 2) equations, i.e. of one equation for each of the (2" - 2)
sectional syndicates SeN of the game. These additional equations we
shall obtain by deriving conditions for the optimal threat strategies
tJII and rfo of each pair of complementary syndicates Sand S.
Let tf (S £;;; N; i e S) be the quantities defined by (7 .8) and (7 .9). By
(7.10), (7.11) and (8.1), for any syndicateS having two or more members,
we can write
(9.5)

tf

= E (-w-r+luf ,
R9i

s>1, ieS,

S~N.

BC8

Equation (9.3) can also be written as
(9.6)

i,jeS, S

~

N.

We have already pointed out that at a given point u the derivatives
• • ·, H,. cannot be all zero.
Hence E H, will always be nonzero.
On the other hand, equations (9.3) and (9.6) remain true if we divide
all weights a11 • • · , a,. by the same nonzero proportionality factor. Hence
we can normalize the weights of the game by means of replacing
equation (9.4) with the equation

H 1,

(9.7)

a,= H,(uf, • • •, u!')/E H;(uf, • • ·, u!'),
JEN

which implies
(9.8)

We shall assume that threat strategy tJII will be chosen by some
particular member i of syndicate S, whereas threat strategy fii will
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be chosen by some particular member j of syndicate S. The choice
of 1J8 by i and the choice of 1)8 by j will be regarded as a threat subgame
try between these two players i and j. (We shall see that the outcome
of this threat subgame will be the same irrespective of which member
i is assumed to play for syndicate S and which member j is assumed
to play for syndicate S.)
We shall assume that subgame f{f is played under the following
conditions. Player i, in choosing 1J8 from the set 08 , will be concerned
only with maximizing his own final payoff U; = uf. Likewise, player
j, in choosing 1)8 from the set 88, will be concerned only with maximizing
his own final payoff u1 = uf. The threat strategies 1J8 of all other
syndicates R =F S, S are regarded as given. Therefore, in view of
(6.3), the same is true about all conflict payoffs from any syndicate
R =F S, S and eN. Hence, by (9.5), the quantities tf and t! are also
given for all k E S (both k = i and k =F i) and for all m E S (both m =
j and m =F j). Now players i and j have to choose 1J8 and 1J8 in such
a way that requirement (9.6) is satisfied for these given quantities
t~ and t~.
Finally it will be assumed that, for the purposes of subgame frJ,
the weights of the game, a 11 • • ·, a.., are also regarded as given. For,
the ratio a;(a. for any k =F i, j (which determines the distribution of
dividends between players i and k in any syndicate R of which both
i and k are members) is decided by bargaining between players i and
k within their bargaining subgame F;., and so should be regarded as
given for the purposes of the threat subgame f7f between players i
and j. Likewise, the ratio a 1fak is decided by bargaining between
players j and k within their bargaining subgame F 1k, and so should
be regarded as given for the purposes of the threat subgame trJ between
players i and j. But if the ratios a;{ak and a1fa. are given then the
ratio a;{a1 is also given. Hence all ratios a./a,. (k, mEN) are given
and so, in view of (9.8), the weights a11 • • ·, a,. are fully determined.
As we are assuming that equations (9.5) and (9.6) are satisfied, all
players' final payoffs will be defined by equation (8.7). Moreover, as
the threat strategies 1J8 of all sectional syndicates R =F S, S are given,
the quantities ZB for all these syndicates are also given. Therefore
the final payoff uf of any member k of syndicate S can be written
in the form
(9.9)
where s is the number of players in S; a., b and c are positive constants;
and d. is also a constant (which may have either sign). On the other
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hand, the final payoff u., of any member m of syndicate S can be
written in the general form

U~ = _!__.[bzN + _c_ •(ZB- zs)]

(9.10)

a,.

n-

8

+

d,..,
a..

Now suppose that the threat strategy ri8 chosen by player j is kept
constant. Then the quantities zs and zs become functions of the
threat strategy {}8 alone, chosen by player i. Moreover, equations
(9.1), (9.5) and (9.6) [as applied to S = N] make ZN also a function
of {}8,
In view of (9.9), as {}8 varies, the final payoffs uk of the various members
k of syndicate S will vary all in the same direction. Again, the final
payoffs u .. of the various members m of syndicate S will likewise vary
all in the same direction. In contrast, in view of (5.2), the final payoffs
uk of the players k in S and the final payoffs u,. of the players m in
S will always vary in opposite directions.
Therefore, player i will maximize his own final payoff u, if he
maximizes the quantity
"' akukN - -1- · "'
-1 · "-'
"-' a ..u N...
8

'n-

kEB

=

nc

8•(n-

8)

• (Z 8

8

mES

-

Z 8)

+ .!. .E
8

kEB

dk - - 1- . Ed .. ,
'n- 8

mES

which is equivalent to maximizing the difference
(9.11)

The maximization of A8 is of course, according to our assumptions,
subject to equation (9.6), that is, to the constraints
(9.12)

a,·(uf-

m=

ak·(u~- t~).

ar(u1- t') =a.. ·(u!- t!) ,

i,keS;

j,meS.

By similar reasoning, if th,e threat strategy {}8 chosen by player i
is kept constant, player j will maximize his own final payoff uf if he
maximizes -A8 = Z 8 - Z 8 , that is, if he minimizes A8 = zs- zs itself,
subject to (9.12). Hence the threat subgame fff can be regarded as
a two-person zero-sum game, in which player i chooses {}8 so as to
maximize A8 , whereas player j chooses :jl/ so as to minimize A8 , in both
cases subject to constraint (9.12).
To show that this two-person zero-sum game possesses a solution,
we must show that the two players will have strategy pairs {}8 and

64

CHAPTER 3

~such that satisfy constraint (9.12).

But this follows from the fact
that, by our assumptions, the members of each syndicate S and S are
free to reduce their own conflict payoffs by any amounts.
This assumption implies that constraint (9.12) can be omitted if we
redefine the conflict payoff of each player k in S and of each player
minSas
(9.13)

u-s.. = ts..

+ -1

· (ahuhs - ah ts)
mm
h •

a., hes

We then can regard the threat subgame rrf as a two-person zero-sum
game in which player i tries to maximize, and player j tries to minimize
the quantity

Js

(9.14)

=

Eakuf- Ea ..u!

kes

.. es

subject to no constraint.
The solution of this two-person zero-sum game will be the maximin
(or equivalently minimax) value of 18 , subject to no constraint, or,
what is the same thing, the maximin (minimax) value of L/8 , subject
to constraint (9.12). Hence we can write
L/8

= zs - zi = E akXk(iJ:, of) - E a,.X,.(~. of)
kES

(9.15)

mes

where the maximin operator is subject to (9.12).
Clearly, equation (9.15) makes the solution of the threat subgame
Fff independent of which member i of syndicate S and which member
j of syndicate S represents his own syndicate S or S within this subgame.
Hence we can regard a pair of threat strategies og and o: satisfying
(9.15) as being optimal threat strategies from the standpoint of the
relevant syndicate S or S as a whole.
10.

DEFINITION OF THE SOLUTION

Consequently we can define our solution for a general n-person cooperative game r as follows. The payoff vector u = (u,, · • ·, u,.) =
(uf', • • ·, u:) is called a solution if
(10.1)
(10.2)

H(uf, · · ·, u:) = 0;
a,= H,(uf', • • ·, u:),

ieN;
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(10.3)

uf

= X.(t9~, t~f) ,

tf = .E (-1)'-H1u~ ,

(10.4)

i e S, SeN;

s

REH

>1,

i

E

S, S

r;;;;_

N ;

BC8

(10.5)
(10.6)

a1·(uf- tf) = a3 ·(uf- tf),

i, j EN;

r:;a,uf- ,Ea3uf = ,Ea,XM~. t~f)- ,Ea;X;(tl~, tiff)
•es
;ei
ies
;ei

=max min [,Ea,X,(tJB, rii)s8 eii8 ,"8e9B iEB

.E a3X 3(tJB, t~")],
iEB

S, SeN,

.subject to:
{10.7)

i, ke S,
a;·(u1- t"1> = a.,.·(u!- t!),

j, me

S,

where for the purposes of the maximin operation the quantities
and tf, t~, tf, t! are regarded as constants.
Of course, instead of (10.2) we could have also used (9.7), which
:subjects the a/s to the normalizing requirement E a, = 1.
In order to obtain conditions that do not assume the existence of
the derivatives H., • • ·, H,., we can replace equations (10.1) and (10.2)
·by th~ requirements

.a,, ak> a;, a..

a, E;; 0 ,

{10.1a)
{10.2a)

.E a,uf =

iEN

max

ieN;

.E a,:x:, .

:t~EP
iEN
4t, • • •,u 11 =oonst.

The new conditions so obtained are equivalent to conditions (10.1)
to (10. 7) in all cases where the derivatives H1, • • ·, H,. exist at the
solution point u. 9 In cases where these derivatives do not exist, the
new conditions can be justified by the method outlined in footnote 6
;above.
It is easy to see that these conditions contain the conditions defining
the Nash solution (Section 3) and those defining the modified Shapley
value (Section 4) as special cases.
In the case of a two-person game, we have only three syndicates
within the game, viz. (1), (2) and (12). We must set ui1 >= ti12>= t1 ;
ui•> = w•> = t.; ui12) = ul; ui12) = u.. Then our conditions directly yield
the Nash solution.
Our solution, like the Nash solution itself, is invariant with respect to
order-preserving linear transformations of any player's utility function.
If we disregard the degenerate case where one or more of the a/s
o In John C. Harsanyi, "Measurement of Social Power in n·Person Power Situations,"
Beha'lliora.l Science, VII (January, 1962), fr1, equations (10.1a), (10.2a.), and (10.3) to (10.7)
.of this paper have been referred to as equations (aa), (fJ/3), and (r) to (71).

66

CHAPTER 3

are zero, by appropriate linear transformations of the players' utility
functions we can always achieve a 1 = · · · = a,. = 1. After these
transformations the close relationship between our solution and the
modified Shapley values becomes quite obvious.
Let r be a general cooperative game for which a 1 = · · · =a,.. We
can approximate r by a game with transferable utility r as follows.
Let X, be the payoff function of the original game r. In the new
game 1 if all n playerS COOperate in USing Strategy (}N then their
joint payoff XN will be defined as

r

(10.8)

XN(ON) =

E

X,(ON) •

If only the members of a given sectional syndicate S cooperate in
using the joint strategy tJ8 , whereas the other players are using the
joint strategy rft, then the joint payoff J[s of syndicate S will be
defined as
(10.9)

X 8 (()8, tJ 8) =

E tf + s·min [X;((}

8,

iES

iES

tJ8 ) - tf] ,

where tf is the quantity defined by equation {10.4) for the originaL
game r, while s is the number of players in S. (Of course in the new·
game r it iS aSSUmed that theSe joint payoffS j(N and
Can be
freely redistributed among the members of syndicates N and S respectively, since
is a game with transferable utility.)
Then, the modified Shapley values u 1 , • • ·, u,. for f' will be equal to
the final payoffs U11 • • ·, u,. that our solution defines for the originaL
game r. Clearly, if the original game r already has transferable
utility, then = r, and the final payoffs defined by our solution will
simply be the modified Shapley values of r itself.

xs

r

r

11. THE EXISTENCE THEOREM
We shall call a gamer regular if its prospect space and its strategy
spaces satisfy the assumptions of Section 5 above.
THEOREM 2 (Existence Theorem). For every regular n-person cooperative game r there exists a solution u = (u11 • • · , u,.) satisfying
conditions (10.1a), (10.2a), as well as (10.3) to (10. 7),.
PROOF. We shall restrict ourselves to the case where the partial
derivatives H1, • • ·, H,. exist at all points of the extended upper boundary
fl. Our proof can be extended to the general case by the method
outlined in footnote 6.
Suppose that each of the (2"- 1) syndicates of then-person cooperative
game r appoints a trustee and that these trustees play a (2" - 1)-
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:person non-cooperative game F* among themselves. The trustee of
the n-player syndicate N will be called "player N" while the trustee
<>f any given sectional syndicate SeN will be called "player S".
Player N has the task of selecting a vector a = (ab • • ·, a,), subject
to the conditions

I:;a1 =1,

(11.1)

ieN

(11.2)

a,~

for all i EN.

0,

Each player S representing a sectional syndicate S has the task of
selecting a joint strategy -og for his syndicate S, subject to
(11.3)

We now define
(11.4)

for all SeN and all i e S,

where S = N- S.
If S = (i) has only one member then we write

uf = uf;

(11.5)

whereas if SeN has more than one member, we define

uf

(11.6)
(11.7)

u,8 = tB;

+ -1

a;

=

uf

• (a;u;
-s - a;tB)
mm
;
;es

if a,= 0;
if

a,> 0,

where
for all S ~ N
and all je S.

(11.8)

Clearly, equations (11.4) to (11.8) provide a recursive definition of the
variables uf in terms of the quantities ab · · ·, a,. as well as the
strategies -og, for all syndicates SeN. This is so because equations
(11.4) and (11.5) define the ufs for all one-member syndicates, and the
remaining equations allow computation of the uf's first for all twomember syndicates, then for all three-member syndicates, etc.
We also write
(11.9)

zs

=~a-u~
L..t ' '
iEB

for all SeN.

The variables U1 = uf, · · ·, u,. = u!" will be defined as follows. Let
L be the straight line which is the locus of all points a: = (xb • • ·, x,.)
satisfying (n- 1) independent equations of the form:
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i,jeN.

(11.10)

Let K be the intersection of this line L and of the extended upper
boundary il of the prospect space. The set K is always nonempty.
If all a;'s are positive then the nonemptiness of K directly follows
from the definition of il irrespective of whether the point tN =
(tr, · · ·, t~) lies in P or not. On the other hand, if some of the a;'s
are zero, let M be the set of all i for which a, = 0. In the latter
case again the set K will be nonempty provided that tN e P. But this
condition is always satisfied because by (11.5), (11.6) and (11.7) for any
SeN, we can write

uf

= ur = tf,
tf

~

uf,

if ieM;

whereas

uf

= uf = tf,
tr~ur,

if ieM= N- M.

Hence for all i e N we have

tf ~ X,(IJ:, f){) ;
but
X(f):, f)f) e P.

Hence
tNeF.

The set K may consist of a unique point x = (x1 , • • · , x,.) or may
consist of infinitely many points. (The latter possibility can arise only
if at least one of the a;'s is zero.) In the latter case we define x as
that point in K which (weakly) dominates all other points in K.
Moreover, we write
(11.11)

u, = uf

= x,

for all ie N.

Finally, we define
(11.12)
We shall assume that in the non-cooperative game F* each player
S representing a sectional syndicate SeN will try to maximize the
quantity
.4s = z11 _ zs •
(11.13)
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On the other hand, player N will try to maximize the quantity

A = -

(11.14)

E

iEN

(a, -

an• .

By Debreu's equilibrium-point existence theorem [1], this noncooperative game r* will always have at least one equilibrium point.
It is easy to see that F* satisfies the continuity and contractibility
requirements of Debreu's theorem.
Yet, for any equilibrium point of r* we have
for all iE N;

(11.15)

and so any equilibrium point of F* defines a solution u for our original
cooperative game r, satisfying equations (10.1a), (10.2a), as well as
(10.3) to (10. 7). This completes the proof of our theorem.
12.

THE QUESTION OF UNIQUENESS

It is known that the solution is always unique at least in the following
three special cases: (i) when there are only two players (in which case
our solution is identical with the Nash solution of the game); (ii) when
the disagreement payoffs the players will receive if they cannot reach
a unanimous agreement are uniquely determined in advance by the
rules of the game [Cf. 3, (§ 3)]; (iii) when the upper boundary H of
the prospect space is a hyperplane. (Case (iii) contains all games with
transferable utility, but is more general than that.)
By continuity, it is reasonable to assume that this uniqueness property
also holds for games which at least "come close" to satisfying either
(ii) or (iii). But it is known from counter-examples that in general
the solution is not unique.
As I have argued in an earlier paper [3, (347-48)], if we assume
perfect rationality on the part of the players then, in case a given
game r has several solutions ut, • • ·, uk, none of these will be stable.
Each player will try to press for that particular solution which would
yield him the highest payoff, and different players will have opposite
interests in this matter. But, as I have shown (loc. cit.), one can
define a unique "stable solution" u for the game by assuming an
additional final round of bargaining among the players.
For empirical applications, however, it now seems to me the various
solutions u', · · ·, uk satisfying the conditions of Section 10 are much
more interesting concepts than the "stable solution" u we can derive
from them. It is more realistic to assume that the players will usually
know the prospect space of the game only in the immediate vicinity
of their actual position. Hence any one of the solutions u', · · ·, uk
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will be stable in practice because it is locally stable (since it satisfies
the conditions of the Nash solution for each of the subgames into
which the main game can be divided) and because the players will be
usually unaware of the existence of alternative solutions. Thus games
possessing several solutions should be regarded as social systems with
multiple equilibria.

Wayne State University, U.S.A.
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SECTION B

PROPERTIES OF EQUILIBRIUM POINTS

CHAPTER 4

GAMES WITH RANDOMLY DISTURBED PAYOFFS: A
NEW RATIONALE FOR MIXED-STRATEGY EQUILIBRIUM
POINTS 1 • 2

Abstract: Equilibrium points in mixed strategies seem to be unstable, because any player can deviate
without penalty from his equilibrium strategy even if he expects all other players to stick to theirs.
This paper proposes a model under which most mixed-strategy equilibrium points have full stability.
It is argued that for any game r the players' uncertainty about the other players' exact payoffs can
be modeled as a disturbed game r*, i.e., as a game with small random fluctuations in the payoffs.
Any equilibrium point in r, whether it is in pure or in niixed strategies, can "almost always" be
obtained as a limit of a pure-strategy equilibrium point in the corresponding disturbed game r• when
all disturbances go to zero. Accordingly, mixed-strategy equilibrium points are stable - even though
the players may make no deliberate effort to use their pure strategies with the probability weights
prescribed by their mixed equilibrium strategies - because the random fluctuations in their payoffs
will make them use their pure strategies approximately with the prescribed probabilities.

1. Introduction
On the face of it, equilibrium points in mixed strategies are unstable because any
player can deviate without penalty from his equilibrium strategy even if all other
players stick to theirs. (He can shift to any pure strategy to which his mixed
equilibrium strategy assigns a positive probability; he can also shift to any
arbitrary probability mixture of these pure strategies.) This instability seems·
to pose a serious problem because many games have only mixed-strategy equilibrium points.
However, as we shall see, the stability of these equilibrium points will appear
in a different light if we take due account of the uncertainty in which every player
finds himself about the precise payoffs that other players associate with alternative
strategy combinations. Classical game theory assumes that in any gamer every
1 Prof. JoHN C. HARSANYI, University of California, Berkeley School of Business Administration
Berkeley, Cal. 94720, U.S.A.
2 The author is grateful to the National Science Foundation for supporting this research by Grant
GS-3222 to the University of California, Berkeley, through the University's Center for Research
in Management Science. Special thanks are due to Professor REINHARD SBLTEN, of the University of
Bielefeld, West Germany, for suggesting Theorem 1 and for many valuable discussions. The author
is indebted for helpful comments also to Professor RoBERT J. AUMANN of the Hebrew University,
Jerusalem; to Professors GERARD DEBREU and Rov RADNER of the University of California, Berkeley;
and to Dr. LLOYD S. SHAPLEY of RAND Corporation, Santa Monica.
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player has precise knowledge of the payoff function of every other player (as well
as of his own). But it is more realistic to assume that- even if each player i does '
have exact knowledge of his own payoff function U1- he can have at best only
somewhat inexact information about the other players' payoff functions Ui,
j 1= i. This assumption, of course, formally transforms the game into a game with
incomplete information. However, it can be shown [HARSANYI, 1967 -68] that
such games can also be modeled, more conveniently, as games with complete
information involving appropriate random variables (chance moves), where the
players' ignorance about any aspect of the game situation is represented as
ignorance about the actual values of these random variables.
Accordingly, we shall propose the following model, to be called a disturbed
game r* = r*(e). The payoff function U1 of every player i is subject to small
random disturbances within a given range [ -e, +e], due to small stochastic
fluctuations in his subjective and objective conditions (e.g., in his mood, taste,
resources, social situation, etc.). The probability laws governing these disturbances
are known to· all players, but their precise effects on any given player's payoff
function U1 at the time of his strategy choice are known only to this player i
himself. As we shall see, under our assumptions (see below), all equilibrium
points of any disturbed game r*(e) will be in pure strategies. Moreover, any
mixed-strategy equilibrium points in an ordinary gamer can "almost always"
be obtained as the limit of a pure-strategy equilibrium point s(e) in the corresponding disturbed game r*(e) when all random disturbances go to zero (i.e.,
when the parameter e goes to zero). Therefore, such a mixed-strategy equilibrium
point s can be interpreted as a somewhat unprecise description of this purestrategy equilibrium point s(e) of the disturbed game r* (e), and can be regarded
as having the same stability as s(e) has.
More specifically, our results imply the following- somewhat surprisingconclusion. The players may make no deliberate effort to use their pure strategies
with the probability weights prescribed by their mixed equilibrium strategies
s 1 , ... ,sn. Nevertheless, as a result of the random fluctuations in their payoffs,
they will in fact use their pure strategies approximately with the prescribed
probabilities.

2. Defmitions and Notations

Let r be a finite n-person noncooperative game. The k-th pure strategy of
player i will be called d;' while the set of all his K 1 pure strategies will be called A1•
Let
(1)

We shall assume that the K possible n-tuples of pure strategies will be numbered
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consecutively (e.g., in a lexicographical order) as a 1 , •.. , am, ... ,aK
Convention (92) below). Let

75
but see

am = (a~', ... ,a~', ... ,if.•).

(2)

~m=~

m

Then we shall write

to denote the pure strategy used by player i in the strategy n-tuple am. The set
of all possible pure-strategy n-tuples am will be called A. We can write A =
Al X ..• X A •.
Any mixed strategy s1 of player i will be of the form
(4)

where pf is the probability that this mixed strategy s1 assigns to the pure strategy
tf;. Of course,
(5)
p~;;;;o for k=1, ... ,K1 and LP~=1.
k

The set of all mixed strategies available to player i will be called S1 • The set of
all possible n-tuples s = (sl> ... ,s.) will be called s. We haves= sl X ••. X s•.
We shall write s = (s1,s1), where S; = (s 1 , ••• ,s1_ 1 ,s1+ 1 , ••• ,s.) is the .strategy
(n - 1)-tuple representing the strategies of all (n - 1) players other than player i.
The set C(s1) of pure strategies to which s1 assigns positive probabilities is
called the carrier of s1• The set C*(s1) of all mixed strategies t 1 that distribute all
probability over the pure strategies in C(s1) is called the extended carrier of s1•
Thus C* (s1) is the convex hull of C (s1).
A mixed strategy s1 whose carrier C(s;) contains only one pure strategy tf;
will be identified with this latter so that we shall write s1 = tf;. On the ~ther hand,
if C(s1) contains two or more pure strategies, then s1 will be called a proper mixed
strategy.
Suppose that the i-th component of the pure-strategy n-tuple am is am(i) = a~,
and that the mixed strategy s1 of player i assigns the probability p~ to this pure
strategy cf;. Then we shall write
q'{'(s;) = p~.

(6)

Of course, if s1 = a~ is a pure strategy, then we have
(7)

whereas

q'{'(cf;) = 0

when ~(i) '{= a~.

(8)

If the n players use a pure-strategy n-tuple am, then player i (i = 1, ... ,n) will
obtain the payoff

(9)

while if they use a mixed-strategy n-tuple s = (s 1 , ••• , s.), then his payoff will be
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U1(s)

=

L [f1 qi"(s1)] vi".
m

(10)

i

A given strategy s1 of player i is a best reply to some strategy combination S;used
by the other (n - 1) players if
U1(s1,Sj)

~

U1(t 1,Sj) for all

t 1 E S1 •

(11)

A given strategy n-tuple s = (s 1 , ••• ,s.) is an equilibrium point [NASH, 1951] if
every component s1 of s is a best reply to the corresponding strategy combination
s; of the (n - 1) other players.
An equilibrium point s is called strong 3 ) if all n components s1 of s satisfy (11)
with the strong inequality sign > for all t 1 1= s1• That is, sis a strong equilibrium
point if every player's equilibrium strategy s1 is his only best reply to the other
players' strategy combination s;. An equilibrium point is called weak if it is not
strong. Any equilibrium point s is always weak if at least one player's equilibrium
strategy s1 is a proper mixed strategy because for this player i every strategy t1
in the extended carrier C* (s1) of his mixed equilibrium strategy s1 is a best reply
to s;, and there are infinitely many such strategies t1 in C* (s;).
An equilibrium point s is quasi-strong if no player i has best replies to s; other
than the strategies t1 belonging to the extended carrier C* (s1) of his equilibrium
strategy s1• Though an equilibrium point in proper mixed strategies is never
strong, it may be (and mostly is) quasi-strong. An equilibrium point that is not
even quasi-strong is called extra-weak. If an equilibrium point in pure strategies
is weak then it is always extra-wea.k. 4 )

3. Disturbed Games
In a disturbed game, r• = r• (e), the payoff of any player i for any given
n-tuple am of pure strategies can be written as
U1(am)

=

V;(am)

+ eei" =vi"+ eei",

i

= 1, ... ,n; m = 1, ... ,K,

(12)

where V;(~) = vi" and eare constants withe > 0, whereas er is a random variable.
As V; is the nonrandom part of player i's payoff function U1, V; will be called
player i's basic payofffunction. We shall write

ei = (ef, ... ,ef),

i = 1, ... ,n.

Thus e1 is a random vector consisting of all random variables
player i's payoff function U1•
3)

I am using the term "strong equilibrium point" in a sense different from

p. 363].

(13)

ei" occurring in

AUMANN's

[1960a,

4 ) It can be shown that games possessing extra-weak equilibrium points, whether in pure or in
mixed strategies, are very "exceptional": they correspond to a closed set of measure zero in the space
of all games of a given size.
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We shall assume that the random vectors ~i associated with different players i
are statistically independent. The probability distribution of each random vector
~i will be written as
(14)

We shall assume that the nonrandom basic payoff functions V1 , ••• , V,, the parameter ll, and the probability distributions F 1 , ... ,Fn are known to all n players.
But the actual values of the variables ~l, ... ,~f are known only to player i himself(i = 1, ... ,n).
We shall make the following assumptions about the probability distributions
Fi:
The range of each random variable ~i'(i = 1, ... ,n;m = 1, ... ,K)
(15)
is a subset (or possibly the whole) of the closed intervall = [ -1, + 1].
All probability distributions Fi are absolutely continuous. Moreover,

(16)

For each Fi, the corresponding probability density function

(17)

,.t;(~i) = ,.t;(~l, .... ~f)= a~~ aK Fia~~
, , ••• ,

l

is continuously differentiable for all possible values of ~i·
Suppose that player i uses the pure strategy a~ while the other (n - 1) players
use the mixed-strategy combination s; = (s 1 , ... , si _ 1 , si+ 1 , ... , sn). Then, in view
of (10) and (12), player i will receive the payoff
Ui(~,S;) =

I

[qj(a~)

m

I1 qj(s)] vi + ll I

Hi

[qj(a~)

m

I1 qj(s)] ~~.

Hi

(18)

For convenience, we shall write
v;(a~,S;) =

I

[qi(~)

m

and

I1 qj(s)] vi

Hi

(19)

(20)

so that (18) can now be written as
Ui(~,S;) = v;(a~,s;)

+ BC~.

(21)

The quantity C~ is obviously a random variable whose probability distribution
depends on the strategy combination s; used by the other (n - 1) players.
Corresponding to the Ki pure strategies af, ... ,af• available to any given player.
i, Eq. (20) defines Ki random variables CL ... , Cf' for him. Let Ci be the random
vector
(22)
Ci = (Cf, ... ,cf•), i = 1, ... ,n.
Clearly, for each player i(i = 1, ... ,n), the probability distribution Gi = Gi(CiJs;)
of this random vector will once more depend on S;. More particularly, let Qi(S;)
be the set of all points ~i = (~f, ... ,~f) satisfying the K 1 inequalities of the form

I

m

[qi'(~)

I1 qj(s)Hi ~ CL

j'/'i

for

k

=

1, ... ,Ki.

(23)
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Then we can define

G;(,dsi) = G;(a, ... ,,f'IS;) = Jd~t

··· Jd~f./i(~;).

(24)

~,eU;(sj)

For any random variable or random vector, we define its range space as the set
of all possible values it can take in game r*. Thus, we define the range spaces
E'f' = W'}, z~ = {m, 5 1 = g 1}, and Z 1 = {U, with i = 1, ... ,n; m = 1, ... ,K;
k = 1, ... ,K1• In view of (15), we have
E'{'

~I=

[ -1, +1]

for all i and m,

(25)

-1, + 1]

for all i and k .

(26)

which, by (20), in turn implies
Z~ ~

I

= [

Moreover, E; = Ef x · · · x Ef and Z 1 = Zl x · · · x Zf•.
4. Strategies and Equilibrium Points in Disturbed Games

The disturbed game r* (e) as defined in Section 3 is not in normal form. One
reason for this is that our definitions have not made explicit the dependence
of each player's strategy choice on his random payoff-disturbance vector ~~
We shall now define normalized strategies (i.e., strategies appropriate to the normal
form of T*(e)). 5 ) In contrast, the pure strategies a~ and the mixed strategies s1
introduced in Section 2 will be called ordinary strategies. When we speak of a
pure or mixed strategy without further specification we shall always mean an
ordinary pure or mixed strategy d; or s1•
A normalized pure strategy, or n-pure Stl'ategy, ar of any player i (i = 1' ... ,n)
will be defined as a measurable function from the range space 5 1 of player i's
random vector ~~ to the set A 1 of his ordinary pure strategies a~. For any specific
value of the random vector ~~· this n-pure strategy ar will select some specific
ordinary pure strategy
(27)
as the strategy to be used by player i whenever ~~ takes this particular value. Let
X~= X~(an

=

g~l~ 1 eE1

and

a1 (~ 1 )

= d;}.

(28)

Thus, X~ is the set of all possible ~~ values that will make player i choose the
ordinary pure strategy a~ if he follows then-pure strategy ar. Clearly, any n-pure
strategy ar can also be defined as a partitioning of the range space 5 1 into K 1
disjoint measurable subsets Xl, ... ,Xf'. (Of these K 1 sets, as many as (K1 - 1)
sets may be empty.) The set of all n-pure strategies ar will be called At.
An n-pure strategy ar is called a constant n-pure strategy and will be denoted
as ar = [an if it assigns the same ordinary pure strategy d; = ar(~;) to all possible
~~ values, ~~ e 3 1•
5) However, for convenience, we shall keep the payoff functions U1 in their present form and shall
not introduce normalized payoff functions (whicp would have to be defined as the expected values
of the. u;s} That is, we shall use the semi-normal form of r* (e) [HARSANYI, 1967-68, p. 182).
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Let D(a1,an be the set of all ~; values where the two n-pure strategies a1
and af' disagree, i.e., where af(~;) =f at'(~;). Two n-pure strategies a1 and at
will be called essentially identical if D(af,at') is a set of measure zero. In view of
(16), if two n-pure strategies are essentially identical, then with probability one
they will prescribe choosing the same ordinary pure strategies. Two n-tuples of
a!'), are called essentially
a!) and a*' = (af',
n-pure strategies, a* = (af,
identical if their corresponding components a1 and ar are essentially identical
(for i = 1, ... ,n). If two n-pure strategies, or two n-tuples of such strategies, are
not essentially identical, then they are called essentially different.
A normalized mixed strategy, or n-mixed strategy, sf of any player i is a probability distribution over the set Af of his n-pure strategies. As Af is a function
space, proper definition of such probability distributions poses certain technical
difficulties, which can be overcome in various ways [AuMANN, 1960b, 1961].
We shall not go into these problems because we are introducing n-mixed strategies
only in order to show that there is no need for them in disturbed games T*(e).
We shall simply assume that any n-mixed strategy s1 to be discussed has been
defined in a mathematically satisfactory way.
If an n-mixed strategy s1 is a probability mixture of two or more essentially
then s1 will be called an essentially pure normalized
identical strategies ar,ar,
strategy, and will be regarded as being essentially identical with each one of
these n-pure strategies af,af',
00.

00.,

,

000,

000.

Lemma 1:
If player i follows the n-pure strategy af then he will use any ordinary pure

strategy a~ of his with the probability
p~ = n7(af) =

Jd~;1 Jd~fJ;(~;),
000

~iEX~af)

k = 1, oo· ,K;,

(29)

where, for each particular value· of k, X~(af) is the set defined by (28). Therefore,
his behavior will be such as if he followed the ordinary mixed strategy
"'n~(a'!')a~
"'p~l ctI = i..J
= £...,
s.l = n(a'!')
I •
l
l
l
k

This strategy
strategy ar

S;

(30)

k

= n(af) will be called the mixed strategy induced by the n-pure

Proof:

In view of (27), if player i follows the n-pure strategy af, then the ordinary pure
strategy he will be using will become a function of the random vector ~;· He will
use a~ whenever ~; E X~(at). But the probability of this event is given by (29).
Lemma 1 directly implies:
Lemma2:

Let st be an n-mixed strategy of player i, representing a probability mixture
of two or more n-pure strategies at,af', oo•. Lets; = n(at), s; = n(at'},oo. be the
ordinary mixed strategies induced by these component strategies at,ar', oo•. Let
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be the ordinary mixed strategy representing a probability mixture of these
induced mixed strategies s;,si, ... such that assigns the same probability weights
(or the same probability densities) to S;,Sj, .•• as sr itself assigns tO the corresponding n-pure strategies ar,at, .... Then, whenever player i follows this n-mixed
strategy sr' he will be using all his ordinary pure strategies a~ with probabilities
p~ corresponding to the ordinary mixed strategy t 1•
This strategy t; will be called the ordinary mixed strategy induced by sr, and
we shall write t; = n(sn
Let a*= (a!, ... ,a:) and let s; = n(ar) be the mixed strategy induced by
ar, fori= 1, ... ,n. Lets = (s 1 , ••• ,s.). Then we shall writes = n(a*). Moreover,
let at = (a!, ... ,ar_ 1 ,ar+ 1 , ••. ,a:) and Sj = (s 1 , ••• ,s;_ 1 ,sl+ 1 , ••• ,s.). Then we
shall writes; = n(at).
Likewise, lets* = (s!, ... ,s:) and let t 1 = n(sr) fori = 1, ... , n. Lett = (t 1 , ••• ,t.).
Then we shall write t = n(s*). Finally, let
= (s!' ... ,sr-I ,sr+ I ' ... ,s:) and
( = (t 1 , ••• ,t1_ 1 ,t1+ 1 , ••• ,t.). Then we shall write fi = n(sr).
t;

sr

Lemma 3:

'i·

Suppose that player i uses the n-pure strategy a1, and therefore chooses the
ordinary pure strategy a~ = ar (e;) at the point
If at the same time the other
(n - 1) players use the n-pure-strategy combination
then player i will obtain
the (expected) payoff

U;(ar,at) = U;(a~,S;) = V;(a~,.f;)

where

Si

=

at

+ e'He;..f;)'

(31)
(32)

n(at)

and where '~ = '~(e 1 ,Sj) is the random variable defined by (20). On the other
hand, if the other (n - 1) players use the n-mixed-strategy combination
then
he will obtain the payoff

sr

U;(ar,Sf) = U;(a~,t;) = V;(~,t)

where

fi = n(Sf) ·

+ e'~(e;,Q,

(33)
(34)

Proof:

By Lemmas 1 and 2, each player j 1= i will use his ordinary pure strategies
with probabilities corresponding to the mixed strategy si = n(aj), or to the
mixed strategy ti = n(sj). On the other hand, player i himself will use the ordinary
pure strategy ~ = ar(e1). Therefore, in view of (21), Eqs. (31) and (33) follow.
A given n-pure strategy ar of player i will be called a (uniformly) best reply to
some combination a}' of n-pure strategies (or to some combination Sf of n-mixed
strategies) used by the other (n - 1) players if, for every possible value of the random
this strategy a1 maximizes player i's payoff U1 as specified by (31)
vector
(or by (33)) when the strategy combination at (or sr) is kept constant. In view
of (31) and (33), in this case we shall also say that ar is a best reply to the combination Sj = n(ar) (or to the combination t; = n(Sf)) of ordinary mixed strategies.

e;,
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Equilibrium points in a disturbed game T* (e) will be defined in terms of this
concept of uniformly best replies.
Theorem 1:
The best reply of any player i to some combination {if of n-pure strategies,
or to some combination sf of n-mixed strategies, used by the other (n - 1) players
is always an essentially unique n-pure strategy a{. (That is, if both a{ and a{' are
or to S;* then a{ and a{' must be essentially identical.)
best replies to

at

Proof:
We shall discuss only the case where the other (n - 1) players use some combination at' of n-pure strategies. The proof is basically the same in the case where
they use some combination of n-mixed strategies.
In view of(31), for any specific value of the random vector~;. a given ordinary
pure strategy a~ will maximize player i's payoff U; if and only if

sr

V;(a~,Si) - V;(ar,s;) ;;;; e.

('r - m'

for all

k'

+k.

(35)

for all

k'

+k.

(36)

This maximizing strategy a~ will be unique only if
V;(a~,S;)- V;(ar,s;) >

e·('r- '~),

On the other hand, two different strategies a~ and ar can both yield a maximal
payoff only if
(37)
V;(~,S;) - V;(ar,s;) = e. ('f' -

m.

But in view of(20), for any givens;, the variables'~ and 'f' are convex combinations
of the variables ~l .... ,~f. Consequently, for any given choice of s;, and of a~
and af, the locus Vk' of all points ~; = (~l, ... , ~f) satisfying (20) and (37) is a
(K - !)~dimensional hyperplane. Let Vk' be the intersection of Vk' with the
K-dimensional range space B; of the random vector~;· Clearly, Vk' will be a set
of measure zero in this range space B;. Let L* be the union of the K;(K; - 1)/2
sets Vk' defined for all possible pairs (k,k') with k,k' = 1, ... ,K; and with k' f k.
Obviously, L* will be again a set of measure zero in B;.
Let Y/ = Y/(S;) be the set of all points ~~ = (~f, ... ,~f) satisfying (20) and (36)
for a given strategy a~ of player i. Y/ will be a relatively open polyhedral subset
of B,, bounded by the various hyperplanes Vk', Vk", etc. (For some values of k,
Y/ may be empty.)
Any n-pure strategy a{ can be a b_est reply to only if it makes player i choose
his ordinary pure strategy in such a way that

at

a{(~,) = aL

for all
for all

~~ E

Yh'S;),

k

1 , ... , K .

=

(38)

This means that if two n-pure strategies a{ and a{' are both best replies to lit
then they must agree over all sets Y/(k = 1, ... ,K;) and can disagree at most
only over the set L* of measure zero (or over some subset of L*). Consequently,
a{ and a{' will be essentially identical.
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Corollary to Theorem 1:
Ann-mixed strategy s( can be a best reply only if it is an essentially pure strategy

(i.e., it must be a probability mixture of essentially identical n-pure strategies).
This corollary and Lemma 3 in turn imply:
Theorem 2:
In a disturbed game T*(s) every equilibrium point must be in pure - or at
least in essentially pure - normalized strategies. Moreover, for every equilibrium
point s* = (sf, ... , s~) partly or wholly in mixed strategies (as we have seen, the
latter must be "essentially pure" mixed strategies), there exists an essentially
identical equilibrium point a* = (a!, ... ,a~) wholly in pure strategies, yielding
every player i the same payoff U;(a*) = U;(s*).
Theorem 2 and the Corollary to Theorem 1 can be regarded as extensions of
the results obtained by BELLMAN and BLACKWELL (1949] and by BELLMAN
[ 1952]: ifthe game itself already contains enough "randomness" (random variables)
then the players themselves need not - indeed, should not - introduce any
additional randomness by a use of mixed strategies.
Theorem 1 also implies:
Theorem 3:

Every equilibrium point a* = (a!, ... , a~) of a disturbed game is essentially
strong, in the sense that no player i can counter the strategy combination {ifofthe other (n - 1) players by a best reply essentially different from his equilibrium
strategy

ar.

Note:

If a given player i does shift from his equilibrium strategy a( to another bestreply strategy a(' essentially identical to a(, then this will not destabilize the
situation. This is so because, by Lemma 3, this shift will leave his own and all
other players' payoffs unchanged, and the resulting new strategy n-tuple a*' =
(a!, ... , a(_ 1 , a(', a(+ 1 , ... , a~) will again be an equilibrium point. Therefore this
shift will not give the other players any incentive to change their own strategies.
Theorem 4:

Every disturbed game T*(s) has at least one equilibrium point.
Proof:

Let s = (s 1 , ••• ,s.) be an n-tuple of ordinary mixed strategies. For each player
i, let a( be his best reply to s; = (s 1 , ... , s; _ 1 , s; + 1 , ... , s.) in the sense that, for
every possible value of the random vector~;, the ordinary pure stra~egy af = (a((~;)
prescribed by a( will satisfy (35) with respect to all af =f= a~. Let a* be the n-tuple
a* = (a!, ... ,a~). Finally, let s' = (s~, ... ,s~) be the n-tuple of ordinary mixed
strategies induced by a*, i.e., lets' = n(a*).
Now consider the mapping M: s--+ s'. Clearly, M is a mapping of the setS
of all possible n-tuples of ordinary mixed strategies into itself. This set S is a
finite-dimensional convex and compact set.
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Moreover, the mapping M is single-valued. Even though in general there will
be many n-pure strategies at that are best replies to a given (n - 1)-tuple Sj,
all of these strategies at will be essentially identical (see the proof of Theorem 1).
Therefore, all of them will induce exactly the same ordinary mixed strategy

s; =

n(at).

Finally, the mapping M is continuous. For any given n-tuple s, the n-tuple
s' = M(s) is defined by conditions (29) and (30). But in (29) the integrand is the
continuous function fi whereas the region of integration, the set X7(at), can be
written as
(39)
where Y/ is defined by conditions (20) and (36), whereas D~ is a set of measure
zero, and therefore does not affect the result of the integration in (29). On the
other hand, the set ~k itself depends continuously on the n-tuple s in terms of the
Hausdorff metric. This continuous dependence of ~k on s and the continuity
offi establish the continuity of the mapping M.
Consequently, by Brouwer's Fixed-point Theorem [see, e.g., LEFSCHETZ,
1949,p.117], themappingM will have atleastonefixed pointwheres' = M(s) = s.
Yet, any n-tuple a* corresponding to such a fixed points' = swill be an equilibrium
point in game r*(e). First of all, by the definition of M, each component at of
a* will have the property that ~ = at(e;) will satisfy (35) with respect to all
~· =f a~ for all values of if we sets; =
= n(~). But, by Lemma 3, this very
property establishes the fact that at is a best reply to at. As this is true for all
players i, a* will be an equilibrium point in r* (e).
Let a*= (af, ... ,a:) be an equilibrium point in some disturbed game r*(e),
and lets = (s1 , ••• , sn = n(a*) be the n-tuple of ordinary mixed strategies induced
by a*. Then swill be called the s-representation of the equilibrium point a*. We
shall also say that sis an s-equilibrium point in game r*(e).

e;

s;

5. Equllibrium Points in Ordinary Games as Limits of s-Equllibrium Points
in Disturbed Games

Let {r*(e)} be a one-parameter family of disturbed games, each game r*(e)
being characterized by a different value of the parameter e, but all of them having
the same n-tuple of basic payoff functions V1 , ••• , Vn and the same n-tuple of
probability distributions F 1 , ... ,Fn· If we set e = 0 then, in view of (12), we obtain
an ordinary (undisturbed) game r = r*(O) with the payoff functions uI =
Vt, ... ,Un=V,.
Theorem 5:

Let {s(e)} be a one-parameter family of n-tuples of ordinary mixed strategies
such that, for all e values in some open interval (O,e*) withe* > 0, each n-tuple
s(e) = (s 1 (e), ... ,sn(e)) is an s-equilibrium point in the corresponding game
r* (e). Suppose that
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lims(e) = s = (s 1 ,

(40)

...

,s.).

=

r* (0).

e~o

Then s will be an equilibrium point in game

r

Proof:

In view of (40), for any sufficiently small ewe must have
C(s;)c;:;C(s;(e)),

for

i=1, ... ,n;

(41)

where C(s;) and C(s;(e)) are the carriers of strategies s; and s;(e), respectively.
Since s(e) is an s-equilibrium point in F*(e), any ordinary pure strategy a~ in the
carrier C (s;(e)) must satisfy requirement (34) with respect to all other pure strategies
d;' of player i over some nonempty set Y/ of possible ~; values. When e goes to
zero, requirement (35) will take the form
V;(a~,8;)-

V;(aLS;);;; 0, for all

k'

f k.

(42)

In view of(41), this requirement will be satisfied for all pure strategies a~ in C(sJ
But this is precisely the condition that must be satisfied if sis to be an equilibrium
point in gamer = r*(O). This establishes the theorem.
Lets be an equilibrium point in gamer = F*(O). We shall say thats is approachable by somes-equilibrium point s(e) of a disturbed game F*(e) if there is some
s-equilibrium point s(e) (or, more exactly, ifthere is some family {s(e)} of s-equilibrium points) satisfying (40) with respect to this equilibrium point s.
Theorems 4 and 5 imply that every ordinary game r = r* (0) has at least one
approachable equilibrium point s. We shall now show that every strong equilibrium point of any game r is always approachable, and that a quasi-strong
equilibrium point is "almost always" approachable (in the sense that this property
can fail only for a small class of games, corresponding to a closed set of measure
zero in the space of all games of a given size).
Theorem 6:
Let a = (a~t, ... , a=·) be a strong equilibrium point 6 ) in game r = F*(O). Let
a* = (aT, ... , a:) be an n-tuple of constant n-pure strategies such that at = [a~']
for i = 1, ... , n. Then, for any small enough e, a* will be an equilibrium point in

game r*(e).
Proof:

Let a; be the (n- 1)-tuple we obtain if we omit the i-th component, the strategy

a~', from then-tuple a. Since a is a strong equilibrium point in gamer, we must have

V;(d;•, if;) - V;(ar, iii) > 0, for all k' f k;, and for

i

=

1, ... , n.

(43)

Consequently, for any small enough e, we can write
(44)
6)

A strong equilibrium point is always in pure strategies.
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for all possible values of (~' and (f. Hence, d;'• will satisfy (3~), and therefore a~'
will be a best reply to the strategy combination II; used by the other (n - 1) players.
As this will be true for all players i, this means that a will be an equilibrium point
in any game r* (e) with a small enough e.
Consider the constant n-pure strategy ar = [a~']. Clearly, if player i follows
this constant strategy then he will choose the corresponding ordinary pure strategy
ci;'' with probability one. Consequently, the "mixed" strategy induced by this
n-pure strategy ar = [a~'] is simply the pure strategy d;'· itself, so that we can
write n(ar> = a~•. Accordingly, the s-equilibrium point corresponding to the
equilibrium point a* mentioned in Theorem 6 will be simply then-tuple a = n(a*)
of ordinary pure strategies.

Lemma 4:
Let s = (s 1 , ••• , s.) be an n-tuple of ordinary mixed strategies, and suppose that
the probabilities p~ characterizing these mixed strategies s; satisfy the equation
p~ =

where

.

Jd(f
,, .,/'.. · Jd(f'g;(,;j'S;),
r

g; ( '>i

~-)
8

-

; -

g;

(rl

for

i = 1, ... , n; k = 1, ... , K;;

rK, ~-) -

'>i' ... , '>i

S; -

fjK• G;((; IS;)

"r!

"r!'•

(45)

(46)

u~:,p···,u~:, 1

is the probability density function corresponding to the probability distribution
G;('; IS;) defined by (24); whereas, 'l'~ is the set of all points'; = ((f, ... , (f') satisfying Condition (36) for a given positive value of e, and for a given pure strategy
a~, with respect to all other strategies d;'', k'
k, of the same player i.
Then swill be an s-equilibrium point in game r*(e).

+

Proof:

For each player i, let af be his best reply to S; = (s 1 , ... ,s;_ 1,si+ 1 , ... ,s.), in
the sense specified in the proof of Theorem 4. Let a* = (af, ... , a:). We shall
show that a'~' is an equilibrium point in game r* (e), and that s is the corresponding s-equilibrium point. As ar is a best reply to s;, it will select any given pure
strategy a~ whenever d;' satisfies Condition (36). Therefore ar will choose each
pure strategy d;' with the probability p~ defined by Eq. (45). (To be sure, ar may
make player i choose this pure strategy d;' also at some points ei where (36) is
not satisfied. though the weaker Condition (35) is. But the total probability
mass associated with such points will always be zero.) Consequently, for each
player i, ar Will induce the mixed strategy S; COrresponding to the probabilities
p~, so that s; = n(ar>. Therefore, the strategy n-tuple swill be a fixed points = M (s)
of the mapping M defined in the proof of Theorem 4, which implies, as we have
seen, that a* is an equilibrium point in r*(e) whereas s = n(a*) is the corresponding s-equilibrium point.
Lets= (s 1, ... , s.) be ann-tuple of ordinary mixed strategies. Suppose that the
carriers C(s 1), ••• , C(s.) of the strategies s 1 , ... , s. contain y1 , ... , r. pure strategies,

e;
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respectively. Then, without loss of generality, we can introduce the following
notational convention:
The pure strategies d! of each player i are numbered in such a way
that the carrier C(s;) of his mixed strategy s; will contain his first
(47)
Y; pure strategies af, ... , a;;.
Clearly, the (yi - 1) probabilities pl, ... , pt- 1 fully characterize si since
)'j-1

I

Pt = 1-

k=1

and
p~

= 0, for

k = Yi

p}

+ 1, ... , K;.

Let Pi denote the vector
Pi

(pf, .. ·, Pt- 1 )

=

(48)

·

Let P; denote the composite vector
(49)

where p 1, ... ,p. are the vectors defined by (48). In order to make the dependence
of the functions ~and g; on the probabilities p~ more explicit, we shall now write
~(if;,S;)

=

~(a~,

p;)

(50)

and

gi(,d'S;l = gi((;\"i);)

(51)

0

For each player i (i = 1, ... , n), we introduce the random variables

,w· = 'r - ,~,

for

k, k' = 1, ... , K;; k' 1= k;

(52)

as well as the random vectors
<>~

= (t5~ 1 ,W, ... ,t5~<k- 1 >,<>~<k+ 1 >,£5~<k+z>, ... ,<>~K;), for k = t, ... ,y;-

1. (53)

For convenience, we shall also write

w = '~- '~ = 0.

(54)

Lemma 5:
Let s = (s 1 , ... ,s.) be an n-tuple of ordinary mixed strategies. Suppose that
for each player i (i = 1, ... , n) the probabilities p~ characterizing his mixed strategy
si, together with some appropriately chosen quantities y~ and z~k', satisfy the
following conditions with respect to a specific positive value of a:

ey} = ~(d,,'P;) - ~(d,+ \'P;),
k'-1

l;k'

=I
y{,
j=k

z~k'

=-I y{,

k-l

j=k'

p~ = m(z~l,

for

k

for

for

k

= 1, ... ,yi- 1;
k

= 2, ... ,yi;

k'
k'

1, ... , Yi - 1;

(55)

= k + 1, ... ,yi;

(56)

=

= 1, ... ,k- 1;

... ,z~(k-l),z~(k+l), ... ,z~Y;;p;) =

(57)
(58)
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ui

whereas

+ oo,

=

for j

-oo

-oo

for j = 1, ... ,k -1,k

ui = z~i,

but

-oo

-oo

-oo

where

= '}';

+ 1, ... ,')';;

(59)

+ 1, ... ,K;;

(60)

h~(o~;W = h~(W • ... ,o~<k-ll,o~<k+l), ... ,o~K·;W =
_

and finally

- gi

(rk
~i

+

ok 1

0

i '···

rk
'~i

+

okj

0

i '···

V;(a~,p;) - V;(aLiJ;) >

cr

zr

rk
''='i

6 • (C}'

+

(61)

okK, ~- ) .

0 i

Pi '

(62)

- W

1, ... ,')';;
for all possible values of
and C~(cr E
and '~ E Z~); and for k
k' = ~·; + 1, ... , K;.
Then swill be an s-equilibrium point in game r*(e). Moreover, the quantities
~k' will satisfy
(63)
- 2 < z~k' < + 2 .
Proof:

As

6

> 0, (55), (56), and (57) imply that
Z;kk' --

[Tf(
k -) - TJ'(
-)]/ e.
r; a;,P;
r; a;k' ,p;

(64)

Hence, (58) can be obtained from (45) by a change of variables. In view of (36),
(52), and (64), for each variable W' with k, k' = 1, ... , ')'; and with k'
k, the
upper limit of integration is uk' = z~k'. Moreover, since in this case both a~ and
af are in C(s;), each upper limit z~k' will have the property that the two inequalities
(i~k' < z~k' and o~k' > z~k' are both satisfied with positive probabilities. Therefore,
each quantity ~k' must lie in the interior of the range of the corresponding random
variable o~k'. By (26) and (52), this range is a subset of [- 2, + 2], which implies
(63).

+

In contrast, for the variables o~k' with k ~ 'l'; < k', the upper limit of integration
can be taken to be uk' = + oo. This is so because now the inequality o~k' < uk'
must be satisfied with probability one, since in this case, ~ e C(s;), whereas
~· ¢ C(s;). This completes the proof.

Lemma 6:
Equation (58) can also be written as
p~

= EHyf. ... ,yr'- 1 ;'pj), for i = 1, ... ,n; k = 1, ... ,')'; -1.

(65)

These functions E~ are continuously differentiable.
Proof:

(56) and (57) make the quantities z~k' functions of the variables ~. Continuous
differentiability follows from (17) and from Leibnitz's Rule [OLMSTED, 1959,
p. 417].
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Lemma 7:

Let s = (s 1 , ... , s.) be an n-tuple of ordinary mixed strategies, characterized
by the probabilities p~. Then, we can always find some quantities y~ and z~k'
which, together with these probabilities p~, will satisfy (56) to (61).
Proof:

First, we shall show that we can find quantities l satisfying (65) fori = 1, ... ,n
and for k = 1, ... , ')'; - 1. Let I* be the closed interval I* = [- 2, + 2]. For each
player i, we define a set Y;* = I 1 x ... x Iy, where I 1 = ... = Iy, =I*. For each
vector y{ = (yl, ... ,yj') in Y;* we define a vector W; = (w;l, ... ,w[') as follows. Let
n~

k = 1, ... ,')'; -1;

= E~(yl, ... ,y['- 1 ), for

(66)
(67)

and
(68)

Finally, we set
w~

= l[1- max(O,n~- p~)],

for

k = 1, ... ,')';.

(69)

For each player i, Eqs. (66) to (69) establish a mapping M;: y{ ..... w;. Clearly
M, is a mapping of the finite-dimensional convex and compact set Y;* into itself.
Moreover, by Lemma 6, M;is continuously differentiable and therefore continuous.
Consequently, by Brouwer's Fixed-Point Theorem, M; must have a fixed point
where
(70)
W; = M,(y{) = y{.
For each player i, the first(')';- 1) components yl, ... ,y['- 1 of any vector y{
satisfying (70) will satisfy (65). Moreover, if we substitute these variables y~ in
(56) and (57), then we shall obtain quantities z~k' satisfying (58). This completes
the proof.
Any vector y{ satisfying (70) must lie in the interier of Y;* [cf. the proof of Lemma
5, regarding Condition (63)]. Thus we can write
-2<y~<+2,

fori=1, ... ,n;

k=1, ... ,')';-1.

(71)

(This inequality is, of course, true also for k = }';, but now we do not need this
fact.)
We now define
n

y* = ~)Y; - 1) =
and

i=l

y;=(yl, ... ,y['- 1 ),

n

I')'; - n,

(72)

i=1

for

i=1, ... ,n.

(73)

Let p and y denote the composite vectors
p = (pl, ... ,p.)

(74)

y = (yl, ... ,y.),

(75)

and
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where p 1, •.. ,p. and y 1 , ... ,y. are the vectors defined by (48) and (73). Clearly,
p has y* components of form p~, and y has y* components of form y~.
Let P be the set of all vectors p satisfying
p~>O,

for

and

i=1, ... ,n;

andfork=1, ... ,y1 -1;

y,-1

L p~ < 1,

i = 1, ... , n.

for

(76)
(77)

k=1

Let Y be the set of all vectors y satisfying (71).
In vector notation, we can now write Eq. (65) as
Pi = Ei(y 1; pj),

for

(78)

i = 1, ... , n.

Lemma 8:
There exists a mapping t: p -+ y from set P to set Ywith the following properties:
(a) For every p in P, the vectors p andy = t(p) together satisfy (65).
(b) The set P 0 of all points pin P where t fails to be continuously differentiable is
closed and has measure zero as a subset of P.
Proof:
Let J be the Jacobian
J = u"(£1l, ... , £YI-1.
1
,

, £1

... ,

i, •.. ,

£Y<-1.

, £1

, ••• ,

"'"""'

£Yn-1)
ft

o(yl, ... ,yY•-1; ... ;yf, ... ,yf'-1; ... ;y!, ... ,y~n-1)

(79)

It is easy to verify that
J

=

•

I1 Ji,

(80)

i=l

where J 1 is the smaller Jacobian
J ,. =

o(Et,
... ,Er'- 1))
"( 1
1
v Yi• ... ,yf'

,

~
.or i

=

1, ... , n.

(

81 )

By Lemma 7, a mapping t always exists. By Lemma 6 and the Implicit Function
Theorem, t can be chosen so as to be continuously differentiable at every point
(p, t(p)), where the Jacobian J is nonzero; i.e., where all n Jacobians J 1, ... , J. are
nonzero. We shall now show that this condition will be met everywhere except
on a closed set P0 of measure zero.
Let 01 be the set of all points (y1,pj) where the Jacobian J 1 = J 1(y1,pj) vanishes.
Since J 1 depends continuously on (y1,pj), and since both y 1 and Pi are bounded,
01 is a compact set.
Now, consider the mapping tr: (y1,pj)-+ (p1,p1) = p, where p1 = E1 (y1;pj). By
Lemma 6, this mapping
is continuously differentiable. Therefore, by Sard's
Theorem [SARD, 1942], the set P? = tr(01) of all points p associated with zeroes
of J 1 is a set of measure zero in P. Moreover, asP? is the image of 0 1 under the
continuous mapping tr, P? itself is also a compact set, and therefore closed.
As each set P? is a closed set of measure zero, their union, the set

tr
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pO =

n

uP?

(82)

i=l

will have the same properties. But continuous differentiability of'! can fail only
on this set P 0 • This establishes the lemma.
We now introduce the (nK)-vector

v =(vi, ... , vf; ... ; vi, ... , vf; ... ; v~, ... , v~).

(83)

Let us write Eq. (55) in the form
cp~(p,y,v,e)

= ey7- V;(a7,Pil
=

el -

I

+

[q;n(a7}

m~!

V;(a7+',p;) =

TI qj(si)J vf

(84)

Hi

i = 1, ... , n;

k = 1, ... , Y; - 1.

In view of Lemma 8, this can also be written as
cp~(p, r(p), v,e) =

1/17(p, v,e)

=

(85)

0.

Lemma 9:
Let s. = (s 1 , .•.. , s.) be a quasi-strong equilibrium point, characterized by the
probability vector p, in gamer = T*(O). Suppose that
(i) The mapping r from P to Y is continuously differentiable on some neighborhood N of p; and that
(ii) The Jacobian
,/,1
,/,YI-1.
. ,/,1
,J,y;-1.
• ,/,1
,/,Yn-1)
J*- a( o/l'''''o/1
, ... ,o/.i'''''o/i
, ... ,o/n'''''o/n
=fO
- a(pl, ... ,pi' r; ... ;pf, ... ,p[' r; ... ;p!, ... ,p~· rl

(86)

at the point p if we set e = 0.
Then, there exists a family {s(e)} of n-tuples of ordinary strategies such that,
for any sufficiently small positive e, s(e) is an s-equilibrium point in game T* (e),
and such that s(e) and s satisfy (40).

Proof:
First, we propose to show that p satisfies (55) if we set e = 0. The left-hand side
of (55) now will be zero, and the same will be true about the right-hand side since
sis an equilibrium point in r. Therefore, in view of(86) and the Implicit Function
Theorem, for any small enough positive e, there exists a vector p(e) satisfying (55)
in conjunction with the vector y(e) = r(p(e)). This vector p(e) will depend continuously on e. In view of Lemmas 7 and 8, these vectors p(e) and y(e), together
with some appropriately chosen quantities z~k' (e), will also satisfy Conditions
(56) to (61). Finally, ass is a quasi-strong equilibrium point in T, we have
V;(~, if;) -

V;(~·, if;)

> 0, for

k

=

1, ... , Y;; k' = Y;

+ 1, ... , K;.

(87)
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This is so because a~ E C(s;) whereas if;'¢ C(s;). Consequently, for any small
enough positive e, the strategy n-tuple s(e) defined by p(e) will satisfy (62). Thus,
by Lemma 5, s(e) will be an s-equilibrium point in T* (e). Finally, (40) follows from
the continuous dependence of s(e) on e.
We now define
m(i,1)
m(1,k)

=

1,

=

for

for

k,

i

k

=

1, ... , n;

=

2, ... , )1 1

-

(88)

1;

(89)

+ k + 3,

(90)

and
i-1

m(i,k)

=

1

+I

(yi- 2)

+k

j~l

for

i

i-l

I

=

Yi- 2i

j~l

2, ... , n; k

=

=

2, ... , )I;- 1.

Thus, m(i,k) ranges over all positive integers from m(i, 1)

m(n,y.- 1) =

n

I

j~

Yi- 2n
1

+3=

y*- n

=

1 to

+3=

y**.

(91)

In addition to (47), we now introduce the following notational convention,
which again involves no loss of generality:
The first y** pure-strategy n-tuples a 1 , •.• , aY*' are numbered in
such a way that for any m* = m(i,k) with i = 1, ... , n and with
k = 1, ... , ')'; - 1, we have
am*= (aL ... , af_ 1 , a~, af+ 1' ... ,a~).
(92)
We now define
v(i,k) = v'['* = vi<i.kl = V;(al, ... , af_ 1 , a~, af+ 1> ... , a!),
for

i

=

1, ... , n; k

=

(93)

1, ... , )I;- 1.

Let v* be the vector formed of those y* components of vector v which can be
written in form (93). Let v** be the vector formed of the remaining (nK - y*)
components of v. Thus
v

=

(94)

(v*,v**).

Let .i = 1 (n; K 1 , ... , K.) be the set of all ordinary (undisturbed) n-person
games in which players 1, ... , n have exactly K 1 , ... , K. strategies, respectively.
Thus 1 is the set of all games of a given size. Each gamer in 1 can be characterized
by its vector v = v(r) of possible payoffs for pure-strategy combinations. As v
is an (nK)-vector, where K =
K;, 1 can be regarded as an (nK)-dimensional

f1
i

-

Euclidean space, and we can write .f = { v}. Let 1 be the set of all games r in .§
for which a given statement !I is false. We shall say that !I is true for almost all
games r if, for every possible set .§ = .f (n; K 1 , ... , K.), this set .lis closed and
has measure zero in .f. [As to the requirement of closure for J, cf. DEBREU, 1970,
p 387.]
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Theorem 7:
For all probability distributions F 1 , ••• ,F. satisfying Conditions (15) to (17),
and for almost all games
the following statement is true. Let s = (s 1, ••• , s.)
be a quasi-strong equilibrium point in r. Let {r* (e)} be a family of disturbed games
characterized by these probability distributions F 1, ••• ,F. with r*(O) = r. Then

r,

there exists a family {s(e)} of n-tuples of ordinary mixed strategies with the proberty that, for any small enough positive e, s(e) is an s-equilibrium point in the
disturbed game r*(e), with
lim s(e)

• ~o

=

(95)

s.

Proof:

Each equation of form (55) (or, equivalently, of form (84) and (85)) can be written
as

(96)
where m* = m(i,k). Each equation offrom (55) can be written in this way because
qj"(si) = pj > 0 for all j =f i since ale C(s). Moreover, qi'*(a~) = 1, whereas
qi'*(a~+ 1 ) = 0 since the i-th component of the strategy combination am• is a~.
Note that each quantity vi* occurs only in one equation ofform (96) with a nonzero
coefficient. Consequently, the y* equations of form (96) define a continuously
differentiable mapping p: (p,y) ..... v*, which is a mapping from (P x Y) to the
y* -dimensional Euclidean space :f * = {v*}.
Let P 0 be the set defined by (82), and let Y 0 = -r (P 0 ). By the proof of Lemma 8,
0
(P x Y0 ) is a compact set of measure zero in (P x Y). Therefore, its image
J* 0 = p(P 0 x Y 0 ) under the continuously differentiable mapping p will again
be a compact set with measure zero in J*. Let J** =-{v**} be the set of all
possible vectors v**. J** will be an (nK - y*)-dimensional Euclidean space.
We have J = J* x J**. Let .1° = J* 0 x J**. Clearly, .1° will be a closed
set of measure zero in J.
We can use the mapping p to define another mapping p*:(p,v**) ..... (v*,v**) = v,
by setting v* = p{p,-r{p)). This mapping p* is from set (P x J**) to J, and is
continuously differentiable whenever v e ( .f- .1°) because in this case, t will
be continuously differentiable. Therefore, by Sard's Theorem, the set .I 00 of all
points v in (.I- .1°) -corresponding to zeroes of the Jacobian J* of (86) will have
measure zero in ( .1- .1°) and therefore also in .1.
We shall now show that .1° 0 will be a closed set. We set

u1 =minvr and w1 =maxvr, for
m

m

i=1, ... ,n.

(97)
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We define
ilf' =

~t(tf;')

vi- ui

= -=----'-, if
W;- U;

U;

<

W;,

93

(98)

and
v~

=

~t(v~)

= 0, if u; = w;, for

i = 1, ... , n; m = 1, ... , K.

(99)

We shall write

v = ~t(v) = (vL ... , vf; ... ; vt, ... , vf; ... ; v~, ... , v~),

(100)

and also

v* =

and

~t(v*)

v** =

(101)

~t(v**).

We also define

j = {v}, }* = {v*}, and j ** = {v**}.
Any component v~ of any vector
O;;i;v~;;i;1,

v in j

for

(102)

will satisfy

i=1, ... ,n;m=1, ... ,K.

(103)

Clearly, ~t: v-+ vis a linear mapping from .J to j, which normalizes each player's
payoff so as to satisfy Condition (103).
Let !i' be the set of all points (p,v**) where the Jacobian J* vanishes. As J* is
a continuous function of (p, v**), !i' will be a closed set. Indeed, !i' will be a compact set since both P = {p} and .f** = {v**} are bounded. Consequently,
} 00 = p* (!F) will also be compact since p* is continuous. But } 00 = ~t(./ 00 ),
and It is continuous. Therefore, .!00 will be a closed set.
Thus, we can conclude that the assumptions of Lemma 9 are everywhere satisfied
on .J, except on a closed set .J = J 0 v .!00 with measure zero in .J. This completes the proof.

6. Numerical Examples
Consider the following three games:

Game f 1
a1
a~
a~

af

(3,4)

(2,2)

(1,1) (2,1)

Game f 3
a1
ai

Game f 2
a1
a~
a~

af

(1,5)

(4,1)

(2,1) (0,3)

a~

af

(1,1) (1,1)
(1,1) (1,1)

In all three games player i's payoff funtion will be called Vj (i = 1,2). For each
game r; we shall define a disturbed game I;*(e) by assuming that each player's
payoff function U; will be of form (12). For the sake of simplicity, we shall also
assume that in each game I;* the probability functions F 1 and F2 are such that the
random variables cW' = bl 2 defined by (52) are uniformly distributed and that this
distribution is independent of the other player's strategy si'j i. More particularly,
o~ 2 is uniformly distributed over the interval [-a, +a] whereas b~ 2 is uniformly
distributed over the interval [- fJ, + fJ], with a ;;i; 1 and fJ ;;i; 1. We shall write
a* = ea and fJ* = efJ.

+

94

CHAPTER 4

Lets= (s 1,s 2 ) be a pair of proper ordinary mixed strategies with s 1 = qa: +
(1 - q)ai and s2 = rai + (1 - r)a~. In view of (58), s will be an s-equilibrium
point in r,* if we have

[rvJ 1

+ (1

- r)vj 2 ]

-

[rvi 1

+ (1

- r)vi 2 ]

for

i, k, m

=

ex* ( q -

~)

(104)

and

where
v~m

=

V;(a~, ai),

= 1, 2.

(106)

More particularly, T1 has two equilibrium points in pure strategies. Of these,
a 1 = (aJ, a1) is strong so that the pair a* = ([aD, [ ai]) of constant n-pure strategies is an equilibrium point in f't* (e) with a small e. In contrast, a 2 = (af, aD is an
extra weak equilibrium point. Eqs. (104) and (105) yield:
q(ex*,p*) = -P*(1

+

ex;}(4- ex*P*)

and

r(ex*, P*) = -ex* ( 1 +

~* }(4 -

ex* P*).

These quantities q and rare close to the probabilities q = 0 and r = 0 characterizing a 2 but they are negative and so cannot be probabilities. Therefore a 2 is not
approachable by any s-equilibrium point of game f't* (e).
F2 has only one quasi-strong equilibrium point in mixed strategies, viz. s = (s 1 , s2 )
with s 1 = Ha: + iai) and s2 = (~a} +!a~). By (104) and (105), sis approachable
by the s-equilibrium point s(a*, P*), characterized by the probabilities
and

q (a* , P*) = _!_
3 (1
r(ex*,p*) =

1
+ _]_
20 P* + -20

~ (1-

; 4 a*+

is

ex* P*)/(1
a*P*)/(1

1
+ -30

+

ex* P*'
J

;O ex*P*)·

Clearly, for small values of ex* and p*, these probabilities will be very close to the
probabilities q = j- and r = ~ characterizing s itself.
Finally, r 3 has infinitely many equilibrium points. In fact, any possible pair
s = (s 1 , s 2 ) of pure or mixed strategies is an equilibrium point. Those equilibrium
points where one or both players use pure strategies are extra weak. Those where
both use proper mixed strategies are quasi-strong. However, the Jacobian J* of
(86) vanishes at all these equilibrium points. (Actually, it can be shown that J*
will always vanish at all equilibrium points belonging to any infinite connected
family of equilibrium points. This is not inconsistent with Theorem 7 since all
games containing such families of equilibrium points form a closed set of measure
zero in any J.) Eqs. (104) and (105) now yield the probabilities
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q(rx*,{J*) = r(rx*,{J*)

=

95

1
2,

which happen to be independent of rx* and {3*. This means that, out of the infinitely
many equilibrium points in game T3 , only one is approachable, and this is the
strategy pairs= (s 1 ,s 2 ) with s; = !a;1 + iaf fori= 1,2. But it is easy to verify
that, in general, different choices of probability distributions for the random
variables o} 2 and o} 2 would have made other equilibrium points of r3 approachable. (Once more, it is a common occurrence that, out of any infinite connected
family of equilibrium points, only a finite subset is approachable, and that this
subset itself strongly depends on the choice of the probability distributions
F I' ... 'F n used in defining the disturbed game r* (e).)
7. Conclusion

We have found that the players' uncertainty about the exact payoffs that the
other players will associate with various strategy combinations can be modeled
as a game T*(e) with randomly disturbed payoffs. Under this model, every ordinary game r will have at least one stable (i.e., approachable) equilibrium point.
Indeed, all strong and "almost all" quasi-strong equilibrium points will be stable,
including "almost all" equilibrium points in mixed strategies. Moreover, under
this model, these equilibrium points will be stable, not because the players will
make any deliberate effort to use their pure strategies with the probabilities
prescribed by their mixed equilibrium strategies, but rather because the random
fluctuations in their payoffs will make them use their pure strategies approximately
with the prescribed probabilities.
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CHAPTER 5

ODDNESS OF THE NUMBER OF EQUILIBRIUM POINTS:
A NEW PROOF 1

Abstract: A new proof is offered for the theorem that, in "almost all" finite games, the number of
equilibrium points is finite and odd. The proof is based on constructing a one-parameter family of
games with logarithmic payoff functions, and studying the topological properties of the graph of a
certain algebraic function, related to the graph of the set of equilibrium points for the games belonging
to this family. In the last section of the paper, it is shown that, in the space of all games of a given size,
those "exceptional" games which fail to satisfy the theorem (by having an even number or an infinity
of equilibrium points) is a closed set of measure zero.

1. ·Introduction
WILSON [1971, Theorem 1 on p. 85] has shown that, apart from certain degenerate cases, in any finite game, the number of equilibrium points is finite and odd.
The purpose of this paper is to offer a new proof for WILSON's theorem.
Let r be a finite noncooperative game. The k-th pure strategy of player
i (i = 1, ... ,n) will be called a~, whereas the set of all his K; pure strategies will be
called A1• Let
n

K=0K 1 •

(1)

i=l

We shall assume that the K possible n-tuples of pure strategies are numbered
consecutively as a 1 , ... ,am, ... ,d'. Let

am=

(tf.•, .... ~·.... ,~·).

(2)

Then we shall write
(3)

to denote the pure strategy used by player i in the strategy n-tuple am. The set of
all K possible pure-strategy n-tuples will be called A. We have A = A 1 x ... xA•.
Any mixed strategy of a given player i (i = 1, ... ; n) can be identified with a
probability vector p1 of the form
P; = (pf, ... ,~, ... ,pf•),

(4)

where pf, ... ,pf• are the probabilities that this mixed strategy assigns to his pure
strategies af, ... ,af•. The set P 1 of all mixed strategies available to player i is a
1 Prof. JoHN C. HARSANYI, University of California, Berkeley, Cal. 94720. This research has been
supported by Grant GS-3222 of the National Science Foundation, through the Center for Research
in Management Science, University of California, Berkeley.
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simplex, consisting of all K;-vectors satisfying the conditions
I/;~

0,

k = 1, ... ,K,

for

and

K,

It;=1.

(5)

(6)

k=l

ThesetP = P 1 x ··· x Pnofallpossiblen-tuplesp = (pl>····PJofmixedstrategies
is a compact and convex polyhedron, and will be called the strategy space of
game r. We shall write p = (p;,pj, where if;= (pt.···•Pi-t.Pi+t.···•Pn) is the
strategy (n - 1)-tuple representing the mixed strategies of the (n - 1) players
other than player i.
The set C(pi) of all pure strategies £f; to which the mixed strategy Pi assigns
positive probabilities I/; > 0 is called the carrier of Pi· If the carrier C(pi) of a
given strategy Pi contains only one pure strategy tf;, then Pi will be identified
with this pure strategy £f; = Pi· On the other hand, if C(pi) contains all Ki pure
strategies of player i, then Pi will be called a complete (ly) mixed strategy. Finally,
if Pi is neither pure nor complete, then it will be called an incomplete(ly) mixed
strategy.
For any strategy n-tuple p = (pt. ... ,pn), the carrier C(p) of p will be defined
as the union of the carriers of its component strategies, that is, as
C(p)

n

= UC(pi).

(7)

i= 1

Suppose that the i-th component of the pure-strategy n-tuple d" is d"(1) = a\',
and that a given mixed strategy Pi of player i assigns the probability p~ to this
pure strategy a\'. Then, we shall write
q'j'(pi)

= I/; .

(8)

Of course, if p1 = a~ is a pure strategy, then we have

q'f'(a\') = 1 ,

when

am(i) = £f;,

(9)

q'f'(al')

when

d"(i) =F

al' .

(10)

but
= 0

When then players use the pure-strategy n-tuple am, then player i (i
will receive the payoff

= 1, ... ,n)
(11)

whereas if they use the mixed-strategy n-tuple p
Ui(p)

LetJ

=J(n;K~>····KJ

mt [fJ.l

=

= (ph ... ,pn1 then his payoff will be

q'j'(p;)] uf •

(12)

be the set of all n-person games in which players

1, ... , n have exactly K 1> ••• , Kn pure strategies, respectively. Thus, J is the set
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of all games of a given size. Each specific game r in J can be characterized by the
(nK)-vector
(13)
u = (u~, ... ,uf 1 ; ••• ;uf, ... ,ufi; ... ;u~, ... ,u~"),

ur

whose components
=;= U;(am) are the payoff to various players i for the different pure-strategy combinations am. We can identify each game r with its
vector u = u(r) of possible payoffs for pure-strategy· combinations, and can
regard the setJ as an (nK)-dimensional Euclidean spaceJ = {u}.
Let !J (J) be the set of all games r in J for which a given mathematical statement
f/ is false. We shall say that statement f/ is true for almost all games if, for every
possible set J of games of a particular size, this set .? (J) is a closed set of measure
zero within the relevant set J, regarded as an (nK)-dimensional Euclidean space.
(Concerning the closure requirement for !J(J), see DEBREU [1970, p. 387].)

2. Logarithmic Games
Let A be an n-person noncooperative game, where the n players have the same
simplexes P~>····p• they have in gamer as strategy spaces, but where the payoff
function L; of each player i (i = 1, ... , n) is of the form 2 )
L;(p) = L;(p;) =

K,

I

log Pi.

k=l

(14)

Thus, A is a "degenerate" game, in which each player's payoff L; depends only
on his own strategy p;, and does not depend on the other players' strategies
Pi,j =/= i.
Finally, we define a one-parameter family of games {A*(t)}, with 0 ~ t ~ 1.
In any particular game A*(t) with a specific value of the parameter t, the payoff
function of player i(i = 1, ... ,n) is
L*(p,t) = (1 - t) U;(p)

+ tL;(p;).

(15)

Obviously, A*(O) = r, whereas A*(1) = A. All games A*(t) with 0 < t ~ 1 will
be called logarithmic games. r will sometimes be called the original game, while
A will be called the pure logarithmic game.
2 ) Since the payoff function L 1 are logarithmic functions (instead of being multilinear functions in
the probabilities If. as is the case in ordinary finite games), this game A - as well as the games A*(t)
to be defined below - are best regarded as being infmite games in which the pure strategy of every
player i consists in choosing a specific point p 1 from the simplex P1, which makes each p 1 a pure strategy,
rather than a mixed strategy, in game A (or A*(t)). But, for convenience, we shall go on calling any
given strategy p 1 a (complete or incomplete) mixed strategy - even in discussing the infinite games
A and A*(t) - if p 1 would represent a (complete or incomplete) mixed strategy in the finite game
r. This terminology will not give rise to any confusion because, in analyzing these infinite games,
we shall never consider mixed strategies having the nature of probability mixtures of two or more
strategies p 1•
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3. Equilibrium Points
A given strategy Pi of player i will be called a best reply to a strategy combination
1) players in game A*(t) if

Pi used by the other (n -

(16)
A given strategy n-tuple p = (pb····P.J is an equilibrium point [NASH, 1951] in
game A*(t) if every component Pi of pis a best reply to the corresponding strategy
combination Pi of the other (n - 1) players.
An equilibrium point p is called strong 3) if all n components p1 of p satisfy (16)
with the strong inequality sign > for all pi =I= Pi· That is, p is a strong equilibrium
point if every player's equilibrium strategy Pi is his only best reply to the other
players' strategy combination Pi· An equilibrium point is called weak if it is not
strong.
An equilibrium point p is quasi-strong 4 ) if no player i has pure-strategy best
replies to Pi other than the pure strategies belonging to the carrier C(pi) of his
equilibrium strategy Pi· An equilibrium point that is not even quasi-strong is
called extra-weak.
A given game r itself will be called quasi-strong if all its equilibrium points are
quasi-strong; and it will be called extra-weak if at least one of its equilibrium
points is extra-weak.
In the original gamer = A*(O), a best reply Pi to any given strategy combination
Pi may be a pure strategy or may be a mixed strategy. (It can be a mixed strategy
only if all pure strategies a:' in its carrier C(p1) are themselves best replies to Pi·)
In contrast, in a logarithmic game A*(t) with t > 0, only a complete mixed strategy
can be a best reply. This is so because, in view of (12), (141 and (15), any player
i will obtain an infinite negative payoff nj = - oo if he uses a pure or an incompletely mixed strategy, but will always obtain a finite payoff nj > - oo if he uses
a completely mixed strategy. Consequently, in these logarithmic games, all
equilibrium points will be in completely mixed strategies.
In the original game r, in general, the mathematical conditions characterizing
an equilibrium point p = (pto ... ,p.) will be partly equations and partly inequalities. The former will be of the form:
(17)

whereas the latter will be of the form:

Ui(a:',p1) G; Ui(a:'',p1)

if
while

a:' E C(p;)
a:''* C(pi).

(18)

Only in the special case where all n equilibrium strategies Pt. ... , p. are pure
3)
4)

I am using the term "strong equilibrium point" in a different sense from AUMANN's [1959, p. 300j.
Many of the concepts used in this paper were first introduced in HARSANYI [1973].
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strategies, will all conditions characterizing p be inequalities of form (18); and
only in the special case where all n equilibrium strategies are complete mixed
strategies, will all these conditions be equations of form (17).
An equilibrium point p of game r will be quasi-strong if and only if, for every
player i, and for every strategy a~ in the carrier C(p1) of i's equilibrium strategy,
and for every strategy ~· not in this carrier, condition (18) is satisfied with the
strong inequality sign >.
In contrast to equilibrium points in the finite game r, every equilibrium point
pin any logarithmic game A*(t) with t > 0, is always characterized by equations
of the following form:

( oiJ;(p,t))

aff;

=0,

k=1, ... ,K1 -1
i = 1, ... ,n.

for
and for

I:pt= 1
i

(19)

Here each partial derivative o]J;fo!; must be evaluated at the equilibrium point
p itself. Of course, these eqs. (19) express only the first-order conditions for maximizing the payoff function lJ; with respect to the vector p 1• But, since each function
lJ; is strictly concave in p1, the second-order conditions are always satisfied, so
that the eqs. (19) are both necessary and sufficient conditions for maximization.
The functions L1 can also be written as

JJ;(p, t)

= (1

K,

- t) I p~ U 1 (~.p;)
k=l

K,

+I

log!;.

(20)

k=l

Therefore, using the fact that
(21)

we can write (19) in the form
(22)

or, equivalently, in the form
(1 - t)pf !;[U1 (~,p1)

-

for
and for

U1(al,p 1)] + t(pf - !;) = 0,
i
k

= 1, ... ,n;
= 2, ... , K 1 •

(23)

The number of equations of form (23) is:
n

K*

=I

i=l

n

(K1 - 1)

=I

K 1 - n.

1=1

Thus, together with then equations of form (6), we have all together

(24)
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(25)

i=l

independent equations for characterizing each equilibrium point p, which is
the same as the number of the variables pt determined by these equations.
In view of (12), all equations of form (23) are algebraic equations in the variables
pt and in the parameter t. All equations of form (6) are likewise algebraic. LetS
be the set of all (K** + 1)-vectors (t,p) satisfying the K** equation of forms (6)
and (23). Clearly, S will be typically a one-dimensional algebraic variety, i.e., an
algebraic curve. (In degenerate cases, however, S may also contain zero-dimensional
subsets, i.e., isolated points, and/or subsets of more than one dimension, i.e.,
algebraic surfaces of various dimensionality.)
Let T be the set of all vectors (t,p) satisfying, not only the K** equations of
forms (6) and (23), but also the K** inequalities of form (5). Clearly, T is simply
that part of the algebraic variety S which lies within the compact and convex
cylinder (polyhedron) R = P x I, where I= [0,1] is the closed unit interval.
Since T is the locus of all solutions (t,p) to the simultaneous equations and inequalities (5), (6), and (23), Twill be called the solution graph for the latter.
For any point (t,p), t will be called its first coordinate. Within the cylinder R,
the strategy space P of any specific game A*(t) is represented by the set R' of all
points (t,p) in R whose first coordinate is the relevant t value.
For any game A*(t), let E' be the set of all points (t,p) in R' such that pis an
equilibrium point of A *(t). Finally, let T' be the intersection of R' with the solution
graph T. We can now state: .

Lemma 1:
For all t with 0 < t
only E 0 !: T 0 .

~

1, E' = T'. In contrast, for t = 0, in general, we have

Proof:
For all t with 0 < t ~ 1, conditions (5), (6), and (23) are sufficient and necessary
conditions for any given point p to be an equilibrium point of game A*(t). On the
other hand, for t = 0, it is easy to verify that all equilibrium points p of the game
A*(O) T' r satisfy all these conditions but, in general, so will also some strategy
combinations p that are not equilibrium points of r. For example, all these
conditions will be satisfied by any pure-strategy n-tuple p = a"', whether it is
an equilibrium point of game r or not.

4. Some Topological Properties of the Solution Graph T
Consider the mapping p.: t--+ T'. The Jacobian of this mapping, as evaluated
at any given point (p,t) ofT', can be written as
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J(

) _ o(FI, ... ,F~, ... ,F~·)
t, P - u"{plJ, ••• ,pi,···,l'n
..k
..Kn) '

(26)

i = 1, ... ,n;

and, for each i, k = 1, ... , K; .
Here
n

Ff(t,p) =

l,Jf;- 1'

i = 1, ... ,n;

(27)

i=1

whereas
1, ... ,n;
k = 2, ... ,K1 •
i

and, for each i,

=

For points of the form (t,p) = (O,p) in set T 0 , the functions F~(k =I= 1) take the
following simpler form:
Ff(O,p)

= pf pf[U 1(d;',jj1) -

U 1(af,jj1)],

i

and, for each i,

k

= 1, ... ,n;

= 2, ... ,K1 •

(29)

Any equilibrium point p of the original gamer will be called regular if J (0, p) =I= 0;
and will be called irregular if J(O,p) = 0. A given game r itself will be called
regular if all of its equilibrium points are regular; and it will be called irregular
if at least one of its equilibrium points is irregular.
We shall now state two lemmas, based on well-known facts in algebraic geometry.

Lemma2:
Let (x 0 ,x*) be an arc of an algebraic curve S in a v-dimensional Euclidean
space xv, connecting the two points x 0 = (x?, ... ,x~) and x* = (xf, ... ,x~) =I= x 0 •
Then, this arc (x 0 ,x*) can be uniquely continued analytically beyond point x*
(and beyond point x 0 ).
Proof:
• If x* is not a singular point, then the possibility of analytic continuation follows
from the Implicit Function Theorem. On the other hand, if x* is a singular point,
then this possibility follows from PulsEux's Theorem [vAN DER WAERDEN, 1939,
Theorem 14]. By this theorem, if x* is a point of some branch S* of a given algebraic
curveS, then, whether x* is a singular point or not, in some neighborhood N(x*)
of x*, the coordinates x 1 of any point x = (x 1, ••• ,xv) of this branch S* can be
represented by v convergent power series n1(y) in an auxiliary parameter y, so
that we can write x 1 = n1(y) for a suitably chosen value of y(i = 1, ... , v). Moreover,
we can select the v functions n1 in such a way that x* itself will correspond to
y = 0 (so that xf = n1(0), for i = 1, ... , v), and in such a way that all other points
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x of the arc (x0 ,x*) will correspond to negative values of y. Then, by assigning
positive values toy, we can analytically continue the arc (x0 ,x*) beyond x*. Even
though we can choose the v functions n 1 in many different ways, all choices will
yield the same curve as the analytic continuation of (x 0 ,x*).
Corollary:
Let S be an algebraic curve, and x be an arbitrary point. Then, the number of
arcs belonging to Sand originating from xis always even (possibly zero). These
arcs always uniquely partition themselves into pairs, so that the two arcs belonging
to the same pair are analytic continuations of each other, and are not analytic
continuations of any other arc originating from x.

Lemma3:
Let (x 0 ,x*) be an arc of an algebraic curveS. Suppose that (x 0 ,x*) lies wholly
within a given compact and convex set R with a nonempty interior, and that
x 0 is a boundary point of R whereas x* is an interior point of R. Then, by analytically continuing (x 0 ,x*) far enough beyond x*, we shall once more eventually
reach a boundary point x 00 of R.
Proof:
Let S* be the curve we obtain if we continue (x 0 , x*) beyond x* as far as possible
without leaving set R. For each coordinate X;, let
m1 = inf X;
xe~

and

m1 = sup x 1 •

(30)

xe~

Since S* is not an isolated point, at least for one coordinate x;, its variation on
S*, Ll; = m1 - m;, must be positive. On the other hand, since S* is an arc of an
algebraic curve, it can be divided up into a finite number of segments a 1, •• • ,a~~., ... ,aM,
. such that, as we move away from x 0 along any given segment all, this coordinate
x1 is either strictly increasing or is strictly decreasing. Let us assume that, starting
from x 0 and moving along S*, we reach these segments in the order they have
been listed. Now, first suppose that, along the last segment aM, x 1 increases. Then,
since R is a compact set, x 1 must reach a local maximum at some point x 00 of
aM. Obviously, this point x 00 can only be the endpoint of rx!4 furthest away from
x 0 . Moreover, it can only be a boundary maximum point for x 1 because, if it
were an interior maximum point, then aM could not be the last segment of S*.
Therefore, this point x 00 must be a boundary point of R. By the same token, if
x 1 decreases along aM, then the endpoint x 00 of aM must be a local boundary
minimum point for x 1 and, therefore, it must be boundary point of R. Thus, in
either case, S* will eventually reach a boundary point x 00 of R.
Let P be the boundary of the strategy space P. Thus, P is the set of all strategy
n-tuples p = <P~o .. .,p,) having at least one pure or incompletely mixed strategy
p1 as a component. Let 1° = (0,1) be the open unit interval. Let B be the set
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B = P x 1°. Clearly, the boundary hypersurface R of cylinder R is made up of

the three disjoint sets P 0 , B, and P 1 •
Lemma4:
Let T be the intersection of the solution graph T and of the boundary hypersurface R of cylinder R. Let (t,p) be any nonisolated point of T. Then, either
(t,p) = (1,p), where p is the unique equilibrium point of the pure logarithmic
game A*(1); or (t,p) = (O,p*), where p* is an equilibrium point of the original
game A*(O) = r.
Proof:

For any t with 0 < t

~

1, the vector p characterizing any given point (t,p) of

T must be an equilibrium point of the game A*(t), because (t,p) is a point of the

solution graph T. Therefore, (t,p) cannot belong to set B, since the logarithmic
games A*(t) with 0 < t ~ 1 have no equilibrium point using a pure or an incompletely mixed strategy p; as equilibrium strategy. Hence, if t > 0, then (t,p) can
only be a point belonging to set PI, which is possible only if (t,p) = (1,p).
On the other hand, if t = 0, then (t,p) = (O,p) is a point belonging to set P 0 •
As (t,p) is a nonisolated point of T, it is a limit point of some convergent point
sequence (t 1 ,p 1 ), ••• ,(ti,pl), ... , where each pi is an equilibrium point in game
A*(ti), with ti > 0. Consequently,p itself is an equilibrium point in game A*(O) = r,
because the correspondence p.*: t--. E' is upper semi-continuous (where E' is the
set mentioned in Lemma 1). This completes the proof.
Lemma5:
The point (t,p) = (1,p), corresponding to the unique equilibrium point p of
the pure logarithmic game A*(1) =A is always a nonsingular point of the graph
T, and is the endpoint of exactly one branch p(p) of T.
Proof:

As is easy to verify, J(1,p) =I= 0. Consequently, (1,p) is nonsingular and, by
the Implicit Function Theorem, it lies on exactly one branch a.(p) of T.
Lemma6:
Let r be a regular and quasi-strong game. Then, any point (t,p) = (O,p) corresponding to an equilibrium point p of game A*(O) = r is always a nonsingular
point of the graph T, and is the endpoint of exactly one branch p(p) of T.
Proof:

+

Since r is regular, we have J(O,p) 0. Hence, if p is an interior point of the
strategy space P, then the present lemma can be established by the same reasoning
as was used in the proof of Lemma 5. However, if p is a boundary point of P,
then this reasoning shows only that (O,p) lies on exactly one branch p(p) of the
algebraic variety S. In order to prove the lemma, we have to show also that
p(p) belongs to the graph T, i.e., that it lies within cylinder R. In other words, we
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have to show that {3(p) goes from (O,p) towards the interior of R, which is equivalent to showing that, for any zero component p~ = 0 of the vector p, the total
derivative dp~fdt is positive at the point (O,p). Now, by differentiating eq. (23) with
respect to t, and .then setting t = p~ = 0, we obtain
pf [U;(a~,p;) - U;(af ,p;)]

+ pf

= 0.

(31)

Since the numbering of player i's pure strategies is arbitrary, without loss of
generality we can assume that
pf > 0.
(32)
On the other hand, since pf > 0 and p~ = 0, we have pf E C(p;) but p~ $ C(p;).
Since p is a quasi-strong equilibrium point, condition (18) must be satisfied by
a strong inequality sign if we set d;'. = af. Therefore,
(33)
But (31), (32), and (33) together imply that dp}/dt > 0, as desired.
In what follows, when we say that two points are "connected", we shall mean
that they are connected by some branch a of the solution graph T.
Theorem 1:

Let r be a regular and quasi-strong finite game. Then, the number of equilibrium points in r is finite. Moreover, there exists exactly one distinguished
equilibrium point p* in r such that the corresponding point (O,p*) is connected
with the point (1,p), associated with the unique equilibrium point p of the pure
logarithmic game A*(1) = A. All other equilibrium points of r form pairs, such
that the two equilibrium points belonging to the same pair are connected with
each other and with no other equilibrium point. Therefore, the number of equilibrium points in r is odd.
Pro(){:

By Lemma 6, every equilibrium point p of r lies on some branch {3(p) ofT. But

T, being the intersection of an algebraic variety S and of a compact and convex

set R, can have only a finite number of branches. Moreover, on any given branch
{3, there can be at most two equilibrium points, corresponding to the two endpoints of {3. Therefore, the number of equilibrium points in r is finite.
By Lemma 5, there exists a unique branch cx(p) ofT, originating from the poirit
(1,p). By Lemmas 1 and 2, this branch cx{j)) must lead to a boundary point x 00
of R. As J(1,p) =I= 0, we must have x 00 =I= (1,p), because otherwise T would have
two local branches originating from (1,p), contrary to the Implicit Function
Theorem. Consequently, by Lemma 4, x 00 = (O,p*), where p* is an equilibrium
point - called the distinguished equilibrium point - of game r.
Finally, let p =I= p* be any equilibrium point of r, other than the distinguished
equilibrium point p*. By Lemma 6, there exists a unique branch {3(p) ofT, originat-
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ing from the point (O,p). By an argument similar to the one used in the last paragraph, it can be shown that {J(p) must lead to another boundary point x 00 of R,
with x 00 = (O,p'), where p' p and p* is another equilibrium point of r. Hence,
all equilibrium points of r, other than the distinguished equilibrium point p, are
pairwise connected. But this means that the number of these latter equilibrium
points is even, which makes the total number of equilibrium points in r odd.

+

+

Note:

The proof of Theorem 1 shows that, for any game A*(t) with 0 ~ t ~ 1, the
set Q' of all equilibrium points in A*(t) is nonempty. This is so because branch
a.(fi) of graph Tconnects the two points (1,fi) and (O,p*). Therefore, a.(fi) intersects
every set R' with 0 ~ t ~ 1 at some point (t,p'). As is easy to verify, the strategy
n-tuple p' defining this point must be an equilibrium point of game A*(t).
5. Three "Almost All" Theorems

Within a given set.F = J(n;Kt. ... ,K.) of games of a particular size, let ~(C*)
be the set of all games r that have at least one equilibrium point p with a specified
set C* = C(p) as its carrier. There are only a finite number of different sets ~(C*)
in J because, for all games r in J, the number of possible carrier sets C* is finite.
This is so because any set C* is a subset of the finite set
A*=

•
UA·
"

consisting of the set of all K** pure strategies

r, where

(34)

i= 1

.

K** = LK;.

a~

for the n players in each game
(35)

i= 1

(Of course, two sets ~(C*) corresponding to different carrier sets C* will in
general overlap.) We can now state the following theorem.
Theorem 2:

Almost all finite games are quasi-strong.
Proqf:

Let §"(C*) be the set of all games r in J that have at least one extra-weak
equilibriumpointpwiththesetC* = C(p)asitscarrier.Obviously,§"(C*) C ~(C*).
Let §(C*) = ~(C*)- §"(C*). Thus, all games r in §(C*) have the property
that they contain one or more equilibrium points p with the set C* = C(p) as
their carrier set, and all these equilibrium points p are quasi-strong.
All games r in a given set ~(C*) are characterized by the fact that their defining
vector u = u(r) satisfies a finite number of algebraic equations and algebraic
weak inequalities, of forms (17) and (18), in which the functions U; are defined
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by (12). Thus, if we regard the set J as an (nK)-dimensional Euclidean space
J = {u}, then each set 9"(C*) will correspond to a subset of J, bounded by
pieces of a finite number of algebraic hypersurfaces. In view of (12) and (18),
these bounding hypersurfaces are multilinear, i.e., they are hyperboloids. Within
each set 9"(C*), all games belonging to #(C*) are characterized by the fact
that their defming vectors u = u(r) satisfy all the inequalities of form (18) used
in defining this set 9"(C*), with a strong inequality sign >.In contrast, all games
r belonging to #(C*) have a defining vector u = u(r) satisfying one or more of
these weak inequalities with an equality sign =.Therefore, all games in #(C*)
correspond to interior points u of 9"(C*), whereas all games in #(C*) correspond
to boundary points of 9"(C*). Hence, as a subset of the (nK)-dimensional Euclidean
space J,§(C*) consists of pieces of a finite number of hyperboloids of at most
(nK- 1) dimensions. Consequently, each set #(C*) is a set of measure zero in J.
Let IF* be the set of all extra-weak games in J. § is the union of all sets IF (C*),
corresponding to various possible carrier sets C*. Thus, IF* is a union of a finite
number of sets of measure zero in J. Therefore, #"* itself is also a set of measure
zero in J.
Next, we shall show that§* is a closed set. Let rt,r 2 , ••• be a sequence of
extra-weak games in J, with the defining vectors u 1 = u(T 1 ),u 2 = u(T 2 ), ••••
Suppose that the sequence u 1 ,u 2 , ••• converges to a given vector u0 • Let T 0 be the
game corresponding to this vector u0 = u(T 0 ). We have to show that F 0 is likewise
an extra-weak game.
Since the games Fi(j = 1,2, ... ) are extra-weak, each vector ui satisfies one or
more inequalities of form (18), with an equality sign. Yet, there are only a finite
number of inequalities of this form. Therefore, at least one of these inequalities - let
us call it inequality (18)* - will be satisfied by infinitely many vectors ui, with
an equality sign. As the sequence of these latter vectors, being a subsequence of
the original sequence {ui}, converges to u0 , this vector u0 itself will also satisfy
(18)* with an equality sign, which makes the corresponding game T 0 extra-weak,
as desired. This completes the proof of Theorem 2.
Let p be an equilibrium point in game r belonging to set J, with the carrier
C* = C(p) =
C(p!l. Thus re9"(C*). Suppose the carriers C(p 1), ••• ,C(pn) of

r

U
i

the equilibrium strategies p 1 , ••• ,pn consist of exactly 'l'l·····Yn pure strategies,
respectively. In studying games r in set 9"(C*), we shall adopt the following
notational convention, which, of course, involves no loss of generality:
The pure strategies af of each player i(i = 1, ... ,n) have been renumbered in such a way that the carrier C(p1) of his equilibrium
strategy p1 now contains his first y1 pure strategies al, ... ,ar•.

(36)

We can fully characterize each equilibrium strategy p1 by the (y 1 - 1) probability
numbers pf,p'f, ... ,pl', since we have
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.
Pi1 = 1- "L... pf,

(37)

j=2

and
p~ = 0,

for

k = Yi

+ 1, ... ,Ki.

(38)

for

i =.1, ... ,n.

(39)

Let ni be the probability vector
ni = {pf, ... ,p/'),

Thus, ni is a subvector of the probability vector Pi·
Let ll; (i = 1, ... ,n) be the set of all (Yi - 1)-vectors satisfying the two conditions
k=2, ... ,y;;

p~>O,

(40)

and
Yi

I< 1.

(41)

n = (n 1 , ••• ,n.).

(42)

j=2

Let n be the composite vector

Thus, n is a vector consisting of y* probability numbers

r*

p~,

where

=I" <ri- 1) =I" Yi-n.

(43)

i=l

i=l

Clearly, n is a subvector of the probability vector p.
Let n be the set of all y*-vectors n whose subvectors n 1 , ••• , n. satisfy conditions
(40) and (41). Clearly, n = ll 1 x ··· x n •.
We now define
m*(1,k) = k- 1,

for

k = 2, ... ,y 1 ;

(44)

and
i-1

m*(i,k) =

I

j=l
i-l

(Yi- 1)

+ (k -

=Iri-i+k,

1)

for

(45)

i=2, ... ,n;k=2, ... ,yi.

j=l

In addition to (36), we now introduce the following further notational convention, which again involves no loss of generality:
The pure-strategy n-tuples am of the game have been re-numbered
in such a way that the first y* pure-strategy n-tuples a1, ••• ,a1•
will now have the following form. For any m with 1 ~ m ~ y*, let
i and k be the unique pair of numbers satisfying m*(i,k) = m.
Then
(46)
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Thus, we can write
u'{' = um*(i,k) = U;(al, ... ,af-~>af,af+~>····a~), fori= 1, ... ,n; k = 2, ... ,y;.

(47)

Let u* be the vector formed of those y* components u'{' of vector u which can
be written in form (47). Let u** be the vector formed of the remaining (nK- y*)
components of u. Hence
u = (u*,u**).
(48)
The set of all possible vectors u* is a y*-dimensional Euclidean space, to be
denoted as§* = {u*}; whereas the set of all possible vectors u** is an (nK - y*)dimensional Euclidean space, to be denoted as §** = {u**}. Clearly,
§*X§**=§.
Since pis an equilibrium point in gamer, it must satisfy condition (17). This
condition can also be written as

pf vf[U;(a~,p;)- U;(a{,p;)] = 0,

for

i = 1, ... ,n; k = 2, ... , Y;.

(49)

Since pf and p~ > 0, (49) is equivalent to (17). In view of (12), this condition can
also be written as
(50)

~

[q'['(af) [1 qj{Pj)]ui
Hi

- ~ --n...-f-1--:qj:::.-,·"(p;-j,-)meM

for

i = 1, ... ,n; k = 2, ... ,yi.

j=fi

HereM= {1,2, ... ,K} and m* = m*(i,k). It is permissible to write eq. (17) [or
(49)] in form (50) because, by (46), we have qj*(pj) = p] for all j =I= i, and pJ > 0
since aJ e C{pj).
Note that each quantity u'{'* for a specific value of m* = m*(i,k) occurs, with
a nonzero coefficient, only in one equation of form (50) (where it occurs on the
left-hand side). This is so because, by (10) and (46), for any k' =I= k, we have
q'{'*(an = 0. Therefore, if we know the y* components p~ of vector n, and know
the (nK - y*) components u'{' of vector u**, then we can compute each one of
the y* components u'{'* of vector u* separately, from the relevant equation of
form (50). Consequently, they* equations of form (50) define a mapping p: (n,u**)
--+ u* from set n x §** to set §*. This mapping p is continously differentiable
because, by (40), for each point 1t in n we have p~ > 0 for k = 2, ... , y;; so that the
denominators on the right-hand side of (50) never vanish within ll.
We can use this mapping p to define another mapping p*: (n, u**) ..... (u*, u**) = u,
where u* = p( n, u**). This mapping p* is from set n x §* to set J* x J*** = J;
and it is continuously differentiable since p is.
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We can now state the following theorem:

Theorem 3:
Almost all finite games are regular.
Proof:
Instead of using they* equations of form (50), we can also use the equivalent
y* equations of form (49), in order to define the mappings p and p*. But if we do
so, then the Jacobian ·of mapping p* can be written as
J

*<

1t,U

**> _
-

o(Fr, ...•

n.... ,F~·>

..!< ... ,pn
Y•) '
u"(p2;, ... ,p;,

i = 1, ... ,n;

'"
h
and ,,oreac

k = 2, ... ,yn,

(51)

where the n·s are the functions Ft = F~(O,p) defined by (29). This means that
J*(n, u**) is a subdeterminant of the Jacobian determinantJ(O,p) defined by (26, (27),
and (29); it is that particular subdeterminant that we obtain if, for each player i, we
cross outthe rows and the columns corresponding to k = 1, and to k = y1 + 1, ... ,K1•
It is easy to verify that, owing to the special form of the functions Fl (i = 1, ... ,n)
as defined by (27), and owing to the fact that pT' + 1 = ··· = pf' = 0, this crossing
out of these rows and columns does not change the value of the original determinant J(O,p). Hence, J*(n,u**) = J(O,p) if n is the subvector of p defined by
(39) and (42).
Let Gf(C*) be the set of all games r in J having at least one irregular equilibrium point p with set C* = C(p) as its carrier set. Equivalently, 8(C*) can also
be defined as the set of all vectors u = p*(n,u**) corresponding· to those points
(n,u**) in set (II x J**) at which the Jacobian J*(n,u**) = J(O,p) vanishes. By
SARD's Theorem [SARD, 1942], this set 8(C*) is a set of measure zero in the (nK)dimensional Euclidean space J.
Let 8* be the set of all games r in J having at least one irregular equilibrium
point p, regardless of what its carrier C* = C(p) is. Thus, 8* is simply the set of
all irregular games in J. 8* is the union of a finite number of sets 8(C*), corresponding to different carrier sets C*. Since each set 8(C*) is a set of measure zero
in J, their union 8* will also have this property.
Next, we shall show that 8* is a closed set. Let rl,r2 , ••• be a sequence of
irregular games, with the defining vectors u 1 = u(F 1),u 2 = u(F2 ), •••• Suppose
that the sequence ul,u 2 , ••• converges to a given vector u 0 • Let F 0 be the game
corresponding to u0 = u(F 0 ). We have to show that F 0 is likewise an irregular
game.
Let pl,p 2 , ••• be a sequence of strategy n-tuples, such that pi U = 1,2, ... ) is an
irregular equilibrium point in game r 1• All these points pi lie in the compact
set P. Consequently, the sequence {pi} must contain a convergent subsequence.
Suppose the latter consists of the points pi',pi•, ... , and that it converges to some
point p0 in P. Then:
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(1) This point p0 will be an equilibrium point of game F 0 • This is so because the
set Q(r) of all equilibrium points in any given game is an upper semi-continuous set function of the defining vectors u = u(r) of r, i.e., of the payoffs
u'{' of r.
(2) This point p0 will be an irregular equilibrium point of game F 0 • This is so
because J(O,pi•) = J(O,pi•) = ··· = 0 since pi•,pi•, ... are irregular equilibrium
points. Consequently, J(O,p0 ) = 0 since p0 is the limit of the sequence
pi•,pi•, ... , and since J(O,p) is a continuous function of p.
Consequently, p 0 is an irregular equilibrium point in F 0 and, therefore, F 0
itself is an irregular game, as desired. This completes the proof of Theorem 3.
Theorems 1, 2, and 3 directly imply:

Theorem4:
In almost all

fi~ite

games, the number of equilibrium points is finite and odd.
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SECTION C

PROBABILISTI C MODELS

CHAPTER 6

GAMES WITH INCOMPLETE INFORMATION PLAYED
BY "BAYESIAN" PLAYERS, I-III
PART I. THE BASIC MODEL*t 1
The paper develops a new theory for the analysis of games with incomplete
information where the players are uncertain about some important parameters
of the game situation, such as the payoff functions, the strategies available to
various players, the information other players have about the game, etc. However, each player has a subjective probability distribution over the alternative
possibilities.
In most of the paper it is assumed that these probability distributions entertained by the different players are mutually "consistent", in the sense that they
can be regarded as conditional probability distributions derived from a certain
"basic probability distribution" over the parameters unknown to the various
players. But later the theory is extended also to cases where the different
players' subjective probability distributions fail to satisfy this consistency
assumption.
In cases where the consistency assumption holds, the original game can be
replaced by a game where nature first conducts a lottery in accordance with
the basic probablity distribution, and the outcome of this lottery will decide
which particular subgame will be played, i.e., what the actual values of the relevant parameters will be in the game. Yet, each player will receive only partial
information about the outcome of the lottery, and about the values of these
parameters. However, every player will know the "basic probability distribution" governing the lottery. Thus, technically, the resulting game will be a
game with complete information. It is called the Bayes-equivalent of the
original game. Part I of the paper describes the basic model and discusses various intuitive interpretations for the latter. Part II shows that the Nash equilibrium points of the Bayes-equivalent game yield "Bayesian equilibrium
points" for the original game. Finally, Part III considers the main properties of
the "basic probablity distribution".
• Received June 1965, revised June 1966, accepted August 1966, and revised June 1967.

t Parts II and III of "Games with Incomplete Information Played by 'Bayesian' Players"

will appear in subsequent issues of Management Science: Theory.
I The original version of this paper was read at the Fifth Princeton Conference on Game
Theory, in April, 1965. The present revised version has greatly benefitted from personal
discussions with Professors Michael Maschler and Robert J. Aumann, of the Hebrew University, Jerusalem; with Dr. Reinhard Selten, of the Johann Wolfgang Goethe University,
Frankfurt am Main; and with the other participants of the International Game Theory
Workshop held at the Hebrew University in Jerusalem, in October-November 1965. I am
indebted to Dr. Maschler also for very helpful detailed comments on my manuscript.
This research was supported by Grant No. GS-722 of the National Science Foundation as
well as by a grant from the Ford Foundation to the Graduate School of Business Administration, University of California. Both of these grants were administered through the Center
for Research in Management Science, University of California, Berkeley. Further support
has been received from the Center for Advanced Study in the Behavioral Sciences, Stanford.
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TABLE OF CONTENTS
Part I: The Basic Model
Section 1. The sequential-expectations model and its disadvantages.
Section 2. Different ways in which incomplete information can arise in a game
situation.
Section 3. The standard form of a game with incomplete information.
Sections 4-5. Bayesian games.
Section 6. The random-vector model, the prior-lottery model, and the posteriorlottery model for Bayesian games.
Section 7. The normal form and the semi-normal form of a Bayesian game.
Part II: Bayesian Eg:uilibrium Points
Section 8. Definition and some basic properties of Bayesian equilibrium points.
Theorems I and II.
Section 9. Two numerical examples for Bayesian equilibrium points.
Section 10. How to exploit the opponent's erroneous beliefs (a numerical ex·
ample).
Section 11. Why the analysis of Bayesian games in general cannot be based on
their normal form (a numerical example).
Part Ill: The Basic Probability Distribution of the Game
Section 12. Decomposition of games with incomplete information. The main
theorem (Theorem III) about the basic probability distribution.
Section 13. The proof of Theorem III.
Section 11,.. The assumption of mutual consistency among the different players'
subjective probability distributions.
Section 15. Games with "inconsistent" subjective probability distributions.
Section 16. The possibility of spurious inconsistencies among the different
players' subjective probability distributions.
Section 17. A suggested change in the formal definition of games with mutually
consistent probability distributions.
Glossary of Mathematical Notation

I-game · · · A game with incomplete information.
C-game ···A game with complete information.
G ···The I-game originally given to us.
G* ···The Bayesian game equivalent to G. (G* is a C-game.)
G** ···The Selten game equivalent toG and toG*. (G** is likewise a C-game.)
m(G), m(G*), m(G**) ···The normal form of G, G* and G** respectively.
S(G), S(G*) · · · The semi-normal form of G and G* respectively.
s, · · · Some strategy (pure or mixed) of player i, with i = 1, · · · , n.
S, = {s,} · · · Player i's strategy space.
c, · · · Player i's attribute vector (or information vector).
C, = {c1} · · · The range space of vector c,.
c = (c1 , • • • , c,.) • • · The vector obtained by combining then vectors c1 , • • • , c,.
into one vector.
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= {c} · · · The range space of vector c.
= (ct, · · · , Ct-t, c>+t, · · · , c..) · · · The

vector obtained from vector c by
omitting subvector c; .
C' = {c'} ···The range space of vector c'.
x, · · · Player i's payoff (expressed in utility units).
x; = U;(St, · · · , s,.) = V,(st, · · · , s,.; Ct, · · · , c,.) · · · Player i's payoff function.
P;(c1 , • • • , Ct-t, c;+t, · · · , c,.) = P;(c') = R,(c' I c,) · · · The subjective probability distribution entertained by player i.
R* = R*(c1 , • • • , c.,) = R*(c) · · · The basic probability distribution of the
game.
R/ = R*(ct, · · · , Ci-t, C;+J, • • • , c,.l c;) = R*(c' I c;) · · · The conditional
probability distribution obtained from R* for a given value of vector c; •
k, · · · The number of different values that player i's attribute vector c, can take
in the game (in cases where this number is finite).
K = Li=t k, · · · The number of players in the Selten game G** (when tliis
number is finite).
s,* · · · A normalized strategy of player i. (It is a function from the range space
C; of player i's attribute vector c;, to his strategy space S, .)
S.* = {s,*} · · · The set of all normalized strategies s,* available to player i.
8 · · · The expected-value operator.
S(x;) = W,(st*, · · · , s,.*) · · · Player i's normalized payoff function, stating his
unconditional payoff expectation.
S(x; I c;) = Z;(st*, · · · , s,.* I c,) ···Player i's semi-normalized payoff function,
stating his conditional payoff expectation for a given value of his attribute
vector c;.
D · · · A cylinder set, defined by the condition D = Dt X · · · X D,. , where
Dt c: Ct , · · · , D,. c: C,. .
G(D) ···For a given decomposable game G or G*, G(D) denotes the component
game played in all cases where the vector c lies in cylinder D. Dis called the
defining cylinder of the component game G(D).
Special Notation in Certain Sections
In section 3 (Part I):

ao; denotes a vector consisting of those parameters of player i's payoff function
U, which (in player j's opinion) are unknown to all n players.
aki denotes a vector consisting of those parameters of the function U, which (in
j's opinion) are unknown to some of the players but are known to player k.
ao = (aot, · · · , ao,.) is a vector summarizing all information that (inj's opinion)
none of the players have about the functions Ut , · · · , U,. .
ak = (akt, · · · , ak,.) is a vector summarizing all information that (inj's opinion)
player k has about the functions Ut, · · · , U,., except for the information that
(in j's opinion) all n players have about these functions.
b, is a vector consisting of all those parameters of player i's subjective probability
distribution P, which (in player j's opinion) are unknown to some or all of
the players k ~ i.
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In terms of these notations, player i's information vector (or attribute vector)
c; can be defined as
c; = (a;, b;).
V.* denotes player i's payoff function before vector ao has been integrated out.
After elimination of vector ao the symbol v, is used to denote player i's payoff
function.
In sections 9-10 (Part II):
a1 and a2 denote the two possible values of player 1's attribute vector c1 .
b1 and b2 denote the two possible values of player 2's attribute vector ~ .
rkm = R*(c1 = ak and c, = bm) denotes the probability mass function corresponding to the basic probability distribution R*.
Pkm = rkm/(rkl + rk2) and qkm = rkm/(rlm + r2m) denote the corresponding
conditional probability mass functions.
y1 and y 2 denote player 1's two pure strategies.
-i and z2 denote player 2's two pure strategies.
y" 1 = (y", y 1 ) denotes a normalized pure strategy for player 1, requiring the use
of strategy y" if c1 = a\ and requiring the use of strategy y' if c1 = a 2•
zuv = (z'", z") denotes a normalized pure strategy for player 2, requiring the use
of strategy z" if c2 = b\ and requiring the use of strategy z" if c, = b2•
In section 11 (Part II):

a 1 and a 2 denote the two possible values that either player's attribute vector c,
can take.
rkm = R*(cl = ak and c, = a"').
Pkm and qk,. have the same meaning as in sections 9-10.
y,* denotes player i's payoff demand.
y; denotes player i's gross payoff.
x; denotes player i's net payoff.
x,* denotes player i's net payoff in the case (c1 = a\ c2 = a2 ).
xt* denotes player i's net payoff in the case (c1 = a 2, c2 = a 1 ).
In section 13 (Part Ill):

a, fJ, "/, a denote specific values of vector c.
a; , fJ;, -y;, a, denote specific values of vector c;.
a', fl'. --/, a' denote specific values of vector c', etc.
r;('Y' I "f;) = R,(c' = 'Y' I c, = -y,) denotes the probability mass function corresponding to player i's subjective probability distribution R; (when R; is a
discrete distribution).
r*('Y) = R*(c = 'Y) denotes the probability mass function corresponding to the
basic probability distribution R* (when R* is a discrete distribution).
<R = {r"') denotes the set of all admissible probability mass functions r*.
E denotes a similarity class, i.e., a set of nonnull points c = a, c = fJ, · • · similar
to one another (in the sense defined in Section 13).
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In section 18 (Part III):
R<•> denotes the basic probability distribution R* as assessed by player i(i = 1,
... 'n).

R*' denotes a given player's (player j's) revised estimate of the basic probability
distribution R*.
c'; = (c;, d,) denotes player j's revised definition of player i's attribute vector
c; . (It is in general a larger vector than the vector c; originally assumed by
player j.)
R', denotes player j's revised estimate of player i's subjective probability distribution R,.
I.
Following von Neumann and Morgenstern [7, p. 30], we distinguish between
games with complete 2"njarmation, to be sometimes briefly called C-games in this
paper, and games with incomplete injarmation, to be called [-games. The latter
differ from the former in the fact that some or all of the players lack full information about the "rules" of the game, or equivalently about its normal form (or
about its extensive form). For example, they may lack full information about
other players' or even their own payoff functions, about the physical facilities
and strategies available to other players or even to themselves, about the amount
of information the other players have about various aspects of the game situation, etc.
In our own view it has been a major analytical deficiency of existing game
theory that it has been almost completely restricted to C-games, in spite of the
fact that in many real-life economic, political, military, and other social situations the participants often lack full information about some important aspects
of the "game" they are playing. 2
It seems to me that the basic reason why the theory of games with incomplete
information has made so little progress so far lies in the fact that these games
give rise, or at least appear to give rise, to an infinite regress in reciprocal expectations on the part of the players, [3, pp. 3Q-32]. For example, let us consider any
two. person game in which the players do not know each other's payoff functions.
(To simplify our discussion I shall assume that each player knows his own payoff
function. If we made the opposite assumption, then we would have to introduce
even more complicated sequences of reciprocal expectations.)
In such a game player l's strategy choice will depend on what he expects (or
believes) to be player 2's payoff function u2' as the nature of the latter will be
an important determinant of player 2's behavior in the game. This expectation
• The distinction between games with complete and incomplete information (between Cgames and l-games) must not be confused with that between games with perfect and imperfect information. By common terminological convention, the first distinction always refers
to the amount of information the players have about the rules of the game, while the second
refers to the amount of information they have about the other players' and their own previous mo11es (and about previous chance moves). Unlike games with incomplete information,
those with imperfect information have been extensively discussed in the literature.
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about U2 may be called player 1'sfirst-order expectation. But his strategy choice
will also depend on what he expects to be player 2's first-order expectation about
his own (player 1's) payoff function U1 • This may be called player 1's secondorder expectation, as it is an expectation concerning a first-order expectation.
Indeed, player 1's strategy choice will also depend on what he expects to be
player 2's second-order expectation-that is, on what player 1 thinks that player
2 thinks that player 1 thinks about player 2's payoff function U2. This we may
call player 1's third-order expectation-and so on ad infinitum. Likewise, player
2's strategy choice will depend on an infinite sequence consisting of his firstorder, second-order, third-order,. etc., expectations concerning the payoff functions Ut and U2. We shall call any model of this kind a sequential-expectations
model for games with incomplete information.
If we follow the Bayesian approach and represent the players' expectations or
beliefs by subjective probablity distributions, then player l's first-order expectation will have the nature of a subjective probablity distribution P/( U2) over all
alternative payoff functions U2 that player 2 may possibly have. Likewise, player
2's first-order expectation will be a subjective probablity distribution P21 ( U1 )
over all alternative payoff functions U1 that player 1 may possibly have. On the
other hand, player 1's second-order expectation will be a subjective probability
distribution P12(P21 ) over all alternative first-order subjective probability distributions Pl that player 2 may possibly clioose, etc. More generally, the kth-order
expectation ( k > 1) of either player i will be a subjective probability distribution
p,k(p~-1 ) over all alternative (k - 1)th-order subjective probability distributions p~-1 that the other player j may possibly entertain.3
In the case of n-person [-games the situation is, of course, even more complicated. Even if we take the simpler case in which the players know at least their
own payoff functions, each player in general will have to form expectations about
the payoff functions of the other (n - 1) players, which means forming (n - 1)
different first-order expectations. He will also have to form expectations about
the (n - 1) first-order expectations entertained by each of the other (n - 1)
players, which means forming (n - 1) 2 second-order expectations, etc.
The purpose of this paper is to suggest an alternative approach to the analysis
of games with incomplete information. This approach will be based on constructing, for any given !-game G, some C-game G* (or possibly several different Cgames G*) game-theoretically equivalent to G. By this means we shall reduce the
analysis of /-games to the analysis of certain C-games G*; so that the problem of
8 Probability distributions over some space of payoff functions or of probability distributions, and more generally probability distributions over function spaces, involve certain
technical mathematical difficulties [5, pp. 355-357]. However, as Aumann has shown [1] and
[2], these difficulties can be overcome. But even if we succeed in defining the relevant higherorder probability distributions in a mathematically admissible way, the fact remains that
the resulting model-like all modele based on the sequential-expectations approach-will be
extremely complicated and cumbersome. The main purpose of this paper is to describe an
alternative approach to the analysis of games with incomplete infomtation, which completely avoids the difficulties associated with sequences of higher and higher-order reciprocal expectations.
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such sequences of higher and higher-order reciprocal expectations will simply not
arise.
As we have seen, if we use the Bayesian approach, then the sequential-expectations model for any given /-game G will have to be analyzed in terms of infinite
sequences of higher and higher-order subjective probability distributions, i.e.,
subjective probability distributions over subjective probablity distributions. In
contrast, under our own model, it will be possible to analyze any given /-game G
in terms of one unique probability distribution R* (as well as certain conditional
probablity distributions derived from R*).
For example, consider a two-person non-zero-sum game G representing price
competition between two duopolist competitiors where neither player has precise
information about the cost functions and the financial resources of the other
player. This, of course, means that neither player i will know the true payoff
function ui of the other player j, because he will be unable to predict the profit
(or the loss) that the other player will make with any given choice of strategies
(i.e., price and output polices) 81 and 82 by the two players.
To make this example more realistic, we may also assume that each player has
8011Ul information about the other player's cost functions and financial resources
(which may be represented, e.g., by a subjective probability distribution over the
relevant variables); but that each player i lacks exact information about how
much the other player j actually knows about player i's cost structure and financial position.
Under these assumptions this game G will be obviously an /-game, and it is
easy to visualize the complicated sequences of reciprocal expectations (or of subjective probablity distributions) we would have to postulate if we tried to analyze
this game in terms of the sequential-expectations approach.
In contrast, the new approach we shall describe in this paper will enable us to
reduce this /-game G to an equivalent C-game G* involving four random events
(i.e., chance moves) e1, ~, !1, and !2, assumed to occur before the two players
choose their strategies 81 and 82. The random event e,(i = 1, 2) will determine
player i's cost functions and the size of his financial resources; and so will completely determine his payoff function U1 in the game. On the other hand, the
random event f 1 will determine the amount of information that player i will obtain about the cost functions and the financial resources of the other player
j(j = 1, 2 and¢ i), and will thereby determine the actual amountofinformation4
that player i will have about player j's payoff function U i •
Both players will be assumed to know the joint probability distribution
R*(e1 , ~, ft, /2) of these four random events. 5 But, e.g., player 1 will know the
actual outcomes of these random events only in the case of e1 and ft , whereas
' In terms of the terminology we shall later introduce, the variables determined by the
random events e; and f; will constitute the random vector c; (i = 1, 2), which will be called
player i's information vector or attribute vector, and which will be assumed to determine
playeri's "type" in the game (cf. the third paragraph below).
I For jnstification of this assumption, see sections 4 and 5 below, as well as Part III of
this paper.
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player 2 will know the actual outcomes only in the case of fl2 and/2 . (In our model
this last assumption will represent the facts that each player will know only his
own cost functions and financial resources but will not know those of his opponent; and that he will, of course, know how much information he himself has
about the opponent but will not know exactly how much information the opponent will have about him.)
As in this new game G* the players are assumed to know the probability distribution R* ( e1 , fl2 , /1 , /2), this game G* will be a C-game. To be sure, player 1 will
have no information about the outcomes of the chance moves e2 and /2 , whereas
player 2 will have no information about the outcomes of the chance moves e1
and ft . But these facts will not make G* a game with "incomplete" information
but will make it only a game with "imperfect" information ( cf. Footnote 2
above). Thus, our approach will basically amount to replacing a game G involving
incomplete information, by a new game G* which involves complete but imperfect
information, yet which is, as we shall argue, essentially equivalent to G from a
game-theoretical point of view (see section 5 below).
As we shall see, this C-game G* which we shall use in the analysis of a given
/-game G will also admit of an alternative intuitive interpretation. Instead of
assuming that certain important attributes of the players are determined by some
hypothetical random events at the beginning of the game, we may rather assume
that the players themselves are drawn at random from certain hypothetical populations containing a mixture of individuals of different "types", characterized by
different attribute vectors (i.e., by different combinations of the relevant attributes). For instance, in our duopoly example we may assume that each player
i(i = 1, 2) is drawn from some hypothetical population II; containing individuals
of different "types," each possible "type" of player i being characterized by a
different attribute vector c; , i.e., by a different combination of production costs,
financial resources, and states of information. Each player i will know his own
type or attribute vector c; but will be, in general, ignorant of his opponent's.
On the other hand, both players will again be assumed to know the joint probability distribution R* (c. , ~)·governing the selection of players 1 and 2 of different possible types c1 and ~ from the two hypothetical populations II1 and II2 .
It may be noted, however, that in analyzing a given /-game G, construction
of an equivalent C-game G* is only a partial answer to our analytical problem,
because we are still left with the task of defining a suitable solution concept for
this C-game G* itself, which may be a matter of some difficulty. This is so because
in many cases the C-game G* we shall obtain in this way will be a C-game of
unfamiliar form, for which no solution concept has been suggested yet in the
game-theoreticalliterature. 6 Yet, since G* will always be a game with r.omplete
information, its analysis and the problem of defining a suitable solution concept
for it, will be at least amenable to the standard methods of modern game theory.
We shall show in some examples how one actually can define appropriate solution
concepts for such C-games G*.
G More particularly, this game G* will have the nature of a game with delayed commitment
(see section 11 in Part II of this paper).
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2.
Our analysis of I -games will be based on the assumption that, in dealing with
incomplete information, every player i will use the Bayesian approach. That is,
he will assign a subjective joint probability distribution P; to all variables unknown
to him-or at least to all unknown independent variables, i.e., to all variables not
depending on the players' own strategy choices. Once this has been done he will
try to maximize the mathematical expectation of his own payoff X; in terms of
this probability distribution P; .7 This assumption will be called the Bayesian

hypothesis.
If incomplete information is interpreted as lack of full information by the
players about the narmal form of the game, then such incomplete information
can arise in three main ways.
1. The players may not know the physical outcome function Y of the game,
which specifies the physical outcome y = Y(s1, · · · , sn) produced by each
strategy n-tuple s = (s1, · · · , s,.) available to the players.
2. The players may not know their own or some other players' utility functions
X;, which specify the utility payoff x, = X,(y) that a given player i derives
from every possible physical outcome y. 8
3. The players may not know their own or some other players' strategy spaces
i.e., the set of all strategies s; (both pure and mixed) available to various
players i.
All other cases of incomplete information can be reduced to these three basic
cases-indeed sometimes this can be done in two or more different (but essentially equivalent) ways. For example, incomplete information may arise by some
players' ignorance about the amount or the quality of physical resources (equipment, raw ma.terials, etc.) available to some other players (or to themselves).
This situation can be equally interpreted either as ignorance about the physical
outcome function of the game (case 1), ar as ignorance about the strategies available to various players (case 3). Which of the two interpretations we have to
use will depend on how we choose to define the "strategies" of the players in
question. For instance, suppose that in a military engagement our own side does
not know the number of fire arms of a given quality available to the other side.

s,,

7 A Bubjective probability distribution P 1 entertained by a given player i is defined in
terms of his own choice behavior, cf. [6]. In contrast, an objective probability distribution
P* is defined in terms of the long-run frequencies of the relevant events {presumably as
established by an independent observer, say, the umpire of the game). It is often convenient
to regard the subjective probabilities used by a given player i as being his personal eBtimates
of the corresponding objective probabilities or frequencies unknown to him.
8 If the physical outcome y is sim,ply a vector of money payoffs y, , · · · , y,. to the n players
then we can usually assume that any player i's utility payoff x; = X ;{y;) is a (strictly
increasing) function of his money payoff y; and that all players will know this. However,
the other players j may not know the specific mathematical form of player i's utility function for money, X 1 • In other words, even though they may know player i's ordinal utility
function, they may not know his cardinal utility function. That is to say, they may not know
how much risk he would be willing to take in order to increase his money payoff y; by given
amounts.
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This can be interpreted as inability on our part to predict the physical outcome
(i.e., the amount of destruction) resulting from alternative strategies of the
opponent, where any given "strategy" of his is defined as firing a given percentage
of his fire arms (case 1). But it can also be interpreted as inability to decide
whether certain strategies are available to the opponent at all, where now any
given "strategy" of his is defined as firing a specified number of fire arms (case 3).
Incomplete information can also take the form that a given player i does not
know whether another player j does or does not have information about the
occurrence or non-occurrence of some specified event e. Such a situation will always come under case 3. This is so because in a situation of this kind, from a gametheoretical point of view, the crucial fact is player i's inability to decide whether
player j is in a position to use any strategy s/ involving one course of action in
case event e does occur, and another course of action in case event e does not
occur. That is, the situation will essentially amount to ignorance by player i about
the availability of certain strategies s/ to player j.
Going back to the three main cases listed above, cases 1 and 2 are both special
cases of ignorance by the players about their own or some other players' payoff
functions U; = X;(Y) specifying the utility payoff x, = U;(St, · · · , s,.) a given
player i obtains if then players use alternative strategy n-tuples s = (s1, · · · ,
s,.).

Indeed, case 3 can also be reduced to this general case. This is so because the
assumption that a given strategy s; = s;0 is not available to player i is equivalent,
from a game-theoretical point of view, to the assumption that player i will never
actually use strategy s;0 (even though it would be physically available to him)
because by using s;0 he would always obtain some extremely low (i.e., highly
negative) payoffs x, = U;(s1 , • • · , s;0, • • • , s,.), whatever strategies St, · · ·,
si-1 , s;+1 , • • • , s,. the other players 1, · · · , i - 1, i + 1, · · · , n may be using.
Accordingly, let S~i> (j = 1 or j ¢. 1) denote the largest set of strategies s;
which in player j's opinion may be conceivably included in player i's strategy
space s, . Let s~O) denote player i's "true" strategy space. Then, for the purposes
of our analysis, we shall define player i's strategy space S; as
(2.1)
We lose no generality by assuming that this setS; as defined by (2.1) is known
to all players because any lack of information on the part of some player j about
this set S; can be represented within our model as lack of information about the
numerical values that player i's payoff function X; = U,(st, · · · , s;, · · · , s,.)
takes for some specific choices of s; , and in particular whether these values are
so low as completely to discourage player i from using these strategies s; .9
Accordingly, we define an !-game Gas a game where every player j knows
the strategy spaces S; of all players i = 1, · · · , j, · · · , n but where, in general,
he does not know the payoff functions U; of these players i = 1, · · · , j, · · · , n.
'Likewise, instead of aasuming that player j assigns subjective probabilities to events of
the formE= {s;0 I! 8;}, we can always assume that he aasigns these probabilities to events
of the formE= {U;(s,, · · · , s;, ~ · · , s,.) < x; 0 whenever s; = s; 0 ), etc.
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3.
In terms of this definition, let us consider a given I -game G from the point of
view of a particular player j. He can write the payoff function U, of each player i
(including his own payoff function U; fori = j) in a more explicit form as
(3.1)

= U,(s,, .. · , s,.) = V/(s,, .. · , s,.; ao;, ali, .. · , a.. , .. · , a,.,),
v,*, unlike u,' is a function whose mathematical form is (in player j's
x,

where
opinion) known to all n players; whereas ao; is a vector consisting of those parameters of function U, which (inj's opinion) are unknown to all players; and where
each ak, fork = 1, · · · , n is a vector consisting of those parameters of function
u, which (inj's opinion) are unknown to some of the players but are known to
player k. If a given parameter a is known both to players k and m (without being
known to all players), then this fact can be represented by introducing two
variables aki and ami with aki = ami = a, and then making aki a component of
vector ak; while making ami a component of vector am, .
For each vector ak, (k = 0, 1, · · · , n), we shall assume that its range space
Ak, = {ak;}, i.e., the set of all possible values it can take, is the whole Euclidian
space of the required number of dimensions. Then V;* will be a function from the
Cartesian product S, X · · · X S,. X Ao; X · · · X A,., to player i's utility line
:a;, , which is itself a copy of the real line R.
Let us define ak as the vector combining the components of all n vectors ak1 ,
· · · , akn . Thus we write
(3.2)

fork = 0, 1, · · · , i, · · · , n. Clearly, vector ao summarizes the information that
(in player j's opinion) none ofthe players has about then functions U1 , • • • , U,.,
whereas vector ak(k = 1, · · · , n) summarizes the information that (in j's
opinion) player k has about these functions, except for the information that (in
j's opinion) all n players share about them. For each vector a~c, its range space
will be the set Ak = {ak} = Ak, X · · · X Ak,. .
In equation (3.1) we are free to replace each vector ak,(k = 0, · · · , n) by the
larger vector ak = (akl , · · · , ak, , · · · , ak,.), even though this will mean that in
each case the (n - 1) sub-vectors akl, · · · , ak(i-1), ak(i+l>, · · · , ak,. will occur
vacuously in the resulting new equation. Thus, we can write
(3.3)

ao, a,, · · · , a;, · · · , a,.).

For any given player i the n vectors ao , a, , · • · , a._, , ai+l , · · · , a,. in general
will represent unknown variables; and the same will be true for the (n - 1)
vectors b; , · · · , b._, , bi+l , · · · , b,. to be defined below. Therefore, under the
Bayesian hypothesis, player i will assign a subjective joint probability distribution
(3.4)

P,=P;(ao,a,, ... ,a._,,a'+'• ... ,a,.;

b,, ... ,b._,,b'+'• ... ,b,.)

to all these unknown vectors.
For convenience we introduce the shorter notations a

=

(a1 ,

• • • ,

a,.) and
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b = (b1 , • · · , b,.). The vectors obtained from a and b by omitting the sub-vector
a; and b;, respectively, will be denoted by a' and b'. The corresponding range
spaces can be written as A = A1 X · · · X A,. ; B = B1 X · · · X B,. ; A • =
At X · · · X A;_t X Ai+t X · · · X A,. ; B' = Bt X · · · X B;-t X Bi+I X · · ·
XB,..
Now we can write equations (3.3) and (3.4) as
(3.5)

P,

(3.6)

=

P;(ao, a'; b')

where P, is a probability distribution over the vector space Ao X A' X B'.
The other (n - 1) players in general will not know the subjective probability
distribution P, used by player i. But player j (from whose point of view we are
analyzing the game) will be able to write P; for each player i (both i = j and
i r6 j) in the form
(3.7)
where R 1 , unlike P;, is a function whose mathematical form is (in player j's
opinion) known to all n players; whereas b; is a vector consisting of those parameters of function P; which (inj's opinion) are unknown to some or all of the players
k :;6 i. Of course, player j will realize that player i himself will know vector b;
since b; consists of parameters of player i's own subjective probability distribution P;.
The vectors bi, · · · , b;-I, bi+I, · · · , b,. occurring in equation (3.4), which so
far have been left undefined, are the parameter vectors of the subjective probability distributions PI, · · · , P;_I, PHI, · · · , P,., unknown to player i. The
vector b' occurring in equations (3.6) and (3.7) is a combination of all these
vectors b1, · · · , bi-1, bi+t, · · · , b,., and summarizes the information that (in
player j's opinion) player i lacks about the other (n - 1) players' subjective
probability distributions P1, · · · , Pi-1, Pi+I, · · · , P,..
Clearly, function R; is a function yielding, for each specific value of vector b; ,
a probability distribution over the vector space A' X Bi.
We now propose to eliminate the vector a0 , unknown to all players, from equations (3.5) and (3.7). In the case of equation (3.5) this can be done by taking
expected values with respect to ao in terms of player i's own subjective probability
distribution P,(ao, a'; b1) = R;(ao, a'; b1 I b,). We define
(3.8)

V;(si, ···,s,.;ajb;)

=

V;(si, ··· ,s,.;a,b;)
=

f

Ao

i
i
V; *(st···,s,.;ao,a)d<ao>R;(ao,a;b
jb;).

Then we write
(3.9)

x, = V;(si, ··· ,s,.;a,b;),

where x; now denotes the expected value of player i's payoff in terms of his own
subjective probability distribution.
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In the case of equation (3.7) we can eliminate
marginal probability distributions. We define

ao by
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(3.10)
and
(3.11)
Then we write
(3.12)

P;(a\ b') = R;(a', b' I b;).

We now rewrite equation (3.9) as
(3.13)

x; = V;(sl, · · ·, s,.; a, b;, b') = V;(sl, · · ·, s,.; a, b),

where vector b' occurs only vacuously. Likewise we rewrite equation (3.12) as
(3.14)
where on the right-hand side vector a; occurs only vacuously.
Finally,weintroducethedefi.nitionsc; = (a;,b;);c = (a,b);andc' = (a',b').
Moreover, we write C, = A, X B, ; C = A X B; and C' = A' X B'. Clearly,
vector c; represents the total information available to player i in the game (if we
disregard the information available to all n players). Thus, we may call c; player
i's information vector.
From another point of view, we can regard vector c; as representing certain
physical, social, and psychological attributes of player i himself, in that it summarizes some crucial parameters of player i's own payoff function U, as well as
the main parameters of his beliefs about his social and physical environment.
(The relevant parameters of player i's payoff function U; again partly represent
parameters of his subjective utility function X; and partly represent parameters
of his environment, e.g., the amounts of various physical or human resources
available to him, etc.) From this point of view, vector c; may be called player
i's attribute vector.
Thus, under this model, the players' incomplete information about the true
nature of the game situation is represented by the assumption that in general
the actual value of the attribute vector (or information vector) c; of any given
player i will be known only to player i himself, but will be unknown to the
other ( n - 1) players. That is, as far as these other players are cvncerned,
c; could have any one of a number-possibly even of an infinite number-of
alternative values (which together form the range space C, = {c;} of vector c;).
We may also express this assumption by saying that in anI-game G, in general,
the rules of the game as such allow any given player i to belong to any one of
a number of possible "types", corresponding to the alternative values his attribute vector c; could take (and so representing the alternative payoff functions
U; and the alternative subjective probability distributions P; that player i
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might have in the game). Each player is always assumed to know his own actual
type but to be in general ignorant about the other players' actual types.
Equations (3.13) and (3.14) now can be written as
(3.15)

x;

=

V;(81, · · · , 8,.; c)

=

V;(81, · · · , 8,.; c1, · · · , c,.)

• = R 1(c'.I c1)
P;(c)

(3.16)

or
(3.17)

P;(c1, · · · , Ci-1, ci+1, · · · , c,.)

= R;(c1,

· · · , C;-1, c;+l, · · · , c,.l c,).

We shall regard equations (3.15) and (3.17) [or (3.16)] as the standard forms
of the equations defining an /-game a, considered from the point of view of some
particular player j.
Formally we define the 8tandardform of a given /-game for some particular
player j as an ordered set a such that

a

(3.18)

a=

{S1, · · · , S,.; C1, · · · , C,.; V1,. · · · , V,.; R1, · · · , R,.}

where fori = 1, · · · , n we write S; = {8;}; C; = {c;}; moreover, where V; is
a function from the set S1 X · · · X S,. X C1 X · · · X C,. to player i's utility
line :a;, (which is itself a copy of the real lineR); and where, for any specific value
of the vector c;, the function R, = R;(c'i c;) is a probability distribution over
the set C' = C1 X · · · X C;-1 X Ci+t X · · · X C,. .

4.
Among C-games the natural analogue of this /-game a will be a C-game a*
with the same payoff functions V; and the same strategy spaces S;. However,
in a* the vectors c; will have to be reinterpreted as being random vectar8 (chance
moves) with an objective joint probability distribution
(4.1)

R*

= R*(c1,

· · · , c,.)

= R*(c)

(If some players did not know R*, then a* would not
be a C-game.) To make a* as similar to a as possible, we shall assume that
each vector c; will take its values from the same range space C; in either game.
Moreover, we shall assume that in game a* , just as in game G, when player i
chooses his strategy 8; , he will know only the value of his own random vector
c; but will not know the random vectors Ct , • • • , c;_1 , c;+l , · · · , c,. of the other
(n - 1) players. Accordingly we may again call c; the ~nformation vectar of
player i.
Alternatively, we may again interpret this random vector c; as representing
certain physical, social, and psychological attributes of player i himself. (But,
of course, now we have to assume that for all n players these attributes are determined by some sort of random process, governed by the probability distribution R*.) Under this interpretation we may again call c; the attribute vectar of
playeri.
known to all n players.

10

10 Assuming that a joint probability distribution R* of the required mathematical form
exists (see section 5 below, as well as Part III of this paper).
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We shall say that a given C-game a* is in standard form if
1. the payoff functions V; of a* have the form indicated by equation (3.15);
2. the vectors c1, · · · , c,. occurring in equation (3.15) are random vectors
with a joint probability distribution R* [equation ( 4.1)] known to all players;
3. each player i is assumed to know only his own vector e; , and does not
know the vectors c1 , · · · , Ci-1 , ci+l , · · · , c,. of the other players when he chooses
his strategy s; .
Sometimes we shall again express tb,ese assumptions by saying that the rules
of the game allow each player i to belbng to any one of a number of alternative
types (corresponding to alternative Specific values that the random vector c;
can take); and that each player will always know his own actual type, but in
general will not know those of the other players.
Formally we define a C-game a* in standard form as an ordered set a* such
that
(4.2)

a*

= {81, · · · ,

S,.; C1,

··· ,

C,.; V1,

··· ,

V,.; R*J.

Thus, the ordered set a* differs from the ordered set a [defined by equation
(3.18)] only in the fact that then-tuple R1 , · · · , R,. occurring in is replaced
in a* by the singleton R*.
If we consider the normal form of a game as a special limiting case of a standard
form (viz. as the case where the random vectors c1 , · · · , c,. are empty vectors
without components), then, of course, every C-game has a standard form.
But only a C-game G* containing random variables (chance moves) will have
a standard form non-trivially different from its normal form.
Indeed, if a* contains more than one random variable, then it will have
several different standard forms. This is so because we can always obtain new
standard forms a**-intermediate between the original standard form a*
and the normal form a***-if we suppress some of the random variables occurring in a*, without suppressing all of them (as we would do if we wanted to
obtain the normal form a*** itself). This procedure can be called partial normalization as distinguished from the full normalization, which would yield the
normal form a***.11

a

a

5.

Suppose that is an I -game (considered from player j's point of view) while
C-game, both games being given in standard form. To obtain complete
similarity between the two games, it is not enough if the strategy spaces sl '
... ' s.. ' the range spaces cl' ... ' c.. ' and the payoff functions vl' ... ' v..

a* is a

11 Partial normalization involves essentially the same operations as full normalization
(see section 7 below). It involves taking the expected values of the payoff functions v' with
respect to the random variables to be suppressed, and redefining the players' strategies
where necessary. However, in the case of partial normalization we also have to replace the
probability distribution R* of the original standard form G*, by a marginal probability
distribution not containing the random variables to be suppressed. (In the case of full
normalization no such marginal distribution has to be computed because the normal form
G*** will not contain random variables at all.)
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of the two games are the same. It is necessary also that each player i in either
game should always assign the same numerical proabability p to any given
specific event E. Yet in game G player i will assess all probabilities in terms of
his subjective probability distribution R;( c;i c;); whereas in game G*-since
vector c; is lmown to him-he will assess all probabilities in terms of the objective conditional probability distribution R* ( c;l c;) generated by the basic
probability distribution R*(c) of the game G*. Therefore, if the two games are
to be equivalent, then numerically the distributions R;( c;l c;) and R* ( c;l c;)
must be identically equal.
This leads to the following definition. Let G be an /-game (as considered by
player j), and let G* be a C-game, both games being given in standard form.
We shall say that G and G* are Bayes-equivalent for player j if the following
conditions are fulfilled:
1. The two games must have the same strategy spaces S1, · · · , S,. and the
same range spaces cl ' ... ' c,. .
2. They must have the same payoff functions V1, · · · · , V,..
3. The subjective probability distribution R; of each player i in G must satisfy
the relationship
(5.1)
where R* (c)
where
(5.2)

=

R* ( c; , c') is the basic probability distribution of game G* and

•
R *(c• jc;) =R *(c;,c)

If

01

•
d<c'JR *(c;,c).

In view of equations (5.1) and (5.2) we can write
(5.3)

R*(c)

=

R*(c;,c')

=

R;(c'jc;)·J .d<••JR*(c;, c•).
a•

In contrast to equation (5.2), which ceases to have a clear mathematical meaning when the denominator on its right-hand side becomes zero, equation ( 5.3)
always retains a clear mathematical meaning.
We propose the following postulate.
Postulate 1. Bayes-equivalence. Suppose that some /-game G and some C-game
G* are Bayes-equivalent for player j. Then the two games will be completely
equivalent for player j from a game-theoretical standpoint; and, in particular,
player j's strategy choice will be governed by the same decision rule (the same
solution concept) in either game.
This postulate follows from the Bayesian hypothesis, which implies that
every player will use his subjective probabilities exactly in the same way as he
would use lmown objective probabilities numerically equal to the former. Game
G (as assessed by player j) and game G* agree in all defining characteristics,
including the numerical probability distributions used by the players. The only
difference is that in G the probabilities used by each player are subjective probabilities whereas in G* these probabilities are objective (conditional) probabilities. But by the Bayesian hypothesis this difference is immaterial.
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Of course, under the assumptions of the postulate, all we can say is that
for playet; j himself the two games are completely equivalent for game-theoretical
purposes. We cannot conclude on the basis of the information assumed that the
two games are likewise equivalent also for some other players k ¢' j. In order
to reach this latter conclusion we would have to know that G and G* would
preserve their Hayes-equivalence even if G were analyzed in terms of the functions V 1 , · · · , V,. and R1 , · · · , Rn postulated by these other players k, instead
of being analyzed in terms of the functions V1, · · · , V,. and R1, · ·'· , R,. postulated by player j himself. But so long as we are interested only in the decision
rules that player j himself will follow in game G; all we have to know are the
functions V 1 , · · · , V,. and R1 , · · · , R,. that player j will be using.
Postulate 1 naturally gives rise to the following questions. Given any /-game
G, is it always possible to construct a C-game G* Bayes-equivalent to G? And,
in cases where this is possible, is this C-game G* always unique? These questions
are tantamount to asking whether for any arbitrarily chosen n-tuple of subjective
probability distributions R1(c1i c1), · · · , R,.(c"i en), there always exists a probability distribution R*(c1, · · · , c,.) satisfying the functional equation (5.3),
and whether this distribution R* is always unique in cases where it does exist.
As these questions require an .extended discussion, we shall answer them in
Part III of this paper (see Theorem III and the subsequent heuristic discussion).
We shall see that a given /-game G will have a C-ganie analogue G* only if G
itself satisfies certain consistency requirements. On the other hand, if such a
C-game analogue G* exists for G then it will be "essentially" unique (in the sense
that, in cases where two different C-games G1*, and G2* are both Hayes-equivalent to a given /-game G, it will make no difference whether we use G1* or G2*
for the analysis of G). In the rest of the present Part I of this paper, we shall
restrict our analysis to /-games G for which a Hayes-equivalent C-game analogue
G* does exist.
As we shall make considerable use of Hayes-equivalence relationships between
certain /-games G and certain C-games G* given in standard form, it will be
convenient to have a short designation for the latter. Therefore, we shall introduce the term Bayesian games as a shorter name for C-games G* given in standard form. Depending on the nature of the /-game G we shall be dealing with in
particular cases, we shall also speak of Bayesian two-person zero-sum games,
Bayesian bargaining games, etc.

6.
In view of the important role that Bayesian games will play in our analysis,
we shall now consider two alternative (but essentially equivalent) models for
these games, which for some purposes will usefully supplement the model we
have defined in Sections 4 and 5.
So far we have defined a Bayesian game G* as a game where each player's
payoff x, = V,(s1, · · · , s,.; c1, · · · , c,.) depends, not only on the strategies
s1 , • • • , s,. chosen by then players, but also on some random vectors (information vectors or attribute vectors) c1, · · • , c,.. It has also been assumed that all
players will know the joint probability distribution R*(et, · · · , c,.) of these
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random vectors, but that in general the actual value of any given vector c,
will be known only to player i himself whose information vector (or attribute
vector) it represents. This model will be called the random-vector model for
Bayesian games.
An alternative model for Bayesian games can be described as follows. The
actual individuals who will play the roles of players 1, · · · , n in game G* on
any given occasion, will be selected by lot from certain populations lit , · · · , II,.
of potential players. Each population II; from which a given player i is to be
selected will contain individuals with a variety of different attributes, so that
every possible combination of attributes (i.e., every possible "type" of player i),
corresponding to any specific value c, = c;0 that the attribute vector c; can take
in the game, will be represented in this population II; . If in population II; a
given individual's attribute vector c; has the specific value c, = c;0 , then we shall
say that he belongs to the attr£bute class c;0• Thus, each population II; will be
partitioned into that many attribute classes as the number of different values
that player i's attribute vector c; can take in the game.
As to the random process selecting n players from the n populations lit ,
· · · , II,., we shall assume that the probability of players 1, · · · , n being selected
from any specific n-tuple of attribute classes Ct0 , • • • , c,.0 will be governedt2
by the probability distribution R*(ct, · · · , c,.). We shall also retain the assumptions that this probability distribution R* will be known to all n players, and
that each player i will also know his own attribute class c; = c;0 but, in general,
will not know the other players' attribute classes Ct = Ct0 , • • • , C;_t = cLt,
c1+1 = c~+t, · · · , c,. = c,.0• As in this model the lottery by which the players
are selected occurs prior to any other move in the game, it will be called the
prior-lottery model for Bayesian games.
Let G be a real-life game situation where the players have incomplete information, and let G* be a Bayesian game Hayes-equivalent toG (as assessed by a
given player j). Then this Bayesian game G*, interpreted in terms of the priorlottery model, can be regarded as a possible representation (of course a highly
schematic representation) of the real-life random social process which has actually created this game situation G. More particularly, the prior-lottery model
pictures this social process as it would be seen by an outside observer having
information about some aspects of the situation but lacking information about
some other aspects. He could not have enough information to predict the attribute vectors Ct = Ct0, • • • , c,. = c,.0 of then individuals to be selected by this
social process to play the roles of players 1, · · · , n in game situation G. But he
would have to have enough information to predict the joint probability distribution R* of the attribute vectors Ct , · · · , c,. of these n individuals, and, of
11 Under our assumptions in general the selection of players 1, · • · , n from the respective
populations ITt , • • • , II, will not be statistically independent events because the probability
distribution R*(ct , · · · , c,.) in general will not permit of factorization into n independent
probability distributions Rt*(ct), ••• , R,.*(c,.). Therefore, strictly speaking, our model
postulates BimultaneoU8 random selection of a whole player n-tuple from a population IT
of all possible player n-tuples, where IT is the Cartesian product IT = ITt X · • · X II, .
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course, also to predict the mathematical form of the payoff functions Vr ,
· · · , V n • (But he could not have enough information to predict the payoff
functions U1, · · · , Un because this would require knowledge of the attribute
vectors of all n players.)
In other words, the hypothetical observer must have exactly all the information common to the n players, but must not have access to any additional information private to any one player (or to any sectional group of players-and,
of course, he must not have access to any information inaccessible to all of the
n players). We shall call such an observer a properly informed observer. Thus,
the prior-lottery model for Bayesian games can be regarded as a schematic
representation of the relevant real-life social process as seen by a properly informed outside observer.
As an example, let us again consider the price-competition game G with incomplete information, and the corresponding Bayesian game G*, discuseed in
Section 1 above. Here each player's attribute vector c; will consist of the variables defining his cost functions, his financial resources, and his facilities to c~Uect
information about the other player.13 Thus, the prior-lottery model of G* will
be a model where each player is chosen at random from some population of
possible players with different cost functions, different financial resources, and
different information-gathering facilities. We have argued that such a model can
be regarded as a schematic representation of the real-life social process which
has actually produced the assumed competitive situation, and has actually
determined the cost functions, financial resources, and information-gathering
facilities, of the two players.
Dr. Selten has suggested14 a third model for Bayesian games, which we shall
call the Selten model or the posterior-lottery model. Its basic difference from the
prior-lottery model consists in the assumption that the lottery selecting the
active participants of the game will take place only after each potential player
has chosen the strategy he would use in case he were in fact selected for active
participation in the game.
More particularly, suppose that. the attribute vector c; of player i ( i = 1,
· · · , n) can take k, different values in the game. (We shall assume that all
kls are finite but the model can be easily extended also to the infinite case.)
Then, instead of having one randomly selected player i in the game, we shall
assume that the role of player i will be played at the same time by k, different
players, each of them representing a different value of the attribute vector c; .
The set of all k; individuals playing the role of player i in the game will be called
the role class i. Different individuals in the same role class i will be distinguished
by subscripts as players i1, ~, · · · . Under these assumptions, obviously the
total number of players in the game will not be n but rather will' be the larger
(usually much larger) number
(6.1)
Cf. Footnote 4 above.
u In private communication (cf. Footnote 1 above).
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It will be assumed that each player im from a given role class i will choose
some strategy 8; from player i's strategy space S; . Different members of the same
role class i may (but need not) choose different strategies 8; from this strategy
spaceS;.
After all K players have chosen their strategies, one player im from each role
class i will be randomly selected as an active player. Suppose that the attribute
vectors of the n active players so selected will be c1 = Ct0 , • • • , Cn = Cn°, and
that these players, prior to their selection, have chosen the strategies 8 1 = 8t0,
· · · , 8,. = 8n°. Then each active player im , selected from role class i, will obtain
a payoff

(6.2)

All other (K - n) players not selected as active players will obtain zero payoffs.
It will be assumed that, when the n active players are randomly selected from
the n role classes, the probability of selecting individuals with any ,specific
combination of attribute vectors Ct = Ct0, • • • , Cn = cn° will be governed by the
probability distribution R*( c1 , • • • , cn). 16
It is easy to see that in all three models we have discussed-in the randomvector model, the prior-lottery model, and the posterior-lottery model-the
players' payoff functions, the information available to them, and the probability
of any specific event in the game, are all essentially the same. 16 Consequently,
16 In actual fact, we could just as well assume that each player would choose his strategy
only after the lottery, and after being informed whether this lottery has selected him as an
active player or not. (Of course if we made this assumption then players not selected as
active players could simply forget about choosing a strategy at all.) From a game-theoretical point of view this assumption would make no real difference so long as each active player
would have to choose his strategy without being told the names of the other players selected
as active players, and in particular without being told the attribute classes to which these
other active players would belong.
Thus the fundamental theoretical difference between our second and third models is not
so much in the actual timing of the postulated lottery as such. It is not so much in the fact
that in one case the lottery precedes, and in the other case it follows, the players' strategy
choices. The fundamental difference rather lies in the fact that our second model (like our
first) conceives of the game as an n-person game, in which only the n active players are
formally "players of the game"; whereas our third, model conceives of the game as a K-person game, in which both the active and the inactive players are formally regarded as "players". Yet, to make it easier to avoid confusion between the two models, it is convenient to
assume also a difference in the actual timing of the assumed lottery.
16 Technically speaking, the players' effective payoff functions under the posteriorlottery model are not quite identical with their payoff functions under the other two models,
but this difference is immaterial for our purposes. Under the· posterior-lottery model, let
r = r;(c; 0 ) be the probability (marginal probability) that a given player im with attribute
vector c; = c; 0 will be selected as the active player from role class i. Then player im will
have the probability r of obtaining a payoff corresponding to the payoff function V; and
will have the probability (1 - r) of obtaining a zero payoff whereas under the other two
models each player i will always obtain a payoff corresponding to the payoff function V, .
Consequently, under the posterior-lottery model player im's expected payoff will be only r
times (0 < r ~ 1) the expected payoff he could anticipate under the other two models. However, under most game-theoretical solution concepts (and in particular under all solution
concepts we would ourselves choose for analyzing game situations), the solution of the game
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all three models can be considered to be essentially equivalent. But, of course,
formally they represent quite different game-theoretical models, as the randomvector model corresponds to an n-person game G* with complete information,
whereas the posterior-lottery model corresponds to a K-persrm game G** with
complete information. In what follows, unless the contrary is indicated, by the
term "Bayesian game" we shall always mean then-person game G* corresponding
to the random-vector model, whereas the K-person game G** corresponding to
the posterior-lottery model will be called the Selten game.
In contrast to the other two models, the prior-lottery model formally does
not qualify as a true "game" at all because it assumes that the n players are
selected by a chance move representing the first move of the game, whereas
under the formal game-theoretical definition of a game the identity of the players
must always be known from the very beginning, before any chance move or
personal move has occurred in the game.
Thus, we may characterize the situation as follows. The real-life social process
underlying the /-game G we are considering is best represented by the priorlottery model. But the latter does not correspond to a true "game" in a gametheoretical sense. The other two models are two alternative ways of converting
the prior-lottery model into a true "game". In both cases this conversion entails
a price in the form of introducing some unrealistic assumptions. In the case of
the posterior-lottery model corresponding to the Selten game G**, the price
consists in introducing (K - n) fictitious players in addition to the n real
players participating in the game. 17
In the case of the random-vector model corresponding to the'Bayesian game
G*, there are no fictitious players, but we have to pay the price of making the
unrealistic assumption that the attribute vector c; of each player i is determined
by a chance move after the beginning of the game-which seems to imply that
player i will be in existence for some period of time, however short, during which
he will not know yet the specific value c; = c;0 his attribute vector c; will take.
So long as the Bayesian game G* corresponding to the random-vector model is
being considered in its standard form, this unrealistic assumption makes very
little.difference. But, as we shall see, when we convert G* into its normal form
this unrealistic assumption implied by our model does cause certain technical
difficulties, because it seems to commit us to the assumption that each player
can choose his normalized strategy (i.e., his strategy for the normal-form version
of G*) before he learns the value of his own attribute vector c; . An important
advantage of the Selten game G** lies in the fact that it does not require this
particular unrealistic assumption: we are free to assume that every player im
will remain invariant if the players' payoff functions are multiplied by positive constants r
(even if different constants rare used for different players).
In any case, the posterior-lottery model can be made completely equivalent to the other
two models if we assume that each active player i,. will obtain a payoff corresponding to the
payoff function V;/r;(c; 0 ), instead of obtaining a payoff corresponding to the payoff function V; as such [as prescribed by equation (6.2)].
17 This will be true even if we change the timing of the assumed lottery in Selten's model
(see Footnote 15 above).
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will know his own attribute vector c; from the very beginning of the game,
and will always choose his own strategy in light of this information. 18
Thus, as analytical tools used in the analysis of a given [-game G, both the
Bayesian game G* and the Selten game G** have their own advantages and
disadvantages. 19

7.
Let G be an [-game given in standard form, and let G* be a Bayesian game
Bayes-equivalent to G. Then we define the normal form m(G) of this [-game
Gas being the normal form m(G*) of the Bayesian game G*.
To obtain this normal form we first have to replace the strategies s; of each
player i by normalized strategies s;*. A normalized strategy s/ can be regarded
as a conditional statement specifying the strategy s; = s;* ( c;) that player i
would use if his· information vector (or attribute vector) c; took any given
specific value. Mathematically, a normalized strategy s;* is a function from the
range space C; = {c;} of vector c; to player i's strategy space S; = {s;}. The
set of all possible such functions s;* is called player i's normalized-strategy
space S;* = {s;*}. In contrast to these normalized strategies s;*, the strategies
B; available to player i in the standard form of the game will be called his ordinary
strategies.
If in a given game the information vector c; of a certain player i can take only
k different values (with k finite) so that we can write
(7.1)
then any normalized strategy
tuple of ordinary strategies
(7.2)

=

Ci

s/

si*

=

1
k
Ci , • • • , Ci ,

of this player can be defined simply as a k(s/, · · · , sl),

where s;m
s;*( C;m), with m = 1, · · · , k, denotes the strategy that player i
would use in the standard form of the game if his information vector c; took
the specific value c; = ct. In this case player i's normalized strategy space
s;* = {s/} will be the set of all such k-tuples s;*, that is, it will be the k-times
repeated Cartesian product of player i's ordinary strategy space S; by itself.
Thus we can writeS;*= S/X · · · X Sf with S/ = · · · = S/ = S;.
Under either of these definitions, the normalized strategies s/ will not have
the nature of mixed strategies but rather that of behavioral strategies. Never18 Moreover, as Selten has pointed out, his model also has the advantage that it can be
extended to the case where the subjective probability distributions R1 , · · · , R,. of a given
l-game G fail to satisfy the required consistency conditions, so that no probability distribution R* satisfying. equation (5.3) will exist, and therefore no Bayesian game G* Bayesequivalent toG can be constructed at all. In other words, for any [-game G we can always
define an equivalent Selten game G**, even in cases where we cannot define an equivalent
Bayesian game G*. (See Section 15, Part III.)
19 We have given intuitive reasons why a Bayesian game G* and the corresponding Selten
game G** are essentially equivalent. For a more detailed and more rigorous game-theoretical proof the reader is referred to a forthcoming paper by Reinhard Selten.
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theless, these definitions are admissible because any game G* in standard form
is a game of perfect recall, and so it will make no difference whether the players
are assumed to use behavioral strategies or mixed strategies [4].
Equation (3.15) can now be written as
(7.3)

x; = V;(8t*(ct), · · ·, 8,.*(c,.);

c1, · · ·, c,.) = V;(8t*, · · ·, 8,.*; c).

In order to obtain the normal form m:(G) = m:(G*), all we have to do now is
to take expected values in equation (7.3) with respect to the whole random
vector c, in terms of the basic probability distribution R* (c) of the game. We
define
(7.4)

e(x;) = W;(8t*, · · ·, 8/) = { V;(8t*, · · ·, 8,.*; c) d.R*(c).

Since each player will treat his expected payoff as his effective payoff from the
game, we can replace e(x;) simply by x, and write
(7.5)

We can now define the normal form of games G and G* as the ordered set
(7.6)

m:(G) = m:(G*) = {S/, · · · , S/; W1, · · · , W,.j.

Compared with equations (3.18) and (4.2) defining the standard forms of
these two games, in equation (7 .6) the ordinary strategy spaces S; have been
replaced by the normalized strategy spaces S;*, and the ordinary payoff functions V; have been replaced by the normalized payoff functions W;. On the other
hand, the range spaces C; as well as the probability distributions R; or R* have
been omitted because the normal form m:(G) = m:(G*) of games G and G* does
not any more involve the random vectors c1 , · · · , c,. .
This normal form, however, has the disadvantage that it is defined in terms
of the'players' unconditional payoff expectations e(x;) = W,(8t*, · · ·, 8,.*),
though in actual fact each player's strategy choice will be governed by his
conditional payoff expectation 8(x;l c,), because he will always know his own
information vector c; at the time of making his strategy choice. This conditional
expectation can be defined as
(7.7) e(x; IC; ) = Z;(81*' ...

'8,. *I C; ) =

f

'V;(Bl *' ...

c•

'8,. *; C;'

ci )d(ci)R * (c ' I C;)

•

To be sure, it can be shown (see Theorem I of Section 8, Part II) that if
any given player i maximizes his unconditional payoff expectation W,, then
he will also be maximizing his conditional payoff expectation Z;( ·I c;) for each
specific value of c; , with the possible exception of a small set of c; values which
can occur only with probability zero. In this respect our analysis bears out von
Neumann and Morgenstern's Normalization Principle [7, pp. 79-84], according
to which the players can safely restrict their attention to the normal form of
the game when they are making their strategy choices.
However, owing to the special nature of Bayesian games, the Normalization
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Principle has only restricted validity for them, and their normal form m:(G*)
must be used with special care, because solution concepts based on uncritical
use of the normal form may give counterintuitive results (see Section 11 of
Part II of this paper). In view of this fact, we shall introduce the concept of a
semi-normal form. The semi-normal form S(G) = S(G*) of games G and G*
will be defined as a game where the players' strategies are the normalized strategies s; * described above, but where their payoff functions are the conditional
payoff-expectation functions Z;( ·I c;) defined by equation (7.7). Formally we
define the semi-normal form of the games G and G* as the ordered set
(7.8)

s(G) = s(G*) = {S1*, .. ·, S,.*; C1, .. · , C,.; Z1, .. ·, Zn; R*}.

As the semi-normal form, unlike the normal form, does involve the random
vectors C1, · · · , Cn, now the range Spaces C1, · · · , C,., and the probability

distribution R*, which have been omitted from equation (7.6), reappear in
equation (7.8).
Instead of von Neumann and Morgenstern's Normalization Principle, we
shall use only the weaker Semi-normalization Principle (Postulate 2 below),
which is implied by the Normalization Principle but which does not itself imply
the latter:
Postulate 2. Sufficiency of the Semi-normal Form. The solution of any Bayesian
game G*, and of the Bayes-equivalent !-game G, can be defined in terms of the
semi-normal form S(G*) =S(G), without going back to the standard form of
G* or of G.
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CHAPTER 7

GAMES WITH INCOMPLETE INFORMATION
PLAYED BY "BAYESIAN" PLAYERS
PART II. BAYESIAN EQUILIBRIUM POINTS*t 1
Part I of this paper has described a new theory for the analysis of games with incomplete information. It has been shown that, if the various players' subjective probability distributions satisfy a certain mutual-consistency requirement, then any
given game with incomplete information will be equivalent to a certain game with
complete information, called the "Bayes-equivalent" of the original game, or briefly
a "Bayesian game."
Part II of the paper will now show that any Nash equilibrium point of this Bayesian game yields a "Bayesian equilibrium point" for the original game and conversely.
This result will then be illustrated by numerical examples, representing two-person
zero-sum games with incomplete information. We shall also show how our theory
enables us to analyze the problem of exploiting the opponent's erroneous beliefs.
However, apart from its indubitable usefulness in locating Bayesian equilibrium
points, we shall show it on a numerical example (the Bayes-equivalent of a two-person
cooperative game) that the normal form of a Bayesian game is in many cases a highly
unsatisfactory representation of the game situation and has to be replaced by other
representations (e.g., by the semi-normal form). We shall argue that this rather unexpected result is due to the fact that Bayesian games must be interpreted as games
with "delayed commitment" whereas the normal-form representation always envisages a game with "immediate commitment."

8.
Let G be an /-game (as assessed by player j), and let G* be a Bayesian game
Bayes-equivalent to G and having the function R*( c1 , • • • , c,.) as its basic probability distribution. Let 8; * be a normalized strategy of player i in game G.
Suppose that, for some specific value c; = c;0 of player i's attribute vector c, ,
the (ordinary) strategy 8, = s;*(c,) selected by this normalized strategy 8.*
maximizes player i's conditional payoff expectation
(8.1)

B(x; I c;0 ) = Z;(81*, · · ·, 8;*, · · ·, 8,. *I c,0 )

if the normalized strategies 81*, · · · , 8f-1 , sf+1 , · · · , s,. * of the other ( n - 1)
players are kept constant. Then we shall say that this normalized strategy 8; *
of player i is a best reply at the point c; = C;0 to the other players' normalized
strategies 81 *, · · · , sf-1 , 8f+1 , · · · , 8,. *.
• Received June 1965 and revised May 1966.
t Part I of "Games with Incomplete Information Played by 'Bayesian' Players" appeared in the preceding issue of Management Science. Part III will appear in the next issue.
A "Table of Contents" and "Glossary" appeared with Part I.
1 The numbering of sections and theorems will be consecutive in Parts I, II, and III
of this paper. The author wishes again to express his indebtedness to the persons and institutions listed in Footnote 1 of Part I.
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Now suppose that s,* actually possesses this best-reply property at all possible
values of the attribute vector c; , with the possible exception of a small set C;* of c1
values, having a total probability mass zero. That is, we are assuming that the
event E = {c; E C;*} is being assigned zero probability by the marginal probability distribution
(8.2)

derived from the basic probability distribution R*( c1 ,
, c,, · · · , c,.) =
R*( c, , c'). Then we shall say that s.* is almost uniformly a best reply to s1*,
* , 8i+1
* , ·. · • , 8,.*•
· • · , 8;--1
Finally supposethatinagivennormalized strategyn-tuple s* = (s1*, · · · , s,. *)
every component s;* ( i = 1, · · · , n) is almost uniformly a best reply to the other
(n- 1) components 8i*, · · ·, sf-1, 8f+1, · · ·, 8,. *.Then we shall say that 8* is a
Bayesian equ,ilibrium point in game G.
We can now state the following theorem.
Theorem I. Let G be an I -game, and let G* be a Bayesian game Bayes-equivalent
to G (as assessed by player j). In order that any given n-tuple of normalized
strategies s* = (s1*, · · ·, s,.*) be a Bayesian equilibrium point in game G, it is
both su:fficient and necessary that in the normal form m.(G*) of game G* this
n-tuple s* be an equilibrium point in Nash's sense [3, 5].
Proof. In view of equations (5.3), (7.4) and (7.7) we can write
(8.3)

W;(s1*, · · ·, s;*, · · · , 8,.*)

=

1
C;

Z;(8t*, · · ·, 8;*, · · ·, s,.* J c;) d<c;>R*(c,)

where R*(c,) is again the marginal probability distribution defined by equation
(8.2).

To prove the sufficiency part of the theorem, suppose that s* is not a Bayesian
equilibrium point in G. This means that at least one of the components of s*,
say, 8;*, is not an almost uniformly best reply to the other components of 8*.
Consequently, there must be some set C,* of possible c; values at which the
function Z;( · J c,) could be increased if we replaced the ordinary strategies
s; = 8/(c;) selected by the normalized strategy s;*, with some alternative ordinary strategies s'; = st''(c;). That is, for all c; E c,* we must
have
(8.4)

where (s*)i denotes the (n- 1)-tuple
(8.5)

Moreover, the probability distribution R*(c;) must associate a non-zero total
probability mass with this set C; *.
Now let sf** be a normalized strategy of player i, selecting the strategies
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sf*(c;) for all points c;in set c,*, but coinciding with s,* everywhere else. That is,
(8.6)

sf**(c;)
sf**(c;)

= sf*(c,)
= s.*(c;)

for all C; E c,*
for all c; ~

C.*.

Then, in view of equations ( 8.3) and ( 8.4), we must have
(8.7)

Consequently, in game m.(G*) then-tuples* is not an equilibrium point in Nash's
sense. Thus, if s* is not a Bayesian equilibrium pointinG, then it cannot be a
Nashian equilibrium point in m.(G*), contrary to our hypothesis.
To prove the necessity part of the theorem, suppose that s* is not an equilibrium point in Nash's sense in game m.(G*). This means that at least one component
of s*, say, s;*, can be replaced by some alternative normalized strategy sT**
in such a way as to increase the numerical value of the function W, . That is,
there must exist some normalized strategy sf** satisfying (8.4). But in view of
equation ( 8.3) this implies that, for some set C, * of possible c, values, we must
have
(8.8)

Z,[sf**(c,), (s*)']

>

Z,[s,*(c;), (s*)'].

Moreover, this set C.* must have a non-zero total probability mass associated
with it under the probability distribution R*(c,). Consequently, s* will not be a
Bayesian equilibrium point in game G. Thus, if s* is not a Nashian equilibrium
point in m.(G*) then it cannot be a Bayesian equilibrium point in game G, contrary to our hypothesis. This completes the proof.
In view of Nash's [3, 5] equilibrium-point theorem and its various generalizations, any I -game satisfying some rather mild regularity conditions will have at
least one Bayesian equilibrium point. In particular:
Theorem II. Let G be a standard-form I-game (as assessed by player j), for
which a Bayes-equivalent Bayesian game G* exists. Suppose that G is a finite
game, in which each player i has only a finite number of (ordinary) pure strategies
s; . Then G will have at least one Bayesian equilibrium point.
Proof. Even if each player i has only a finite number of pure strategies s; in the
standard form of game G, he will have an infinity of pure normalized strategies
s/ in the normal form m.(G) of the game if his information vector c; can take an
infinity of different values. But it is easy to see that the normalized behavioral
strategies of m.(G) will even then always satisfy the continuity and contractibility
requirements of Debreu's generalized equilibrium-point theorem [1]. Hence,
m.(G) will always contain an equilibrium point s* in Nash's sense, and so by
Theorem I s* will be a Bayesian equilibrium point for game G itself as originally
given in standard form.

9.
Now we propose to discuss two numerical examples, partly to illustrate the
concept of Bayesian equilibrium points as defined in the last section, and partly
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to illustrate the nature of the solution concept our approach yields in the simplest class of /-games, viz., two-person zero-sum games with incomplete information.
Suppose that in a given two-person zero-sum game G player 1 can belong to
either of two attribute classes c1 = a1 and c1 = a2 , where his belonging to class
a1 may be intuitively interpreted that he is in a "weak" position (e.g., in terms of
military equipment, or man power, or the economic resources available to him,
etc.) whereas his belonging to class a2 may be interpreted that he is in a "strong"
position. Likewise, player 2 can belong to either of two attribute classes ~ = b1
and c2 = b2 , where class b1 again may be taken to indicate that he is in a "weak"
position whereas class b2 indicates that he is in a "strong" position. Thus, we
haYE'ialtogether four possible cases in that the two players may belong to classes
(a\ b1 ) or (a\ b2 ) or (a2, b1 ) or (a2 , b2 ).
In any one of these cases, each player has two pure strategies, called B! = y 1
and 81 = ~in the case of player 1, and called 82 = land 82 = l•in the case of
player 2. (In terms of an intuitive interpretation, y1 and l may represent "more
aggressive" strategies while y2 and z2 may represent "less aggressive" ones.)
These strategies will yield the following payoffs to player 1 in the four possible
cases (player 2's payoff is always the negative of player 1's).
TABLE 1

f=P I
zl

In caae (a•·, b•):

z•

~

Saddle point at (y1, s1).

TABLE 2

zl
In ease (a1, b1).:

~

-:I
zl

Saddle point at (y•, zl).

TABLE 3

I: .L!!J
zl

In ease (a1, bl):

z•

Saddle point at (y1, z1).

TABLE 4

zl

In ease (a1, b1):

zl

ptJ
~._~:___~. :. a. JI

Saddle point at (y1, z1).

(For the sake of simplicity, in all four cases we have chosen payoff matrices
with saddle points in pure strategies.)
Since both players' attribute vectors c1 and ~ can take only a finite number
(viz. two) alternative values, all probability distributions of the game can be
represented by the corresponding probability-mass functions. In particular, the
basic probability distribution R*( Ct , ~) can be represented by the matrix of
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joint probabilities rkm = Prob ( c1 = ak and D.! = bm) with k, m = 1, 2. We shall
assume that this matrix {rkm} will be as follows.
TABLE 5

I

c, = b1

co= b'

=

0.40
ru
r 21 = 0.20

ru

=

0.10

r, = 0.30

I

This matrix yields the following conditional probabilities, corresponding to
the two rows:
TABLE 6
c, = b1

lp"

Prob (c, = bm I Ct = a 1)
Prob (c: = bm I c1 = a 2)

P21

= 0.8
= 0.4

c,

= b•

P12 = 0.2,
p, = 0.6

Here Pkm = rkm/(rkl + rk2). The first row of this matrix states the conditional
probabilities (subjective probabilities) that player 1 will assign to the two
alternative hypotheses about player 2's attribute class (viz. to D.! = b1 and to
D.! = b2 ) when his own attribute class is c1 = a 1 • The second row states the probabilities he will assign to these two hypotheses when his own attribute class is
2
c1 =a.
In contrast, the conditional probabilities corresponding to the two columns
of matrix {rkm} are:
TABLE 7
Prob (c, =

ak

I Co

qu = 0.67
q" = 0.33

= b1)

Prob (c, = a' I c,
q" = 0.2.5
q, = 0.75

=

b')

Here qkm = rkm/(r1m + r2m). The first column of this matrix states the conditional
probabilities (subjective probabilities) that player 2 will assign to the two
alternative hypotheses about player 1's attribute class (viz. to c1 = a 1 and to
c1 = a2 ) when his own attribute class is D.! = b1• The second column states the
probabilities he will use when his own attribute class is D.! = b2 •
All three probability matrices stated in Tables 5 to 7 show that in our example
the two players assume a positive correlation between their attribute classes,
in the sense that it will tend to increase the probability a given player will
assign to the hypothesis that his opponent is in a strong (or weak) position if
he himself is in a strong (or weak) position. (Such a situation may arise if both
players' power positions are determined largely by the same environmental influences; or if each player is making continual efforts to keep his own military,
industrial, or other kind of strength more or less on a par with the other player's,
etc. Of course in other situations there may be a negative correlation, or none at
all.)
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In this game, player 1's normalized pure strategies will be of the form 81 * =
y" 1 = (y", y 1 ), where 8 1 = y" (n = 1, 2) is the ordinary pure strategy player 1
would use if c1 = a1, whereas y 1 (t = 1, 2) is the ordinary pure strategy he would
use if c1 = a2 • Likewise, player 2's normalized pure strategies will be of the form
82* = z"" = (z", z"), where 82 = z" (u = 1, 2) is the ordinary pure strategy
player 2 would use if C2 = b\ whereas 82 = z" is the ordinary pure strategy he
would use if C2 = b2•
It is easy to verify that the payoff matrix W for the normal form m.(G) will be
as follows.
TABLE 8
yll
yll
yll
y21

zll
7.6

zll
8.8
9.1

8
8.2

13.6

tfu

13.9

z21

6.2
1.0
14.6
9.4

zU
7.4

3.1
19.4
15.1

The entries of this matrix are player 1's total (i.e., unconditional) payoff expectations corresponding to alternative pairs of normalized strategies (y" 1, z"•). For
instance, the entry for the strategy pair (y12, z11 ) is:

0.4 X 2 + 0.1 X ( -24) + 0.2 X 40 + 0.3 X 2 = 7.0, etc.
The only saddle point of this matrix W in pure strategies is at the point
(y21 , z11 ). (There is noneinmixedstrategies.) This means that in this game player
1's optimal strategy will be to use strategy y2 if his attribute vector takes the
value c1 = a1, and to use strategy y 1 if his attribute vector takes the value C! = a2 •
On the other hand, player 2's optimal strategy will always bel, irrespective of the
value of his attribute vector C2 •
It is easy to see that, in general, these optimal strategies are quite different
from the optimal strategies associated with the four matrices stated in Tables 1
to 4. For instance, if the payoff matrix for case (a\ b1 ) is considered in isolation
(see Table 1) then player 1's optimal strategy is y\ though if we consider the
game as a whole then his optimal normalized strategy y21 actually requires him to
use strategy y2 whenever hfs attribute vector has the value c1 = a1• Likewise, if
the payoff matrix for case (a2 , b1 ) is considered in isolation (see Table 3), then
player 2's optimal strategy is l, though his optimal normalized strategy z11 for
the game as a whole always requires hiin to use strategy l. These facts, of course,
are not really surprising: they show only that the players will have to use different
strategies if they do not know each other's attribute vectors, and different
strategies if they do know them. For example, in case (.a\ b1 ) player 1's optimal
strategy would be y1 only if he did know that his opponent's attribute vector is
C2 = b1• But if all his information about player 2's attribute vector C2 is what he
can infer from the fact that his own attribute vector is c1 = a\ on the basis of the
probability matrices of Tables 5 to 7, then his optimal strategy will be y2 as
prescribed by his optimal normalized strategy y21 , etc.
The strategy pair (y2\ z11 ), being a saddle point, will also be an equilibrium
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point in Nash's sense for the normal form ;n(G) of the game. Thus, so long as
player 2 is using strategy z11 , player 1 will be maximizing his total payoff expectation W1 by choosing strategy y21 . Conversely, so long as player 1 is using strategy
y21 , player 2 will be maximizing his total payoff expectation w2 by choosing
strategy z11 •
What is more important, by Theorem I of the previous section, the strategy
pair (y2\ z11 ) will also be a Bayesian equilibrium pointin the standard form of
game G (indeed it will be the only one since it is the only saddle point of the
normal-form game). Hence, so long as player 2 uses strategy l\ player 1 will
maximize, not only his total payoff expectation W1, but also his conditional payoff
expectation Z1( ·I c1), given the value of his own attribute vector c1 • To verify this
we first list player 1's conditional payoff expectations when his attribute vector
takes the value c1 = a 1 :
TABLE 9
yl
y•

zu
3.2
-0.8

zu
-5.6
4.0

zll
-0.8
16.0

z••
-3.21
20.8

We shall call this rna trix Z1( ·I a1). We do find that the highest entry of column
z11 is in row y2, corresponding to the first component of the normalized strategy
y21 = (y2, yl).

Next we list player 1's conditional payoff expectations when his attribute vector
takes the value c1 = a2 :
TABLE 10
yl
yl

zll

z11

zll

118.4
17.2

23.2
23.8

13.2
2.8

z••
18.0
9.4

I

We shall call this matrix Z1( ·I a2 ). Now we find that the highest entry of column
z11 is in row y1, corresponding to the second component of the normalized strategy
y21 = ( y2, y1), as desired. Thus in both cases the ordinary strategy representing
the appropriate component of the normalized strategy y21 maximizes player 1's
conditional payoff expectation against the normalized strategy z11 of player 2, in
accordance with Theorem I.
We leave it to the reader to verify by a similar computation that conversely
the ordinary strategy l [which happens to be both the first and the second component of the normalized strategy z11 = ( l, l)] does maximize player 2's conditional
payoff expectation against the normalized strategy y21 of player 1, both in case
player 2's attribute vector takes the value ~ = b1 and in case it takes the value
~ = b2 , as required by Theorem I.
In this particular example, each player's optimal strategy not only maximizes
his security level in terms of his total payoff expectations w, (which is true by
definition), but also maximizes his security level in terms of his conditional payoff
expectations Z;( ·I c;). For instance, in Table 9, strategy y2 (which is the ordinary
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strategy prescribed for him by his optimal normalized strategy y 21 in the case
Ct = a 1 ) is not only player l's best reply to the normalized strategy z11 of his
opponent, but is also his maximin strategy. Likewise, in Table 10, strategy y1 is
not only player l's best reply to z11 but is also his maximin strategy.
However, we now propose to show by a counter example that this relationship
has no general validity for two-person zero-sum games with incomplete information. Consider a game (f where each player's attribute vector can again take
two possible values, viz. c1 = a\ a2 and c2 = b\ b2 • Suppose the payoff matrices
in the resulting four possible cases are as follows:
TABLE 11

I r==E
z'

In case (a', b1):

~

y'
y'

z2

Saddle point at (y2, z2).

TABLE 12
zl

In case (at, b2):

z2

,_Pfl_o_4--'-_1_:_.1

Saddle point at

(y 2, z1).

TABLE 13

BP I
zl

In case (a2, b1):

z?.

~:

y'
y•

Saddle point at (yt, zl).

TABLE 14

I~

zl

In case (a2, b2):

y'
y'

z2

~

Saddle point at (yt, z').

Suppose that basic probability matrix of this game (f is as follows:
TABLE 15
c, = a'
c, =a'

Cz

ru - 0.25

. ru

ru = 0.25

T22

= b1
= 0.25
= 0.25

The payoff matrix W for the normal form ~((f) of (f, listing player l's total
payoff expectations, will now be:
TABLE 16
yll
yu
y••
y22

zll

zu

z!l

0
-2
-1

zu

1
-1
0
-2

1
1
3
3

2
2
4
4

-3
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The only saddle point of this matrix is at (y11 , z11 ). Hence player 1's optimal
normalized strategy is y 11 = (y\ y 1 ) whereas player 2's is z11 = (z\ i). Player 1's
conditional payoff expectations Z,( ·I c,) in the case c1 = a 1 will be as follows:
TABLE 17

zn

zu

z21

2
0

8
6

-6
-2

0
4

In accordance with Theorem I, as the table shows, player 1's best reply to the
opponent's optimal normalized strategy z11 is strategy y\ the ordinary strategy
corresponding to his own optimal normalized strategy y11 • But player 1's security
level would be maximized by y2 , and not by y1•
This result has the following implication. Let G be a two-person zero-sum game
with incomplete information. Then we may use the von Neumann-Morgenster n
solution of the normal form m.(G) of this game as the solution for the game G
itself as originally defined in standard form. But, in general, the only real justification for this procedure will lie in the fact that every pair of optimal normalized
strategies s1* and s2 *will represent a Bayesian equilibrium point in G. However,
we cannot justify this approach by the maximin and minimax properties of s1*
and s2 * because in general these strategies will not have such properties in terms of
the players' conditional payoff expectations z,( ·I c,), which are the quantities the
players will be really interested in and which they will treat as their true anticipated payoffs from the game.

10.
We now propose to illustrate on a third numerical example how our model
enables us to deal with the problem of exploiting the opponent's erroneous beliefs.
Let G again be a two-person zero-sum game where each player can belong to two
different attribute classes, viz. to class c 1 = a 1 or to class c1 = a2 , and to class
~ = b1 or to class ~ = b2 , respectively. We shall assume that in the four possible combinations of attribute classes the payoffs of player 1 will be again
the same as stated in Tables 1 to 4 of the previous section. However, the basic
probability matrix {rk..} of the game will now be assumed to be:
TABLE 18
c. = b1
ru = 0.01

ru = 0.00

0.09

0.~

T21 =

r,, =

I

Accordingly, player 1 will now use the following conditional probabilities
(subjective probabilities) :
TABLE 19
Prob (c: = bm I c1 = a 1)
Prob (ct = bm I c, = a•)

I

c.

= b1

Pu = 1.00
pu = 0.09

c. = b'
pu = 0.00
p .. = 0.91

I
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On the other hand, player 2 will now use the following conditional probabilities
(subjective probabilities):
TABLE 20
Prob(c1 = ak I c2 = b')
qu = 0.10
q21 = 0.90

= ak I co =
q,. = 0.00

Prob(c,

b1 )

q•• = 1.00

The payoff matrix W for the normal form of the game, stating player 1's total
payoff expectations, will now be:
TABLE 21
yn

y'•
y"
y•s

zll
13.34
5.42
13.31
5.39

zts

z21
11.20
2.21
112.351
2.36

20.54
15.32
20.51
15.29

z••
19.40
12.11
19 .. 55
12.26

The only saddle point of this game is at ('!/\ z21 ). Thus player 1's optimal
strategy is '!/1 = ('!/, y1 ) whereas player 2's optimal strategy is z21 = (z2 , z').
Now suppose that player 1 actually belongs to attribute class c1 = a1• Then our
result concerning the players' optimal strategies can be interpreted as follows.
AB c, = a\ by Table 19 player 1 will be able to infer that player 2 must belong to
attribute class o.. = b1• Hence, by Table 20 player 1 will be able to conclude that
player 2 is assigning a near-unity probability (viz. q21 = .90) to the mistaken
hypothesis that player 1 belongs to class c1 = a2, which would mean that case
( a2 , b1 ) would apply (since player 2's own attribute class is o.. = b1 ). Therefore,
player 1 will expect player 2 to choose strategy z2, which is the strategy the latter
would use by Table 3 if he thought that case (a2, b1 ) represented the actual
situation.
If case (a2, b1 ) did represent the actual situation, then by Table 3 player 1's
best reply to strategy z2 would be strategy y'. But under our assumptions player 1
will know that the actual situation is (a\ b1 ), rather than (a2, b1 ). Hence, by
Table 1 his actual best reply to t will be y2, and not y 1• Thus we can say that by
choosing strategy '!/ player 1 will be able to exploit player 2's mistaken belief that
player 1 probably belongs to class c1 = a2•
As Table 1 shows, if player 2 knew the true situation and acted accordingly
then player 1 could obtain no more than the payoff x1 = 2. If player 2 did make
the mistaken assumption that player l's attribute vector was c1 = a2, but if
player 1 did not exploit this mistake (i.e., if player 1 used the same strategy y1 he
would use against a better informed opponent) then his payoff would be x1 = 5.
Yet if he does exploit player 2's mistake and counters the latter's stragety t by
his strategy'!/, then he will obtain the payoff X1 = 20.

11.
The purpose of our last numerical example will be to show that the normal
form m(G) = m(G*) is often an unsatisfactory representation of the corresponding
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I -game G (as originally defined in standard form), and is an unsatisfactory representation even for the corresponding Bayesian game G*. More particularly, we
shall argue that the solutions we would naturally associate with the normalform game m.(G) = m.(G*) may often give highly counter-intuitive results for
G or G*.
Let G be a two-person bargaining game in the sense of Nash [4] in which the
two players have to divide $100. If they cannot agree on their shares, then both
of them will obtain zero payoffs. It will be assumed that both players have linear
utility functions for money, so that their dollar payoffs can be taken to be the
same as their utility payoffs.
Following Nash, we shall assume that the game will be played as fallows. Each
player i ( i = 1, 2) has to state his payoff demand y;* without knowing what the
other player's payoff demand Yi * will be. If Y1 * + Y2 * ;:i! 100, then each player
will obtain a payoff y; = y/ equal to his own demand. If Y1 * + Y2 * > 100, then
both players will obtain zero payoffs Y1 = Y2 = 0.
To introduce incomplete information in the game, we shall assume that either
player i may have to pay half of his gross payoff Y• to a certain secret organization
or he may not; and that he himself will always know in advance whether this is
the case or not, but that neither player will know whether the other has to make
this payment or not. We shall say that player i's attribute vector takes the value
c; = a1 if he has to make this payment, and takes the value c; = a2 if this is not
the case.
Thus, we can define the net payoffs X; of both players i as:
(11.1)

x,

= Y;

if

C;

= a2

i = 1, 2.

Let X be the payoff space of the game, that is, the set of all possible net-payoff
vectors x = (x1, x2) that the players can achieve in the game.
If the players' attribute vectors are ( a1, a1 ), then X = X 11 will be the triangular
area satisfying the inequalities
(11.2)

X;~

0

i = 1, 2

and
( 11.3)
If these vectors are ( a1 , a2 ), then X
as well as

= X 12 will be the triangle satisfying ( 11.2)

(11.4)

If these vectors are (a2 , a1 ), then X = ~1 will be the triangle satisfying (11.2)
as well as

(11.5)
Finally, if these vectors are (a2 , a2 ), then X

= ~will be the triangle satisfy-
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ing ( 11.2) as well as

Xi+ X2

( 11.6)

~

100

(see Figures 1 to 4).
Now suppose that the basic probability matrix {rk .. } of the game is as follows:
TABLE 22
co = a 1
c1 = a 1
c1 = a 1

r12=t-t•l
r•• = t<

lrn=i•
ru = i- I•

Here Tkm = Prob (ex = ak and 1:2 = a"') while E is a very small positive number
which for practical purposes can be taken to be zero.
Accordingly, both players i will use the following conditional probabilities
(subjective probabilities):
TABLE 23
Prob(c1
Prob(c1

= a"' 1 c; = al)
= a"' I e; = a 1)

CJ =

a1

Pn-qn-•
pu=qu=l-•

Pu = qu "" 1 - •

p.. =q••.=·

That is, each player will assume a virtually complete negative correlation between his own attribute vector and the other player's: he will expect the other
player to be free from the side-payment obligation if he himself is subject to it,
and will expect the other player to be subject .to this obligation if he himself is
free from it.
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In constructing the normal form of this game, we shall take e = 0. Hence, the
players will have l probability of being able to select a payoff vector x = x* from
the set X 12 , and have l probability of being able to select a payoff vector x = x*"'
from the set _x!1. Thus, their payoff vector from the normal-form game as a whole
will be
X = !x*
!x** with x* E X 12 ,
x** E _x!1.
(11.7)

+

The set X.O = {x} of all such vectors xis the area satisfying condition (11.2) as
well as the two further inequalities:
(11.8)

2x1

+ X2 ~ 75

(11.9)
(See Figure 5.)
Thus the normal form m.(G) of this game will be a two-person bargaining game
in which the players can choose any payoff vector x = (x1, :1:2) from the set X.O,
and obtain the payoffs x1 =. 0 and :1:2 = 0 if they cannot agree on which particular
vector x to choose.
Any solution concept satisfying the usual Efficiency and Symmetry Postulates
will yield the solution x1 = x2 = 50. This, however, means that if case (a\ a2)
arises, then the players will obtain the payoffs x1 * = 0, x2* = 100, whereas if case
(a2, a1 ) arises, then they will obtain the payoffs xt* = 100 andx:* = 0. This is so
because, in view of condition (11.7), the only way we can obtain the vector
x = (50, 50) is by choosing x* = (0, 100) and x** = (100, 0).
If we interpret the normal form of the game in the usual way, and assume that
the players will choose their strategies and will agree on the outcome before they
know whether case (a\ a2) or case (a2, a1) will obtain, then as a solution of the
normal form of the game this result makes very good sense. It meaQs that in
accordance with the Efficiency Postulate the players will try to minimize the expected value of the amount they would have to pay out to outsiders, and therefore will agree to assign a zero payoff to that player who would be under an
obligation to hand over half of his payoff to the secret organization in question.
However, if we stick to the original definition of the game, under which the
players can choose their strategies and can conclude agreements only after each
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player has observed the value of his own attribute vector c, , then this result is
highly counter-intuitive. This is so because in this game there is near-perfect
negative correlation between the two players' attribute vectors; so that each
player will not only know the value of his own attribute vector but will also be
able to infer with virtual certainty what the value of the other player's attribute
vector is. Hence, even though formally the game is a game with incomplete information, it will always essentially reduce to a two-person bargaining game with
complete information.
More particularly, if case (a\ a 2 ) arises, then this game G will be essentially
equivalent to a Nash-type bargaining game G12 where the payoff space is the set
X = X 12, and where this fact is known to both players. Likewise, if case (a2 , a 1 )
arises, then game G will be essentially equivalent to aN ash-type bargaining game
( / 1 where the payoff space is the set X = ~ 1 , and where again this fact is known
to both players. Yet, it would be quite counter-intuitive to suggest that in game
G12 player 1 would agree to a solution giving him a zero payoff x1 * = 0, or that in
game (/ 1 player 2 would agree to a solution giving him a zero payoff xi* = 0.
In terms of the corresponding Bayesian game G*, we can state our argument as
follows. If the players can reach an agreement before a chance move decides
whether case (a\ a 2 ) or case (a2 , a 1 ) will occur, then each player may be quite
willing to agree to an arrangement under which he would obtain $100 in one of
the two possible cases, and would obtain $0 in the other case, both cases having
the same probability i. But if the players can conclude an agreement only after
the outcome of this chance event has come to be known to both of them, then
neither player will voluntarily accept a payoff of $0 in order that the other player
can obtain all the $lOG-even if such an arrangement would minimize the
two players' total payment to the secret organization.
For definiteness let us assume that in actual fact in games G12 and (/1 the
players will use the Nash solution [4]. Then in G12 their payoffs will be x1 * = 25
and x2 * = 50, whereas in (/ 1 their payoffs will be xi* = 50 and x:* = 25. Hence,
by equation ( 11.7) the players' expected payoffs from game G* as a whole will be
X1 = !x1*+!xi* = 37.5 and Xt = tXt*+ !xi* = 37.5.2
. Of course, for game G* as a whole, the vector x = ( 37 .5, 37.5) is an inefficient
payoff vector because it is strongly dominated, e.g., by the payoff vector
x = (50, 50) previously considered. Yet in the. case of game G* the use of an inefficient solution is justified by the fact that G* is not a cooperative game in the
full sense of this term, precisely because the players are not allowed to conclude
agreements at the very beginning of the game, before any chance move or personal
move has occurred-but rather can conclude agreements only after the chance
move deciding between cases (a\ a 2 ) and (a2, a 1 ) has been completed. Thus, by
using the inefficient payoff vector x = {37.5, 37.5) as the solution for game G*,
1 In terms of the terminology to be introduced in Part III, the bargaining game G under
discussion can be decomposed into Gil a.nd G21 BS component games. Hence, according to
PostulateS of Part III, whatever solution concept we may wish to use, the solution of game
G must be equivalent to using the solution of game Gil or of game G21 depending on which of
these two games represents the game really played by the two players.

GAMES WITH INCOMPLETE INFORMATION, II

153

we do not violate the principle that each fully cooperative game should have an
efficient solution.3 ' 4
We can state our conclusion also as follows. Most games discussed in the gametheoretical literature are games with immediate commitment, in the sense that each
player. is free to commit himself to some particular strategy before any chance
move or personal move has taken place. (In the special case where the game is a
cooperative game, the players are also free to enter into fully binding and enforceable agreements at that point.)
In contrast, the Bayesian games G* we are using in the analysis of games with
incomplete information, must be interpreted as games with delayed commitment,5
where the players can commit themselves to specific strategies (and can enter
into binding agreements if the game they are playing is a cooperative game),
only after certain moves have occurred in the game, viz., the chance moves
determining the players' attribute vectors.6
By the very definition of the normal form of a game, von Neumann and
Morgenstern's Normalization Principle [6] can apply only to games with immediate commitment. Hence, in general, we cannot expect that the normal form
:rt(G*) = m.(G) of a Bayesian game G* will be afully satisfactory representation of
this game G*-or of the incomplete-information game G Bayes-equivalent to G*.
This is the reason why in the analysis of these games we have found it necessary
to replace von Neumann and Morgenstern's Normalization Principle by our
weaker Semi-normalization Principle (Postlilate 2 in section 7 of Part I ofthis
paper).
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CHAPTER 8

GAMES WITH INCOMPLETE INFORMATION PLAYED
BY "BAYESIAN" PLAYERS
PART III. THE BASIC PROBABILITY DISTRIBUTION OF
THE GAME*t 1
Parts I and II of this paper have described a new theory for the analysis of
games with incomplete information. Two cases have been distinguished: consistent games in which there exists some basic probability distribution from
which the players' subjective probability distributions can be derived as conditional probability distributions; and inconsistent games in which no such
basic probability distribution exists. Part III will now show that in consistent
games, where a basic probability distribution exists, it is essentially unique.
It will also be argued that, in the absence of special reasons to the contrary,
one should try to analyze any given game situation with incomplete information in terms of a consistent-game model. However, it will be shown that our
theory can be extended also to inconsistent games, in case the situation does
require the use of an inconsistent-game model.

12.
We now propose to turn back to the questions raised in Section5 of Part I of
this paper. Given any arbitrarily chosen !-game G, is it always possible to construct some Bayesian game G* Bayes-equivalent to G? And in cases where this
is possible, is this Bayesian game G* always unique? As we have seen in Section
5, these questions are equivalent to asking whether, for any arbitrarily chosen
n-tuple of subjectivt; probability distributions R1(c1 I c1), · · · , R,.(c"l c,.), there
always exists some probability distribution R*(c1, · · · , c,.) satisfying the functional equation(5.3), and whether this distribution R* is always unique in cases
in which it does exist. The answers to these two questions are given by Theorem
III below. But before stating the Theorem we shall have to introduce a few
definitions.
In Section 3 of Part I we formally defined the range space C, = {c;} of each
attribute vector c; (i = 1, · · · , n) as being the whole Euclidean space N of the
required number of dimensions. For convenience we shall now relax this definition, and shall allow the range space c, to be restricted to any proper subset
c,* of the space C. (Obviously it makes little difference whether we say that
in a given game G the vector c; ranges only over some subset C,* of the Euclidean
space N, or whether we say that formally the range of this vector c; is the whole
*Received June 1965 and revised May 1966.
t Parts I and II of "Games with Incomplete Information Played by 'Bayesian' Players"
have appeared in the preceding two issues of Management Science: Theory. A "Table of
Contents" and a "Glossary" appeared with Part I.
1 The author wishes again to express his indebtedness to the persons and institutions
listed in Footnote 1 of Part I of this paper.
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space E but that outside this set C the vector c; has zero probability density
everywhere.)
A given subset D of the range space C = Ic} for the composite vector c =
(c1, · · · , c,.) is called a cylinder if it is a Cartesian product of the form D =
D1 X · · · X D,. , where D1 , · · · , D,. are subsets of the range spaces G1 = Ic1},
· · • , C,. = Ic,.} of the vectors c1 , · · · , c,. . These sets D1 , · · · , D,. are called the
factor sets of cylinder D. Two cylinders D and D' are said to be separated if all
their corresponding factor sets D, and D', (i = 1, · · · , n) are disjoint.
Suppose that in a given /-game G (as assessed by player j) each of the range
spaces C; (i = 1, · · · , n) can be partitioned into two or more non-empty subsets
D/, Dl, · · · , such that each player i can always infer with probability one that
every other player's information vector ck has taken a value ck = 'Yk from the set
Dk m ( m = 1, 2, · · · ) whenever his own information vector c; has taken a value
c; = 'Y• from set D,m. In symbols this means., that
(12.1)

R;( Ck E Dk m I C;) = 1

for all

C;

E D/",

and for all pairs of players i and k. In this case we shall say that game G can be
decompo8ed into the component games G\ rl', · · · , in which Gm (m = 1, 2, · · ·)
is defined as the game resulting from G if the range space C; of each information
vector c; (i = 1, · · · , n) is restricted to the set C/" = D/". Accordingly, the
range space C of the composite vector c = (c1 , · · ·, c,.) in each component
game G"" is restricted to the cylinder C"' = Dm = D1m X · · · X D,.m. We shall
call Dm the defining cylinder of game G"' and shall write Gm = G(D"").
If G can be decomposed into two or more component games G\ rl', · · · then
it is said to be decomposable, while in the opposite case it is said to be indecomposable.
This terminology is motivated by the fact that whenever a given decomposable
game G is being played, the players in actual fact will always play one of its
component games G\ rl', · · · . Moreover, they will always know, before making
any move in the game, and before choosing their strategies s; , which of these
component games has to be played on that particular occasion, since each player
can always observe whether his own information vector c; lies in set D/, or
D 12, etc.
We shall use the same terminology also in the case of G-games G* given in
standard form, except that condition (12.1) will then have to be replaced by its
analogue:
·
(12.2)
The concept of decomposition suggests the following postulate.
Postulate 3. Decomposition of games. Suppose that a given /-game G (as assessed by player j)-or a given G-game G*-can be decomposed into two or more
component games G1 = G(D1), G2 = G(D2 ), • • • • Let o.l, rl, · · · be the solutions
(in terms of any particular solution concept) of G\ rl', · · · if they are regarded
as independent games. Then the solution rr of the composite game G-{}r G*-
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itself will be equivalent to using solution cl whenever the players' information
vectors c; take values from the sets D/, to using solution o-2 whenever these
vectors c; take v~tlues from the sets D;2, etc.
In other words, playing game G-or G*-in practice always means playing one
of its component games G"'. Hence in each case the players will use strategies
appropriate for that particular component game G"', and their strategy choices
will be unaffected by the fact that, had their information vectors c; taken different values, they might now have to play a different component game am' ;o6
G"'. (To repeat, the justification of this postulate is wholly dependent on the fact
that, under our definition of games G and G*, at the time of their strategy choices
the players will always be assumed to know which particular component game
G"' they are actually playing. If the players could choose their strategies before
they were informed about the values of their own information vectors c,-and
so before they knew which component game G"' they would be playing-then
Postulate 3 would be inappropriate.)
Let R1 = R1 (ll c.t), · · · , Rn = R,.(cn I Cn) be the subjective probability distributions that player j uses in analyzing a given !-game G. We shall say that
these distributions R1 , • • • , R,. are mutually consistent if there exists some probability distribution R* = R*(c) [not necessarily unique] satisfying equation (5.3)
with respect to R1, · · · , R,.. In this case, we shall say that game G (as assessed
by player j) is itself consistent. Moreover, each probability distribution R*
satisfying (5.3) will be called admissible.
On the basis of these definitions we can now state the following theorem.
Theorem II I. Let G be an I -game (as assessed by player j) in which the player's
subjective probability distributions are discrete or absolutely continuous or
mixed (but have no singular components). Then three cases are possible:
1. Game G may be inconsistent, in which case no admissible probability distribution R* will exist.
2. Game G may be consistent and indecomposable, in which case exactly one
admissible probability distribution R* will exist.
3. Game G may be consistent and decomposable. In this case the following
statements hold.
(a) GameG can be decomposed into a finite or infinite number of component
games G1 = G(D 1 ), ~ = G(D2), ···',themselves indecomposable.
(b) There will be an infinite set of different admissible probability distributions R*.
(c) But for each indecomposable component game G"' = G(D"'), every
admissible distribution R* will generate the same uniquely detei'mined conditional probability distribution
(12.3)

R"'

=

R"'(c)

=

R*(c I c E D"'),

whenever this conditional probability distribution R"' generated by this admissible distribution R* is well defined.
(d) Every admissible probability distribution R* will be a. convex combination of the conditional probability distributions R\ R 2, • • • , and different
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admissible distributions R* will differ only in the probability weights R*(D"')
= R*(c E Dm) assigned to each component Rm. Conversely, every convex
combination of the distributions R\ R2, • • • will be an admissible distribution
R*.

13.
We shall prove the theorem only for games where the distributions R1 , • • • , R,.
are discrete (so that all admissible distributions R*, if there are any, will also be
discrete). 2 For games with absolutely continuous probability distributions the
proof is essentially the same, except that the probability mass functions used in
the proof have to be replaced by probability density functions. Once the theorem
has been proven for both discrete and continuous distributions, the proof for
mixed distributions is quite straightforward. Before proving the theorem itself,
we shall prove a few lemmas.
Let G be an I -game (as assessed by player j) where all n players i have discrete
subjective probability distributions R; = R;( c' I c;). For each probability distribution R, we can define the corresponding probability mass function r, as
(13.1)

r,

=

r;(•y' I 'Y;)

=

R;(c'

= 'Y' I c, = 'Y;)

i

= 1, · · · , n,

where 'Y' = ('Yx, · · · , 'Yi-1, 'Yi+l, • · • , 'Yn) and 'Y• stand for specific values of the
vectors c' and c,, respectively. Likewise, for each admissible probability distribution R* (if there is one) we can define the corresponding probability mass
function r* as
(13.2)

r*

=

r*('Y)

= R*(c = 'Y)

where 'Y = ('Yx , • • • , 'Yn) stands for specific values of vector c. If R* is admissible
then the corresponding probability mass function r* will also be called admissible.
The set of all admissible functions r* will be called 6t
Equation (5.3) now can be written in the form
(13.3)

r*('Y) = r,('Y' I 'Y•) ·r*('Y;)

for all r*

f

<R

and for all values c = 'Y, c' = 'Y', and c; = 'Yi. Here r*( 'Y>) denotes the marginal
probability
(13.4)

r*('Yi) = "'
LJ<"I'•a'> r*('Yi , i' ;) •

We shall call any point c = 'Y = ('Y;, 'Y') of the range space C a null point
if one or more of the expressions r 1 ('Y1 1'Yx), • • • , r,.('Y"I 'Yn) are zero. We shall
call a point c = 'Y a nonnull point if all these expressions are positive.
In a consistent game G a given value c, = 'Y• of vector c; will be called an
impossible value if every admissible function r* assigns to this value c; = 'Y> the
marginal probability r*('Y,) = 0. We shall adopt the convention that in any
consistent game G each range space C, = {c;}, i = 1, .. · , n, will be defined with
2 Section 13 contains only the proof of Theorem III and may be omitted without loss
of continuity.

158

CHAPTER 8

the exclusion of all impossible values c; = 'Y> of vector c,, from C;. Therefore,
we shall assume that
(13.5)

>0

'Y> E C, implies r*('Y;)

for some r* E <lt

Consequently at a null point c = 'Y all n expressions r1('Y1 I 'YI), · · · , r,.('Y" I 'Yn)
will be zero because, in view of (13.3) and (13.5), r;('Y' I 'Y;) = 0 implies
r~c('Yk hk) = 0 fork = 1, · · · , n.
Lemma 1. Suppose that in a consistent game G at a given point c = 'Y all
admissible functions r* identically take the value
(13.6)

r*('Y)

= 0.

This will be the case if and only if c = 'Y is a null point.
The lemma again follows from (13.3) and (13.5).
Let c = a = (a1, · · · , a,.), C = fJ = (fJI, · · · , fJ,.), C = 'Y = ('YI, · · · , 'Yn),
and c = 8 = (~ , · · · , 8,.) be four nmmull points, such that a; = fJ; and 'Yi = 8;,
whereas ak = 'Yk and fJk = 8~c . Let r* be an admissible function taking a positive
value at the point c = a. Then, by equation (13.3), the quantities r*(a,) =
r*(fJ;) and r*(ak) = r*('Yk) will also be positive, and, therefore, the same will be
true of the quantities r*(fJ) and r*('Y). This in turn implies that the quantities
r*(fJ~c) = r*(8~c) and r*('Y;) = r*(8,), as well as the quantity r*(8), will also be
positive. Consequently in view of equation (13.3) we have:
(13.7)

r*(a)
r*(a) r*(fJ)
r*(8) = r*(fJ) · r*(8)

=

r;(a'la;) rk(fJTclfJ~c)
r;(fJi I fJ;) . rk(ak l8~c) '

but also
(13.8)
If the probability mass functions r; and r~c-or, equivalently, the probability
distributions R, and R~c-are chosen arbitrarily, then equations (13.7) and
(13.8) may become inconsistent, so that no admissible probability mass function
r* taking a positive value r*('Y) > 0 at the nonnull point c = 'Y will exist. But
then, by Lemma 1, the game will be inconsistent. Thus, we can state:
Lemma 2. If the subjective probability distributions R1, · · · , R,. of a given
game G are chosen arbitrarily, then they may turn out to be mutually inconsistent, so that no admissible probability distribution R* will exist.
Now suppose again that G is a consistent game with discrete probability distributions. Any pair of nonnull points c = 'Y and c = 8 will be called similar if
all admissible probability mass functions r* yield the same unique ratio r*('Y)/
r*(a) whenever this ratio is well defined. (That is, this must be true for all
admissible functions r* not taking zero values r*('Y) = r*(8) = 0 at both of these
two points.) Clearly the relation of similarity partitions the set C* of all nonnull points into equivalence classes, which we shall call similarity classes. All
points c = 'Y belonging to the same similarity class E will be similar, and all points
c = 'Y and c = 8 belonging to two different similarity classes E and E' will be
dissimilar.
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Lemma 3. Let c = 'Y and c = a be two nonnull points of a consistent game G,
agreeing in their ith component C; = 'Yi = a,. Then 'Yanda will belong to the
same similarity class E.
Proof. By Lemma 1, we can find some admissible function r* = r0 such that
(13.9)

r 0 ('Y)

> 0.

In view of ( 13.3) this implies that
(13.10)

r 0 ('Y;)

= r 0 (a;) > 0.

As both 'Y and a are nonnull points we also have
(13.11)
Now let r* = r00 be any other admissible function for which the ratio r00 (a)/
r00 ('Y) is well defined. In view of (13.3) and (13.10), we can write
(13.12)

r0 (a)/r0 ('Y) = r;(a1 I a;)/r;('Y1 I 'Y;) = r00 (a)/r00 ('Y).

By (13.9) and (13.11), the first two ratios in the equation will also be well defined. As this equation will hold for any admissible function r* = r00 for which
the last ratio is well defined, we can infer that the points a and 'Y will belong to
the same similarity class E, as desired.
For a given set E ~ C, let D; be the set of all vectors c; = 'Y• occurring as
the ith component of some vector(s) c = 'Y = ('Yt, · · • , 'Y•, · · · , 'Y,.) in set E.
Then D; is called the projection of set Eon vector space C;. Moreover, if D1 ,
· · · , D,. are the projections of set E on the vector spaces Ct , · · · , C,. then the
cylinder D = Dt X · · · X D,. is called the cylinder spanned by set E. Obviously,
E~D.

Lemma 4. Let D\ D 2,

• • • be the cylinders spanned by the similarity classes
E\ ~. · · · of a given consistent game G. Then these cylinders D\ D 2 , • • • will be
mutually separated.
Proof. All we have to prove is that for any given value of i (i = 1, · · · , n)
the projections Dt' and D't' of two different similarity classes E"' and E"'' are
always disjoint. Now suppose this would not be the case. Then D;"' and D':'
would have some common point c; = 'Yi. This in turn would imply that 'Y• would
be the ith component of some point c = 'Y = ('Y;, 'Y') in set E"' and also of some
point c = a = (a;, a') = ('Y;, a') in set E"''. But then, by Lemma 3, 'Y and 8
would belong to the same similarity class, and could not belong to two different.
similarity classes E"' and E"", which is inconsistent with the assumptions made.
Hence, D"' and D"'' cannot have any common point c; = 'Y• •
Lemrrw. 5. If the nonnull points of a given consistent game G can be partitioned
into two or more similarity classes E\ E 2, • • • , then game G itself can be decomposed into corresponding component games G1 = G(D1 ), a' = G(D2 ), • •• ,
where the defining cylinder D"' (m = 1, 2, · • ·) of component game G"' =
G(D"') is the cylinder spanned by the similarity class E"'.
Proof. Let c; = a; and ck = {:J,, be specific values of vectors c, and c~o , such that.
a; ED/" but {3~~; ~ D,."'. Let c = 'Y = ('Yt 1 . . . ,a;,··· ,{3~; 1 . . . 1 'Y,.) be any
point having 'Y> = a; as its ith component and having 'Yk = fJk as its kth component.

160

CHAPTER 8

Then, by Lemma 4, 'Y will be a null point so that
(13.13)

r;("f; I a;) = r;(f3k, 'Yik I a;) = 0,

where 'Yik is the vector which remains if the
omitted from 'Y = ( "/1 , · • · , 'Yn). Therefore,

ith

and

kth

components are both

(13.14)
whenever a; E n,m but i3k Ef Dk"'· Consequently,
(13.15)

if

C;

ED/"

and so
(13.16)
Hence, for each cylinder D"' (m = 1, 2, ···),every pair of factor sets D;m and
Dkm (i, k = 1, .. · ,n) will satisfy condition (12.1), and so game G can be decomposed into the component games Gm = G(D"'), m = 1, 2, • · · .
Lemma 6. A given consistent game G is decomposable if and only if it has more
than one admissible probability distribution R*.
Proof of the "if" part of the lemma. If all nonnull points of game G belong to
the same similarity class E, then, for all pairs of nonnull points 'Y and o, the ratios
r*('Y)/r*(o) are uniquely determined. Hence, the game can have only one admissible probability mass function r* and only one admissible probability
distribution R*.
Thus, if game G does have more than one admissible probability distribution
R*, then it must contain two or more similarity classes E 1, E 2, • • • ; and, therefore, by Lemma 5 it will be decomposable.
Proof of the "only if" part of the lemma. We have to show that G will have more
than one admissible probability distribution R* (or more than one admissible
probability mass function r*) if it is a decomposable game.
Suppose to the contrary that a given game G can be decomposed into the component games G1 = G(D 1 ), d = G(D 2 ), • • • but has only one admissible probability mass function r* = r 0• Then, by Lemma 1, this function r 0 must take a
positive value r0 ('Y) > 0 at each nonnull point c = 'Y of G. Let r"' (m = 1, 2, · · ·)
be the conditional probability mass function
(13.17)

rm('Y) = r0 ('Y I 'Y ED"')

= r 0('Y)/L<ceom) r 0(C)
rm('Y) = 0

for all 'Y E D"',
for all 'Y Ef D"'.

Since r\ c) > 0 at all nonnull points c, this function r"' will be everywhere well
defined. In view of (13.3) and (13.17) we can write
(13.18)
which means that the function r* = r"' (m = 1, 2, · · ·) satisfies condition
(13.3). Hence, the functions r\ r2, • • • are just as much admissible probability
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mass functions as r0 itself is, which contradicts the assumption that r*
r0 is
the only admissible probability mass function of the game. This completes the
proof of Lemma 6.
Lemma 7. A consistent game G is indecomposable if and only if all its nonnull
points belong to the same similarity class E.
Proof of the "if" part. If all nonnull points are similar than the ratios r* ( 'Y) /
r*(o) are uniquely determined for all nonnull points 'Y and o. Hence, the game
can have only one admissible probability mass function r*, and so, by Lemma 6,
it is indecomposable.
Proof of the "only if" part. If game G is indecomposable, then, by Lemma 6,
it will have only one admissible function r*. Hence, the ratios r*('Y)/r*(li) will
be uniquely determined for all pairs of nonnull points 'Y and o, and so all of these
points will be similar.
Lemma B. Let G be a decomposable consistent game, and let G1 = G(D1 ),
(f = G(D2 ), • • • be its component games as defined by Lemma 5. Then
1. Each component game G"' will be itself an indecomposable game.
2. If r* = r0 and r* = r00 are two admissible probability mass functions
for G then, for each component game G"' (m = 1, 2, · · ·), both r* = r0
and r* = r00 will generate the same conditional probability mass function
(13.19)
whenever these conditional probability mass functions generated by r0 and
r00 are well defined-that is, whenever the two functions r0 and r00 assign a
positive probability mass to the event E = {'¥ E D"'}.

3. Every admissible probability mass function r* for the game will be a
convex combination of these functions r\ r 2, • • • corresponding t6 the component games G\ G2, • • • ; and any convex combination of these functions
l, r 2, • • • will be an admissible probability mass function r*.
Proof. Parts 1 and 2 follow from Lenu'na 7 in view of the fact that all nonnull
points 'Y lying in any given cylinder D"' belong to the same similarity class E"'.
Part 3 follows from equations (13.17) and (13.3).
Lemmas 2, 5, 6, 7, and 8 together imply Theorem I as restricted to games with
discrete probability distributions. We have already indicated (in the first paragraph of this section) how the proof can be extended to the general case.

14.
By Theorem III, if a given player j participating in some /-game G does not
take special care to base his analysis of the game on mutually consistent subjective probability distributions R1, · · · , R;, · · · , R,., then, in general, no admissible basic probability distribution R* will exist; and, therefore, there will be
no Bayesian game G* Bayes-equivalent to G. In view of this fact we now propose
the following postulate.
Postulate 4. Mutual consistency. Unless he has special reasons to believe that
the subjective probability distributions R1, · · · , R;, · · · , R,. used by the n
players are, in fact, mutually inconsistent, every player j of an /-game G will
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always analyze the game in tenns of a set of some mutually consistent probability distributions Rt, · · · , R,, · · · , R,..
Postulate 4 can be supported by the following considerations:
(i) Player j can greatly simplify his analysis of the game situation by using n
mutually consistent distributions R1 , • • • , R,. , because this will enable him to
reduce the problem of analyzing the I -game G to the much easier problem of
analyzing an equivalent C-game G*. Therefore, player j will be well advised to
assume n mutually consistent distributions Rt , · · · , R,. , unless he feels that the
information he has about the game situation is incompatible with this assumption.
(ii) Admittedly, if player j does not restrict his choice to mutually consistent
distributions R, , then he will have a freer hand in postulating suitable differences
between the different players' subjective probability distributions R, , and so will
have a freer hand in providing mathematical representation for any differences
he may wish to assume between different players i as to their beliefs and expectations about the game situation. However, even if he does restrict his choice to
mutually consistent R/s, this need not prevent him from finding suitable representation for such inter-player differences in his mathematical model of the
game; for such differences can often be given fully adequate representation by
assuming corresponding differences between the relevant players' attribute
vectors c; , and by choosing a basic probability distribution R* = R* ( Ct , • • • ,
c,.) which is a sufficiently asymmetric function of the different players' attribute
vectors c;; so that the conditional probability distributions R, = R*(c' I c;) for
different players i will have appropriately different mathematical fonns. Mutually inconsistent R/s will have to be assumed only in cases in which player j
comes to the definite conclusion that the inter-player differences in question could
not be represented by mutually consistent R/s.
(iii) According to the prior-lottery model (see Section 6 of Part I of this paper),
every /-game G can be considered to be a result of a random social process which
has selected then actual players of the game from some hypothetical populations
Tit , · · · , n,. of possible players, where the probability that this random process
will select n players with any given combination of specific attribute vectors
Ct = c1°, · · · , c,. = c,.0 is governed by some (objective) probability distribution
R* = R* (ct, · · · , c,.). However, in general, the true distribution R* governing
this random process will be unknown to the players.
Let R,* = R*(c' I c,), fori = 1, · · · , n, be the conditional probability distributions generated by this unknown distribution R*. Clearly then distributions
Rt*, · · · , R,.* will always be mutually consistent, since by definition they are
conditional distributions generated by the same basic distribution R*. The n
players' subjective probability distributions Rt , · · · , R,. can be regarded as their
estimates of these mutually consistent, but unknown, · conditional probability
distributions Rt*, · · · , R,.*. .
Accordingly, it is natural to argue (at least in cases where player j has no
special reasons for using inconsistent distributions R;) that, instead of trying to
estimate each player's subjective probability distribution R, separately, player j
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should rather try to estimate directly the objective probability distribution R*
governing the random social process in question; and then he should choose the
n distributions R, he will use in the analysis of the game situation, by setting
R. = R*(c' 1c;), where R* now refers to his estimate of the true distribution R*.
Obviously, if player j uses this estimation procedure, he will always come up
with n mutually consistent distributions R1 , · · · , R,. .
We have seen in Section 6 (Part I) that the prior-lottery model pictures the
game situation in the way in which it would be seen by an intelligent and "properly informed" outside observer.8 Consequently, when player j is trying to estimate the probability distribution R*, he will have to ask himself the question,
"What probability distribution R* would be chosen by a randomly selected
intelligent and properly informed outside observer, as his estimate of the true
probability distribution governing the random social process underlying this
game situation G?" (If player j feels that he cannot give a unique answer to this
question because different intelligent and properly informed o)Jservers are likely
to choose different probability distributions R*, then he can bonstruct his own
probability distribution R* by some averaging process over the various distributions R* he thinks different observers might choose.)
To put it differently, in trying to estimate the probability distribution R*,
player j should try to use only the information common to all n players. Of course,
in his analysis at some point or another he should make use of all information he
has about the game situation, including any special information which may be
available to him but may not be available to the other players. But under our
model all such special information must be represented by incorporating it into
player j's own information vector c; . In contrast, the basic probability distribution R* itself is meant to represent only information common to all n players.
(The same is true for then subjective probability distributions R1 , • • • , R,. and
then payoff functions V1, · · · , V,. :by definition they are meant to contain only
such information that, in player j's opinion, is common property of then players
-see Section 3 in Part I.)
T<· be sure, if player j follows the suggested estimation procedure this will
guarantee only that his own subjective probability distribution R 1 and the subjective probability distributions R1, · · · , R1-1, R;+l , · · · , R,. he will ascribe to
the other (n - 1) players will satisfy equation (5.3). But, of course, it will not
guarantee that his own subjective probability distribution R 1 and the subjective
probability distributions R1, · · · , R;-1, R;+l, · · · , R,. the other (n - 1)
players will in actual fact use in the game will satisfy equation (5.3). In other
words, the suggested estimation procedure will guarantee in~>rnal consistency
among the n probability distributions R1 , · · · , R,. that player j himself will use
in analyzing the game, but will not and cannot guarantee external consistency
among the probability distributions used by the different players. Indeed, so long
as each player has to choose his subjective probabilities (probability estimates)
3 We have defined a "properly informed" observer as a person possessing all information shared by all n players but having no extra information unavailable to the players, or
available to some particular player(s) yet unavailable to the other player(s).
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independently of the other players, no conceivable estimation procedure can ensure consistency among the different players' subjective probabilities.
More particularly, there is no way of ensuring that the different players will
choose the same subjective probability distribution M their estimate of the objective probability distribution R* underlying the game situation. For, by the very
nature of subjective probabilities, even if two individuals have exactly the same
information and are at exactly the same high level of intelligence, they may very
wellaBsign different subjective probabilities to the very same events.
At the same time, while the suggested estimation procedure does not in any
way guarantee external consistency among the different players' probability
estimates, we feel it does go as far as an estimation procedure can go in promoting
such external consistency. By asking each player to take the point of view of an
outside observer in estimating the objective probability distribution R*, it asks
him to choose an estimate as close as possible to the estimates other intelligent
people might be expected to choose, and to make his estimate as independent as
possible of his own personal prejudices and idiosyncrasies.

15.
So far our analysis has been restricted to the case in which player j has no
special information suggesting mutual inconsistencies among the probability distributions R1 , • • • ; R;, · · · , R,. of the players. Now what happens if player j
does have such information? For instance, what happens if in an international
conflict situation country j obtains quite convincing reports from its diplomatic
representatives, intelligence agencies, newspaper correspondents, etc., to the
effect that in analyzing the international situation country i is using a very different political and social philosophy, and a very different model of the world,
from country j's own; and that as a result the subjective probability distribution
R, used by country i is clearly inconsistent with the subjective probability distribution R1 used by country j?
In a situation such as this, one obvious possibility is to take this information
at face value and to conclude that the players' subjective probability distributions
are in fact inconsistent, which means that every player j simply has to resign
himself to the necessity of analyzing the game situation in terms of n mutually
inconsistent subjective probability distributions Rt, · · · , R;, · · · , R,..
As Reinhard Selten has pointed out,' his posterior-lottery model (see Section 6,
Part I of this paper) can be extended to this case of mutually inconsistent subjective probability distributions. All we have to do is to assume that when all K
players have chosen their strategies there will be a separate lottery L( im) for
every player i,. , instead of there being merely one grand lottery L * for all K
players. For each player i,. in role class i his lottery L(i,.) will choose (n - 1)
players [one player from each of the (n - 1) role classes 1, · · · , i - 1, i + 1,
· · · , n] as his "partners" in the game. If player im himself has the attribute
vector c; = c;0 , then the probability of his (n - 1) partners' having any specific
'In private communication (see Footnote 1 in Part 1).

GAMES WITH INCOMPLETE INFORMATION, III

165

,
combination of attribute vectors c, = c,0 ; • • • ; c,_, = cL,; c;+l = c~+l;
en = cn° will be governed by the subjective probability distribution R; =
c;0 ) which player i himself entertains. Player im will receive the
R;( ci I c;
payoff:

(15.1)
where s1°, · · · , sn° are the strategies chosen by player im and by his partners,
whereas c1°, · · · , cn° are the attribute vectors of these same n players.
Note that, under this model, "partnership" is not necessarily a symmetric relationship. If lottery L( im) of player i,. chooses a given player k. as a partner for
player im, then it does not follow that lottery L(kr) of player kr will likewise
choose player im as a partner6 for player k• . As partnership in general will not
be a symmetric relationship, and as the lotteries associated with different players
will be quite independent, this model does not presuppose any mutual consistency
in the sense of Postulate 4 among then probability distributions R, = R1 ( c1 I c1 ),
· · · , Rn = Rn(cn I en) governing the lotteries conducted for the players in then
role classes 1, · · · , n.
Thus, a Selten game G** will exist even for an inconsistent /-game G, for
which no Bayesian game G* exists.

16.
It is, however, always questionable whether any given information suggesting
inconsistencies among the different players' subjective probability distributions
R1 , • • • , Rn should really be taken at face value.
First of all, information about other players' assessment of probabilities (and
indeed about their internal beliefs and attitudes in general) tends to be very unreliable, because the players will often have a vested interest in misleading the
other players about their real ways of thinking. But even in the empirical facts
themselves about the other players' probability judgments are quite correct,
they will be usually open to alternative interpretations.
More particularly, any inconsistency among the various players' subjective
probability distributions R, is always a result of discrepancies among the basic
probability distributions R* = R<•) used by different players i (see Theorem IV
below). On the other hand, these discrepancies among the probability distributions
R<i> will themselves often admit of explanation in terms of the differences in the
information available to different players i-in which case, as we shall see, the
'This fact does not give rise to any logical difficulty. It only means that, owing to the
outcome of lottery L(im), player im's payoff may come to depend on the strategy Bk0 and the
attribute vector Ck0 of some player k,.-even though, owing to the outcome of lottery L(k,),
player kr's own payoff will not be dependent on the strategy s;0 and the attribute vector
c;0 of player im , but rather will be dependent on the strategy s~ 0 and the attribute vectoc~0 of another player i, ;F im in role class i. (Of course, when the players choose their strater
gies they will not know who will be whose partner and whether any such relation of partnership will be reciprocal or not.)
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game can be reinterpreted as a game involving mutually consistent subjective
probability distributions R1 , · · · , R,. on the part of the n players.
We now propose to state the following simple theorem.
Theorem IV. Let
(16.1)
be player i's basic probability distribution (i = 1, · · · , n), defined as his estimate of the probability distribution governing the random social process which
gave rise to the current game situation. Suppose that
(16.2)
Then the n players' subjective probability distributions R1 , · · · , R,. will be
mutually consistent.
Proof. Suppose player i thinks that the social process in question is governed
by the probability distribution R* = R<•>, and knows that his own attribute
vector has the value c; = c;0 • Then he must use the conditional probability distribution R* ( c' I c;) = R<•> ( c' I c;), generated by this distribution R* = R<il, for
evaluating the probability that the other (n - 1) players will have any specific
combination of attribute vectors c1 = c1°; · · · ; C;-1 = cL1 ; c,+l = c~+l ; · • · ;
c,. = c,.0• Hence, player i's subjective probability distribution R; will be defined
by this conditional distribution6
(16.3)

R, = R;(c' I c;)

This will be true for all players i
(16.2) we can write
(16.4)

= R*(c' I c;) = R<''(c' I c;).
= 1, · · · , n. Consequently, in view of equation
i

= 1, · · · ,n.

Hence, all n functions R1 , • • • , R,. will have the nature of conditional probability distributions generated by the same basic probability distribution R0,
which means that they will be mutually consistent.
By Theorem IV, if the functions R1, · · · , R.. are in fact mutually inconsistent,
then the basic probability distributions R< 1>, • • • , R<n> used by the n players
cannot be all identical; and it will be the discrepancies existing among these basic
probability distributions R< 1>, · · · , R<"> that account for the inconsistency among
the subjective probability distributions R1 , • • • , R,.. Now, our contention is
that the discrepancies existing among the different players' basic probability
distributions R<•> will often admit of explanation in terms of differences in the
information that different players have about the nature of the social process
underlying the current game situation.
For instance, in our previous example, if the subjective probability distributions R; and R; used by countries i andj are mutually inconsistent, this will indie In the case k ¢ i, the relationship R; = R<">(c' I c;) will hold in general only if R<"> = R<•>
as required by equation (16.2). However, in the case k = i, the relationship will always
hold, by the very definitions of the subjective probability distributions R; and of the
basic probability distributions R* = R<•>.
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cate that they assess probabilities in terms of two quite different basic probability distributions Rc.-> and R<i>. More particularly, e.g., country i may assign
much higher probabilities than country j does to the success of violent social
revolutions in various parts of the world. Now it will often be a very natural
hypothesis that these differences in the two countries' assessment of probabilities
are due to differences in the information they have acquired about the world as
a result of their divergent historical experiences-more particularly as a result
of their divergent experience about the prospects of violent social revolutions on
the one hand, and about the chances of achieving social reforms by peaceful nonrevolutionary methods on the other hand.
Of course, if player j makes the assumption that the discrepancies among the
probability distributions Rw used by different players i are due to differences in
the information available to them, this will mean under our terminology .that
these distributions R<'> are not really the basic probability distributions of these
players, because in this case, obviously, these distributions Rw cannot be assumed any longer to represent exclusively the information common to all n
players. Instead, each distribution Rw will now have to be interpreted as a
conditional probability distribution, conditioned by some special information
available to player i himself but not available to all n players;
On the other hand, if player j is willing to assume that aU discrepancies among
the distributions R<'> used by different players i are due to these differences in
the information available to them, then he can consider all these distributions
Rt•> to be conditional distributions derived from one and the same unconditional
distribution R*', which means that this distribution R*' will be the true basic
distribution of the game.
In symbols, let d, be a vector summarizing all special information about the
relevant variables which makes any given player i adopt the probability distribution RC() = R<'>(cl, · · · , c,, · · · , c,.)-instead of adopting some probability
distribution Ru.> = RU.>(c1, · · · , c,, · · · , c,.) used by another player k. Then
player i's true information vector (or attribute vector) will not be the vector c;
but rather will be the larger vector c', = (c.-, d;) summarizing the information
contained in both vectors c; and d.- •
Consequently, the true basic probability distribution R*' of the game will be
the joint probability distribution of these larger vectors c' ,, and so will have the
form

R*'

(16.5)

= R*'(c'1, · · ·, c',.) = R*'(c1, d1; · · ·

; c,., d,.).

In contrast, each distribution R* = R<•> will have the nature of a conditional
probability distribution (or more !lXactly of a conditional marginal probability
·
distribution) of the form
(16.6)

RC()

= R(()(c1, · · · , c;,

· · ·, c,.)

= R*'(c1, · · ·, c;,

· · ·, c,. I d.-).

In other words, player j will find that, as soon as he redefines the players'
attribute vectors as the larger vectors c', = (c; , d;), then the information he
has about the other players' subjective probabilities will become compatible
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with the hypothesis that all n players are actually using the same basic probability distribution R*' = R*'(c'1, • • · , c';, · · ·, c',.). Consequently, by Theorem
IV, this information will be compatible also with the hypothesis that the n
players are using mutually consistent subjective probability distributions R't,
· · · , R';, · · · , R',. of the fcrm
(16.7)

R', = R',((c')' I c',) = R*'((c')'l c',)

i

= 1, .. · ,j, .. ·, n,

where
To sum up, if the information player j has about the other players' subjective
probabilities seems to suggest that the n players are using mutually inconsistent
subjective probability distributions Rt, · · · , R;, · · · , R,., then more careful
reanalysis of the game situation may very well lead him to the conclusion that,
in actual fact, the players' subjective probability distributions can be better
represented by another set of probability distributions R'1o · · · , R';, · · · ,
R',., mutually consistent with one another.
Note that, in reanalyzing the game situation in this way, player j must use
not only the information he has obtained independently about the game, but
also any information he can infer from what he knows about the other players'
assessment of probabilities. For instance, suppose that player j himself would be
inclined to assign the probability P ;(e) to a given event e, but then obtains the
information that another player i assigns a very different probability P;(e) ~
P J( e) to this event. Then player j cannot rest the matter with the conclusion
that he and player i have apparently been assessing the probability of this event
on the basis of two rather different'sets of information. Instead, he also has to
reach a decision on whether his own assessment of this probability is likely to
be based on more correct and more complete information than player i's assessment is, or whether the opposite is the case; and, in particular, he has to decide
whether player i's quite different assessment of this probability is or is not a good
enough reason for him himself also to change his own assessment of this probability from P;(e) to some number closer to the probability P;(e) which player
i is assigning to event e.
Of course, this method of reconciling the different players' assessments of
probabilities in terms of the same basic probability distribution R*' will work
only if player j feels that the empirical facts which he knows about the other
players' probability assessments are favorable to, or at least are compatible with,
the hypothesis that the discrepancies among the various players' probability
judgments can be reasonably explained in terms of differences in their information. In our own view, in most cases the empirical facts will be at least compatible
with this hypothesis. But if in any given !-game G player j reaches the opposite
conclusion, then he will have to fall back upon Selten's model (see Section 15),
which permits mutually inconsistent subjective probability distributions on the
part of the players.
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17.
According to Theorem III (Section 12), even if player j uses mutually consistent subjective probability distributions R1 , · · · , R,. in his analysis of a given
I-game G, he may still have the problem of there being an infinite set of equally
admissible probability distributions R* satisfying equation (5.3) [Part I of this
paper]; which means that there will be an infinite number of Bayesian games
G* Hayes-equivalent to this I-game G.
However, by Postulate 3, this fact will not give rise to any difficulties because,
if player j uses the solution u of any of these games G* as the solution of game G,
he will always obtain the same solution u. This is so because, by Theorem III,
even if there are many Bayesian games G* Hayes-equivalent to G, there will
always be only ane Bayesian game (G"')* Hayes-equivalent to any given indecomposable component game G"' of G (since G"' will have only one unique admissible probability distribution R*(G"') = R"'. Hence, no ambiguity will result if
he uses the solution u"' of this Bayesian game (G"')* as the solution of this component game G"'. On the other hand, by Postulate 3, the solutions u"' of these
component games G"' will completely determine the solution u of the whole
game G.
Yet, even though the possible multiplicity of Bayesian games G* Hayesequivalent to a given /-game G causes no real probljlm, for some purposes it will
be convenient if we can make the assumption that there is always only one
Bayesian game G* Hayes-equivalent to each I-game G. We can achieve this by
using the fact that, under the procedure proposed in Section 14, each player j
will start his analysis of a given /-game G by first choosing a basic probability
distribution R* = R*(cl, · · · , c,.), and then will define then probability distributions R1 = R1(c1 I c1), · · • , R,. = R,.(c" I c,.) as the conditional distributions R 1 = R*(c1 I c1); · · · ; R,. = R*(c"l c,.) derived from this distribution
R*. This make it natural to define the I-game G itself (as assessed by player j)
in terms of this one distribution R* chosen by player j at the beginning of his
analysis, rather than in terms of the n distributions R1 , • · · , R,. derived from
this distribution R*.
Fmmally, this will mean that not only a C-game G* in standard form (i.e., a
Bayesian game G*), but also any consistent I-game Gin standard form, will now
be defined as the ordered set
(17.1)

a= a* = {S1,

... ,

s.. ; c~, ... , c.. ; v~, ... , v .. ; R*J,

instead of being defined as the ordered set
(17.2)

a=

{S1, ... ,

s.. ; c1,

· · · , c .. ; v~,

· · · , v.. ; R1, · · · , R,.J

in accordance with equation (3.18), which was our original suggestion. (Of
course, in the case of an inconsistent /-game G we have to go on using equation
(17.2) as our formal definition of the game.)
This now completes our general discussion of incomplete-information games G
and of their Bayesian-game analogues G*, which represent games with complete
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but imperfect information involving certain chance moves. We have discussed
the actual solution concepts our approach selects for these games only in the
case of a few simple illustrative examples (see Sections 9-11, Part II). More
systematic discussion of these solution concepts for a wider range of games with
incomplete information must be left for other forthcoming publications.

CHAPTER 9

USES OF BAYESIAN PROBABILITY MODELS
IN GAME THEORY 1

1 Objective and subjective probabilities and rational behaviour. Operationally, we can distinguish between objective and subjective probabilities as follows. Some probabilities are assigned the same numerical values by virtually all expert observers: for example, virtually
all experts will agree that a fair coin will show either side with the
same probability 1/2; or that a fair die will show any one of its six
sides with the same probability 1/6; etc. Other probabilities will
typically be assessed differently by different people: for example,
different experts on horse racing will usually assign different numerical probabilities to a particular horse coming in first in a given
race. Probabilities of the former type may be called objective probabilities, while those of the latter type may be called subjective
probabilities.
Objective probabilities can be regarded as objective structural
properties of certain physical (or biological or psychological or
social) systems; and they manifest themselves in the actual statistical
behaviour of these systems, i.e. in the long-run frequencies of
various alternative outcomes (e.g. in the fact that the long-run
frequency of HEADS in tossing a fair coin tends to be very close to
50 per cent). In contrast, subjective probabilities express psychological attitudes (expectations) held by various observers and decision
makers, rather than structural properties of the objects observed
and acted on.
1

The author wants to thank the National Science Foundation for supporting this research
through Grant SOC 77...{)6394 to the Center for Research in Management Science, University of California, Berkeley. He also wants to express his gratitude to the Center for
Interdisciplinary Research (Zentrum fur interdisziplinare Forschung) of the University of
Bielefeld, West Germany, for providing ideal working conditions for him during the
academic year 1978-9.
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The objective probabilities characterizing the behaviour of many
physical systems can be ascertained only by detailed statistical
observations. But for other physical systems these probabilities can
often be predicted on the basis of theoretical considerations, more
particularly on the basis of possible symmetry properties displayed
by some of these systems (as in the case of a fair coin, or a fair die,
etc.).
The distinction between objective and subjective probabilities
gives rise to the following threefold classification of individual decision problems (i.e. of problems of individual rational behaviour).
We say that a given decision maker acts under certainty when he can
predict the actual outcome (i.e. the actual consequences) of any
action he can take. We say that he acts under risk when he can at least
predict the objective probabilities associated with different possible
outcomes. Finally, we will say that he acts under uncertainty when
some or all of these probabilities are unknown to him (or when they
do not even exist as well-defined objective probabilities).
Since the subject of this paper will be the uses of subjective
probabilities in game theory, it may be helpful to say something
about the relationship between such individual decision problems
and game-theoretical decision problems. (I will make additional
comments on this relationship in Section 3 below.) Decision problems in general can be divided into those of individual decision, and
those arising in asocial setting. The latter in turn can be divided into
moral decision problems and game-theoretical ones. A moral decision
problem is a problem of how the different individual members of
society can best promote the common good, i.e. can best promote the
common interests of society as a whole. In contrast, a gametheoretical decision problem is a problem of how two or more
rational individuals, with possibly very dissimilar interests, can best
promote their own interests against, or possibly in cooperation with,
one another. (Note that game situations involving conflicts of
interest can arise not only among egoists, each of them trying to
promote his personal self-interest, but rather also among altruists,
trying to promote some altruistic objectives - as long as the latter
are trying to promote different and more or less incompatible
altruistic objectives.)
Of course, all three categories of individual, moral, and gametheoretical, decision problems come under the general heading of
problems ofpractical rationality, i.e. of problems of rational choice
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among alternative actions; and thus contrast with problems of
theoretical rationality, i.e. with problems of rational choice among
alternative theoretical beliefs. (The problems of theoretical rationality in turn comprise both problems of deductive, and of inductive,
rationality.) Thus, our classification of various problems of rationality can be summarized like this:
(A)
(B)

Theoretical rationality.
(A1) Deductive rationality.
(A2) Inductive rationality.
Practical rationality (rational behaviour).
(B1) Individual rational behaviour.
(B1a) Under certainty
(Blb) Under risk
(B1c) Under uncertainty.
(B2) Moral rationality.
(B3) Game-theoretical rationality.

Leaving the problems of theoretical rationality on one side, 2 the
rationality criteria (decision rules) appropriate for the various
specific sub cases of practical rationality can be described as follows.
Already classical economic theory has established the fact that
rational behaviour under certainty (case B1a) can be characterized as
utility maximization (see, e.g. Debreu 1959: 55-9). Modern Bayesian
decision theory has extended this result by showing that rational
behaviour under risk and under uncertainty (cases B1b and B1c) is
equivalent to expected-utility maximization. More particularly, in the
case of risk, where all relevant probabilities are known to the
decision maker, he must maximize an expected-utility expression
that uses these known objective probabilities as probability weights;
whereas in the case of uncertainty he must use his own subjective
probabilities in lieu of the unknown objective probabilities. (For a
discussion of the rationality axioms actually needed to establish the
expected-utility maximization theorem, see Harsanyi 1978.)
In the case of moral rationality (case B2), I have tried to show that
the appropriate rationality criterion is maximizing the average utility
2

Modern logic provides a very specific and very convincing characterization of deductive
rationality. In contrast, in my opinion, we still lack a satisfactory theory of inductive
rationality - though it might be possible to develop such a theory by suitable extension of
Bayesian decision theory.
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level of all individuals in society (Harsanyi 1953; 1955; 1976, Chapters I to V; 1977a, Chapter4; for a brief summary of my theory, see
Harsanyi 1977b). Finally, in the case ofgame-theoretical rationality,
the required rationality criteria are presumably provided by the
various game-theoretical solution concepts. (For a critique of the
solution concepts of classical game theory, and for suggestion of an
alternative solution theory, see Harsanyi 1977e.)
Even though the five classes of practical decision problems (the
problems of rational behaviour under certainty, risk, and uncertainty, as well as the problems of morality, and of game-theoretical
rationality) all represent quite distinct analytical problems, in actual
fact there has been a good deal of interaction among individual
decision theory, moral theory, and game theory. For example, von
Neumann and Morgenstern (1947) already found it useful to provide an axiomatic analysis of rational behaviour under risk in order
to clarify certain game-theoretical problems. My own work on
moral theory (see my papers quoted above) has used the same
theory of rational behaviour under risk as a foundation for a
utilitarian theory of morality. In this paper I now propose to discuss
how the Bayesian theory of rational behaviour under uncertainty has
been used to solve certain game-theoretical problems.
2 Bayesian probability models for games with incomplete information.
Classical game theory uses probabilities for two main purposes.
One is to characterize random moves. The other is to characterize
various classes of randomized strategies, such as mixed strategies
(both individually randomized and jointly randomized mixed
strategies) and behaviour strategies. In both cases, the numerical
probabilities employed are interpreted as objective probabilities, and
are assumed to be generated by suitable random devices with fully
known statistical properties.
The first major use of subjective probabilities in game theory has
been, I believe, in analysing games with incomplete information (Harsanyi 1967-8). A notable feature of this approach has been that,
whereas the games to be studied are originally described in terms of
certain subjective probability distributions (which express the players' expectations about some game parameters unknown to them},
in the actual course of the analysis these subjective probability
distributions are replaced by objective probability distributions of
the same mathematical forms.
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To describe the nature of the problem, I have to discuss two
related, but actually quite different, taxonomic distinctions: that
between games with perfect and with imperfect information, and that
between games with complete and with incomplete information. A
game is said to involve perfect or imperfect information according as
the players do or do not have full information at every stage of the
game about all past moves, including all personal moves made by the
various players, and all random moves decided by chance. On the
other hand, a game is said to involve complete or incomplete information according as all players do or do not have full information
about the very nature of the game as specified by the extensive form
(i.e. the game tree), or at least as specified by the normal form (i.e.
the payoff matrix).
Reflection will show that almost all real-life social situations are
games with incomplete information. In most cases the players will
have less than full information about each other's payofffunctions.
(First of all, they may be unable to predict the physical outcome to
be produced by various possible strategy combinations. Secondly,
they may not know other players' preference rankings among
different possible physical outcomes. Finally, even if they do know
these preference rankings (and, therefore, know the other players'
ordinal utility functions), they may not know the other players'
attitudes to risk taking (i.e. may not know the other players' cardinal utility functions).) Likewise, the players may not know the
specific strategies available to other players. Finally, they may not
know how much information the various players have about the
other players' payoff functions and strategy sets.
Yet, in spite of the great importance that games with incomplete
information have in empirical applications - as well as from a
theoretical point of view- classical game theory was totally unable
to analyse ·such games. (But it had no difficulty in dealing with
games involving either perfect or imperfect information, as long as
these were games with complete information.)
The problem, however, can easily be overcome with the help of
Bayesian decision theory.
(i) Let G be an n-person game with incomplete information in
normal form. We can always model the players' incomplete information by assuming it to be incomplete information about the other
players. More specifically, we can use the following model. The
role of each player i in the game can be played by any one of a
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number of individuals with different personal characteristics, different power positions, different resource endowments, etc. These
different individuals will be called the possible types (or subplayers)
of player i. They will be numbered as type 1, 2, ... , k;, ... , K;, of
player i. Incomplete information can now be modelled by the
assumption that, whereas each player i will know his own actual
type (i.e. he will know the number k;), he will not know the other
players' actual types (he will not know the numbers kt. . .. , k;-t.
k;+b • • ., kn)·
In a game with complete information, the payoff function of any
given playeri can be written as U;(s :1, • • • , S;, ... , sn), indicating that
his payoff will depend on the strategies s 1. ••• , s;, ... , sn of players
1, ... , i, ... , n. But, in our incomplete-information game, each
player i's payoff function will have to be written as U;(St. ... ,
S;, ... , Sn;k 1, • • • , k;, ... , kn), to indicate that in general his payoff
may depend, not only on the various players' strategies, but also on
their actual types.
(ii) Assuming that all players follow the rationality postulates of
Bayesian decision theory, each player i will express his expectations
about the actual values of the unknown variables k :1, • • • , k;-~o k;+b
... , kn in the form of a subjective joint probability distributionP; =
P;(k :1, • • • , k;-~ok;+ 1, • • • , kn)· For more convenient notation, I will
write~= (kh ... , k;-hki+I. .. . , kn), so thatP; can be written asP;=
P;(k;).
Of course, the other players in general will not know the subjective
probability distribution P; entertained by player i. Within our
model this fact can be expressed by the assumption that the different
types of player i would in general entertain different subjective
probability distributions P;. (As in our model the other players will
not know what player i's type actually is, this assumption ensures
that they will not know the distribution P; either.) To indicate this
dependence of P; on player i's actual type, we will denote the
subjective probability distribution used by any given type k; of
player i as P;(k;lk;). We will also use the notation
II; = {P;(k;I1),P;(k;l2), ... , P;{F;IK;)}
(2.1)
for i = 1, ... , n.
Thus, II; is the set of all subjective probability distributions that
would be used by the various types 1,2, ... , K; of a given player i.
Full characterization of the game will now obviously require, not
only specification of game G itself, but also specification of the sets
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II 1, • • • , lin. Accordingly, we will write G 0 = {G; II 1, • • • , lin}.
Thus, Go is simply game G, as enriched by information about the
subjective probability distributions that would be used by the various possible types of every player.
(iii) The next step of our analysis will involve construction of a
new game G *,similar to game G 0 , except that all subjective probability distributions P;(Ti;l)e;) entertained by the various types k; of any
given player i will be replaced by objective probability distributions
R;(Je;ik;) of the same mathematical forms.
To be more specific, in many social situations it will be natural to
choose the subjective probability distributions P;(F;"!k;) in such a
way that all of them will be obtainable as conditional probability
distributions
(2.2) P;(F;"I)e;) = P;(k 1o ••• , k;-h k;+t, ... , kn!k;)
= R(k I, • • . , k;-hki+I. ... , kn!k;),
derived from the same basic joint probability distribution
(2.3) R = R(k 1. ••• , k;-t,k;,ki+h ... , kn)·
If this is the case then the desired game G * can be obtained by using
the following simple model.
At the beginning of the game, nature conducts a "lottery" in
order to choose the types k 1, • • • , kn who will play the roles of
players 1, ... , n in the game. This lottery will be governed by the
joint probability distribution R (which, therefore, will have the
nature of an objective probability distribution). This distribution R
will be known to all players (and to all types of every player). Each
player i will also know his own type but will be ignorant of the other
players' actual types. Yet, since he will know the probability distribution R and will know his own type k;, his information about
the player types likely to represent the other players will correspond
to the conditional probability distribution R(k 1. ••• , k;-hk;+t,knl)ei)·
In view of (2.2) ·this objective conditional probability distribution
will have the same mathematical form as the corresponding subjective probability distributic>n P;(k 1. ••• , k;-hki+b ... , kn i)e;) occurring in game G 0 did.
Of course, in other social situations we may have to postulate
subjective probability distributionsP; which cannot be derived from
any given basic distribution R as conditional distributions. In such
cases, a more complicated construction is required in order to
obtain a suitable game G*. (In particular, instead of having one
"lottery" at the beginning of the game, we may need several
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"lotteries" at the end.) But it can be shown that it is always possible
to construct a game G *in which the subjective probability distributions Pi{k;lki) are replaced by objective probability distributions of
the same mathematical forms (see Harsanyi 1967-8: 486-502).
(iv) I now propose to argue that, once a game G * with the
desired properties has been constructed, this game will be gametheoretically equivalent to game G 0 • This follows from the general
principle that Bayesian decision makers (including the players of a
game if they follow the Bayesian rationality postulates) will always
act on any given set of numerical probabilities in exactly the same
way, regardless of whether these probabilities are objective probabilities based on the best information available to them, or are their
own carefully chosen subjective probabilities (when the information
available does not include a knowledge of the relevant objective
probabilities).
Yet, this means that the problem of analysing a game with
incomplete information, G (or Gj, has been reduced to the problem
of analysing a game with complete (even though impeifect) information, G *. (G * is a game with complete, yet with imperfect, information because the players' original ignorance about some basic parameters of the game has been replaced by an ignorance about the
outcomes of certain random moves or "lotteries".)
These modelling techniques, involving an introduction of suitably chosen random moves, have opened up a completely new
dimension of flexibility for game theory in the study of game
situations. We now can produce games with any desired distribution of knowledge and ofignorance among the various players, and
can conveniently study how alternative informational assumptions
will change the nature of any given game. We can also study how
any given player can infer some pieces of information originally
denied to him, by observing the moves of some other players who
already possess this information, and whose moves may in fact
express this information. We can also investigate how each player
can optimally convey information to some other players, or can
optimally withhold information from them, in accordance with his
own strategic interests in the game (see Harsanyi 1977d).

3 The tracing procedure: a Bayesian approach to defining solutions for
noncooperative games. Another application ofBayesian ideas in game
theory has been in the tracing procedure, which is an attempt to
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extend the Bayesian approach from one-person decision problems
to the n-person decision problem of finding a solution for an
n-person noncooperative game (Harsanyi 1975).
Most game theorists agree that the solution of any noncooperative game must be an equilibrium point. 3 This is so because any
reasonable solution must be a strategy combinations = (s" ... , sn)
with the property that no player i will have a clear incentive to
deviate from his solution strategy S; merely because he expects the
other players to follow their own solution strategiess" ... , S;-t,S;+t.
••• , Sn· But if any given played's solution strategy S; were not a best
reply to the other players' solution strategies then he would have
such an incentive. Consequently, every player's solution strategy
must be in fact a best reply to the other players'. But this means that
the solution must be an equilibrium point.
Nash (1951) has shown that every finite game (every game with a
finite number of players, and with a finite number of pure strategies
for each player) has at least one equilibrium point. But, unfortunately, equilibrium points are very far from being unique: almost
every interesting game has more than one equilibrium point;
indeed, it will often have a very large number, and may even have
infinitely many. The purpose of the tracing procedure is to choose
one specific equilibrium point of any noncooperative game as the
solution of this game.
Let me now introduce some notations. Suppose that G is an
n-person noncooperative game in which player i (i = 1, ... , n) has
K; different pure strategies, tobe denoted as a;1.a;2, ... , aiK;- A mixed
strategy s; of player i will be a probability vector of the forms; =
(s;t,S;2, ... , siK;), where S;k(k = 1,2, ... , K;) is the probability that
this mixed strategy S; assigns to the pure strategy aik· A strategy
combination of then players will be written ass = (s" ... , sn)· A
strategy combination of the (n -1) players other than player i will be
written asS;= (s 1o ••• , S;-t,S;+ 1, . . . ,sn)· We will also writes = (s;,Si).
Player i's payoff function will be written as U;(s;,Si).
The tracing procedure is based on the following model. Any
playerj -:F. i will have to form expectations about the strategy that
3

Let me remind the reader of the relevant definitions. A given strategy s1 of player i is a best
reply to thestrategiess • .. .,s1-., s1
,s. used by the other (n-1) players ifs1 maximizes
player i's payoff U 1(s • ... , s,_., s1, s1+., ..., s.) when all other players' strategies are kept
constant. A given strategy combination s = (s • . . ., s.) is called an equilibrium point if the
strategy s1 ofevery playeri is a best reply to the strategiess • .. . ,s1-.,si+., .. .,s. of the other
players.

+., .. .
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player i will use in the game. In accordance with Bayesian theory, it
is assumed that these expectations will take the form of a subjective
probability distribution p; = (pil, p;2, ... , PiK) over player i's pure
strategies, where p ik (k = 1, 2, ... , K;) is the subjective probability
that playerj assigns to the hypothesis that player i will use his pure
strategy aik·
It is assumed that any player j =I= i will derive his subjective
probability distribution p; over i's pure strategies from the basic
parameters of the game (e.g. from the payoff functions) by the same
computation procedure, so that different playersj will arrive at the
same distribution p;. This distribution p; will be called the prior
probability distribution over player i's pure strategies.
Mathematically, such a prior distribution p ;, being a probability
distribution over i's pure strategies, will have the nature of a mixed
strategy by player i. But of course it will have a very different
intuitive interpretation from an ordinary mixed strategy. Whereas
an ordinary mixed strategy s; always involves the assumption that
player i himself will randomize among his alternative pure
strategies, a prior probability distribution p; does not involve any
such assumption. Rather, it merely expresses an uncertainty in the
other players' minds about the actual strategy that player i will use in
the game.
I will writep =(pl. .. . ,pn),p; = (p 1, • • • ,p;-bPi+b .. .,pn), and
p = (p;, ji;). Thus, p; is a probability vector summarizing player i's
expectations about the behaviour of the other (n-1) players'
behaviour in the game, whereas p summarizes all n players' expectations about one another's behaviour.
Suppose we know the vector p. How can we then predict the
outcome of the game? The simplest answer would be this. Since the
expectations of each player i about his fellow players' behaviour are
expressed by subvector p; of vector p, he will use that particular
strategy s; 0 that is his best reply top;, i.e. he will use that particular
strategy s; = s; 0 that maximizes his expected payoff, defined by the
expression
U;(S;, p;).
(3.1)
Accordingly, one may try to argue that the outcome (solution) of
game G should be defined as the strategy combinations 0 = (s t0 , ••• ,
s; 0, • . • , sn°), consisting of these best-reply strategies s t0, ••• ,
s; 0, ••• , sn °. I will describe this view as the naive Bayesian approach.
Regrettably, this simple-minded naive Bayesian approach is
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unacceptable because the strategy combinations 0 in general will not
be an equilibrium point of game G.
Yet, even though this naive Bayesian approach would be an
unsatisfactory solution theory, it can be used as a starting point for a
more satisfactory theory. In fact, the tracing procedure always
starts with this best-reply strategy combination s0 , but then systematically and continuously transforms this strategy combination
until in the end it converges to an equilibrium points* = (s.t*, ... ,
sn *)of the game, which then will be chosen as the solution. Indeed,
the tracing procedure is meant to model the process of convergent
expectations by which rational players, starting from a state of expectational disequilibrium, can make their expectations converge upon
a specific equilibrium point of the game.
The tracing procedure is based on a one-parameter family of
auxiliary games G 1, with 0 :s;;; t :s;;; 1. In any given game G 1, the payoff
function U;' of each player i will be defined as
(3.2) U;'(s 1,$;) = (1-t)U1(s 1,p;) + tU1(s 1,5;').
Clearly, fort= 1, gameG' = G 1 will have the same payofffunctions
(3.3) U/(s 1,s'J = U 1(s 1jJ
as the original game G has. Therefore, we can write G 1 = G. On the
other hand, fort= 0, game G' = G 0 will have payoff functions of
form (3.1) since
(3.4) U1 °(s~o""i;) = U1 (s~oP7J
Equation (3.4) shows that game G 0 is a game of very special form
which makes each player's payoff depend only on his own strategy
s~o and makes it independent of the other players' strategy combinations;. Consequently, G 0 can be factored into n independent maximization problems, one for each player, since each player's task in
the game will be simply to maximize the expression U 1(s 1,p;),
regardless of what the other players are doing.
For each game G ', let E' be the set of all equilibrium points of G 1•
By Nash's theorem (Nash 1951), each of these sets E' will be
nonempty. Let P be the graph of the correspondence t--+E 1, 0 :s;;; t :s;;;
1. For any fixed t, this graph will have as many points as the number
of equilibrium points inE'. Accordingly, in nondegenerate cases, in
the region t = 0, this graph P will have only one point x 0 , because
each player i will have a unique (pure) strategy s1 = s1 maximizing
the payoff function U 1 = U 1(s 1,p;), so that the equilibrium-point set
E 0 will contain only the one point s0 = (s 1°, ••• , sn0). Moreover, one
can show that, in nondegenerate cases, graph P will contain exactly

°

°
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one continuous pathL, leading from this one pointx 0 inregiont = 0
to some point x 1 in region t = 1. This point x 1 will always correspond to a specific equilibrium point s* = (s 1*, ... , Sn "') of the
original game G = G\ and this equilibrium points* will be chosen
as the solution of game G.
The mathematical procedure selecting s* as the solution is called
the tracing procedure because it is based on tracing (i.e. following) this
continuous path L from its starting point x 0 (corresponding to the
strategy combinations~ to its end point x 1 (corresponding to the
solution s "').
This version of the tracing procedure, called the linear tracing
procedure, will always yield a unique solutions* in all nondegenerate cases. But in degenerate cases it may yield several (or even
infinitely many) solutions because
(i) Graph P may contain more than one point x 0 in region t =
0 (in which case it will always contain infinitely many points
xo).

(ii) Moreover, even if x 0 is unique, there may be several (or even
infinitely many) continuous paths leading from point x 0 to points in
region t = 1.
It can be shown, however, that a modified form of the procedure,
called the logarithmic tracing procedure, will always yield a unique
solution, even in highly degenerate cases.
The solution defined by the tracing procedure always has the
forms* = T(G,p}. In other words, the solutions* defined by the
tracing procedure will not only depend on game G for which the
solution is defined, but will also depend, and often quite sensitively
depend, on the vector p = (p 1o ••• , p n) of prior probability distributions chosen as a starting point. This of course means that the
tracing procedure in itself does not provide a complete solution
theory for noncooperative games. It yields a complete solution
theory only if it is supplemented by a theory of how to choose
suitable prior probability distributions p; for any given game G. But, in
conjunction with such a theory, it does represent a very attractive
approach to defining solutions for noncooperative games. (For a
more detailed discussion of the tracing procedure, and for the
proofs of the relevant mathematical theorems, see Harsanyi 1975.
For a discussion of the prior distributions see Harsanyi 1977c. The
last-mentioned paper also contains a general discussion of the Harsanyi-Selten solution theory, based on the tracing procedure, and
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on suitable procedures for constructing prior probability distributions. See also Harsanyi 1977e.)
4 Conclusion. I have tried to show on two examples that, even
though individual decision theory and game theory are dealing
with very different classes of decision problems, a use of Bayesian
decision-theoretical tools in game theory can produce valuable
results.

University of California, Berkeley
University of Bielefeld
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SECTION D

NONCOOPERATIVE MODELS FOR COOPERATIVE
GAMES

CHAPTER 10

AN EQUILIBRIUM-POINT INTERPRETATION OF STABLE
SETS AND A PROPOSED ALTERNATIVE DEFINITION*
The paper argues that the von Neumann-Morgenstern definition of stable sets is
unsatisfactory because it neglects the destabilizing effect of indirect dominance
relations. This argument is supported both by heuristic considerations and by
construction of a bargaining game B(G), formalizing the bargaining process by which
the players agree on their payoffs from an n-person cooperative game G. (G itself is
assumed to be given in characteristic-function form allowing side payments.) The
strategies p; the players use in this bargaining game will determine which payoff
vectors x will be stationary, i.e., will have the property that, should such a payoff
vector x be proposed to the players, all further bargaining will stop and x will be
accepted as the outcome of the ~ame. It will be suggested that a stable set should
be defined as the set V of all stationary payoff vectors x, on the assumption that
the players' bargaining strategies p, will form a canonical equilibrium point p in the
bargaining game B(G).
In a certain class of games, to be called absolutely stable games, indirect dominance
relations turn out to, be irrelevant, and in these games the suggested definition for
stable sets is equivalent to the von Neumann-Morgenstern definition. But in general
this is not the case. However, if we assume that the players will adopt bargaining
strategies deliberately discouraging any use of indirect dominance relations, then,
in every game, the stable sets our model yields will always be von Neumann-Morgenstem stable sets.
At the end of the paper, we briefly discuss a possible modification in the suggested
definition for stable sets, based on a modified bargaining game B•(G), in which the
players are permitted to accept cuts in their provisional payoffs if they think that
this move will increase their final payoffs.

I. HEURISTIC DISCUSSION
I. Introduction

The von Neumann-Morgenstern stable sets (solutions) of ann-person cooperative
game G are based on certain implicit assumptions about the nature of the bargaining
process among the n players. We shall try to make these assumptions explicit, and shall
argue that they neglect the destabilizing effect of indirect dominance relations. We
shall support this argument by constructing a bargaining game B(G) to formalize
the bargaining process through which the players are supposed to agree on their payoffs
X; from game G.
• Processed by Professor Melvin F. Shakun, Departmental Editor for Game Theory and Gaming and Associate Editor William Lucas; received December 28, 1971, revised January 2, 1973.
This paper has been with the author 6 months for revision.
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The strategies p; the players use in this bargaining game B(G) will determine which
particular payoff vectors x Vlill be "stationary," that is, which will have the property
that, should such a payoff vector x be proposed to the players, all further bargaining
will stop, and this payoff vector x will become the outcome of the game. The same
strategies p; will also select one specific stationary payoff vector x as the actual outcome. We shall argue that a &table &et should be defined as the set V of all stationary
payoff vectors x, on the assumption that the players will use bargaining strategies p;
corresponding to an equilibrium point p with suitable properties (to be called a canonical equilibrium point) in the bargaining game B (G).
Thus, under this model, the strategies p; the players use in this bargaining game
B(G) play two roles. One is to select one specific imputation x as the outcome of the
game. The other is to define a stable set V, typically containing many other imputations
y ;&! x, besides the one imputation x actually achieved by these strategies. In this sense,
the players' bargaining strategies select, not only one specific imputation, but rather a
whole "standard of behavior" (von Neumann and Morgenstern, [8, 1947, pp. 31-45)).
We shall find that in a certain class of games, to be called absolutely stable games,
indirect dominance relations are irrelevant; and in these games our definition will
yield the same stable sets Vas the von Neumann-Morgenstern definition does. But, in
other games, in general, this will not be the case.
However, as we shall see, if we assume that the players will adopt bargaining strategies deliberately discouraging any use of indirect dominance relations, then, in every
game, the stable sets our model yields will be stable sets corresponding to the von
N eumann-Morgenstern definition.
Nash [5, 1951, p. 295] has suggested that we can obtain a clearer understanding of
the alternative solution concepts proposed for cooperative games, and can better identify and evaluate the assumptions they make about the players' bargaining behavior,
if we reconstruct them as equilibrium points in suitably defined bargaining gamestreating the latter formally as noncooperative games. This paper is meant to be a step
towards implementing Nash's program.
For convenience, we shall restrict our discussion to "classical" cooperative games
with side payments, though our main results can be extended also to games without
side payments (Aumann and Peleg, [2, 1960)). Unlike von Neumann and Morgenstern,
we shall assume that each cooperative game G is given in characteristic-function form.
That is, we shall assume that the characteristic function v is directly specified by the
very definition of game G, instead of being derived from the normal form of G.

2. Definitions
The set of all n players will be called N. The characteristic function v is a function
assigning a real number v (S) to each subset S of N. We shall assume that v has the
usual properties:
(1)

v.(0) = 0,

where 0 is the empty set, and
{2)

v(Su T) ~ v(S)

+ v(T)

if SandT are disjoint subsets of N. Property (2) is called superadd#ivity.
We shall also assume that vis given in zero-reduced form so that
{3)

v (S) =

o

if

Is I =

1,
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where I S I is the number of players in S. (This number will sometimes be denoted also
ass.) Finally, we shall assume that vis essential so that

(4)

v(N)

> LiEN11({i}) = 0.

A given coalition S ~ N is called effectitJe (Masehler, [4, 1963, p. 233]) if, for all
possible nonempty subeoalitions R and T with R u T = S and R n T = 0, we have

(5)

v(S)

>

v(R)

+ v(T).

Every one-person coalition S = { i} is always effective because it vacuously satisfies
(5 ). Our essentiality requirement (4) is equivalent to requiring that the game should
contain at least one effective coalition S containing more than one player.
By (2) and (3 ), the highest value v (S) any coalitionS can have is

(6)

v(S) = v(N)- L;Esv({i}) = v(N),

whereas the lowest value it can have is
v(S) = LiEsv({il) = 0.

(7)

S is called a winning coalition if it satisfies (6 ), and is called a losing coalition if it
satisfies (7 ). A given game G is called a simple game (von Neumann and Morgenstern,
[8, 1947, Chap. X]) if every coalition in G is either \\inning orJosing.
A game Gin characteristic-function form is defined as follows. The task of the players
is to form the all-player coalition N, or else to partition themselves into two or more
disjoint coalitions S1, S2, · · ·. The s members of any coalition S can achieve any
coalitionalpayoffvectorx8 = (x;, ·· ·,x;),whereS = {i, ···, j},subjectto
(8)

and to

(9)

X;!;';

v({i}) = 0

forall

iE S.

The resulting payoff vector x = (xi, · · ·, x,.) for the n players will always satisfy
(10)

and
(11)

X;

!;';

v ({ ~1 ) = 0 for all i E N.

A payoff vector x satisfying (10) and (11) is called a semi-imputation. In what follows,
whenever we refer to a payoff vector for the n players we shall always mean a semiimputation.
If a semi-imputation x also satisfies the efficiency condition

(12)

LiEN

x; = v(N),

then it is called an imputation. A given imputation x is called an interior or an exterior
imputation, according as it is an interior or an exterior point of the set X of all
imputations. Equivalently, an imputation x is called interior if it assigns positive
payoffs x; > 0 to all n players; and it is called exterior if it assigns zero payoff (s) x; == 0
to some player(s).
We say that a given payoff vector y = (Yt , • • • , y,.) dominates some payoff vector
x = (x1, · · ·, x,.) through a particular coalitionS~ N, S -F 0, if
(13)

y EX,
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where X is the set of all imputations, and if

y;

(14)

>

x;

for all i E S

and, if at the same time,
(15)

(Condition (13) is usually not included in the definition of dominance, but for our
purposes it is convenient to do so.) Thus, y must yield every player i in S a higher
pay~ff y, > x; than x would; and coalitionS must also have the power to achieve these
higher payoffs, which will be the case if their sum LY;(i E S) does not exceed the
quantity v(S).
The statement "y dominates x" will mean that y dominates x through some coalition(s) S ~ N.
A given set V of imputations in game G is called a von Neumann-Morgenstern stable
set (or solution) if it has the following two properties:
(16)

If any imputation x is in V,
then x is not dominated by any imputation y in V; and

(17)

If any imputation xis not in V,
then x is dominated by some imputation y in V.

Property (16) is called internal stability whereas property (17) is called external
stability. It is easy to verify that if V is a stable set in this sense, then it will have external stability also in the following stronger form:

(IS)

If any semi-imputation xis not in V, whether it is an imputation or not,
it will be dominated by some imputation y in V.

As we have seen, the definition of a game G given in characteristic-function form
implies that the outcome of the game will be a semi-imputation (or that it will be an
imputation if we assume efficient behavior on the part of the players). But this does
not answer the question why the players should be interested in choosing an imputation from some particular stable set V of the game. This question can be answered only
by making more specific assumptions about the bargaining process among the players.
3. The Bargaining Process Underlying the Definition of Stable Sets
In defining stable sets, von Neumann and Morgenstern have presumably envisaged
a bargaining process of the follo"\\1.ng kind.
At first, one of the players proposes some payoff vector x. Then, some player coalition S may make a counter proposal, suggesting an alternative payoff vector y. But
this counter proposal will not be taken seriously, unless y dominates x through this
coalition S. That is, the s players i in S must be able to show that they have the
pOwer to achieve the payoffs Y• they are proposing for themselves, and that they also
have an interest in demanding these payoffs y, rather than accepting the payoffs x;
previously proposed for them. If y does dominate x through S, then y "\\ill now replace
x as the payoff vector under consideration.
Then again, another coalitionS' may propose still another payoff vector y', which
will in turn replace y as the payoff vector under consideration if y' dominates y through
coalition s'' etc.
This bargaining process will come to an end if the last payoff vector z under con-
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sideration is no longer challenged by anybody (at least for some stipulated period of
time), i.e., if no coalition T proposes any payoff vector z' dominating z through this
coalition T. 1 If this situation arises, then this payoff vector z will become the final payoff vector of the game, and the players will receive the corresponding payoffs z1 , • • ·, z• .
A very important additional assumption underlying the concept of a stable set is
this. Suppose that in this bargaining process the players' expectations come to be
focused on some particular stable set V, so that they expect all payoff vectors x in V
to be stable, and all payoff vectors x' not in V to be unstable. Then, these very expectations will give them incentives to behave in such a way as to justify these expectations. 2
More particularly,
(A) All payoff vectors in V will be in fact stable in the sense that, once such a payoff
vector x has come under consideration by the players, their discussion will not shift
to any other payoff vector y thereafter, because no payoff vector y dominating x will
be proposed by any coalitionS. Thus, x will become the final payoff vector of the game.
(B) In contrast, all payoff vectors x' not in V will be in fact unstable in the sense
that, even if such a payoff vector x' came to be proposed and to be considered by the
players, their discussion would soon shift to an alternative payoff vector y proposed by
some coalition S and dominating x through S. Thus, x' would not become the final
payoff vector of the game.
How can we justify assumptions (A) and (B) in terms of the two defining properties
(16) and (17) of stable sets? To justify (A), the following argument seems to suggest
itself:
(A*) In view of (16), if xis in V, then any payoff vector y dominating x must lie
outside V and therefore, according to assumption (B), any such y will be unstable.
Thus, no coalition S will find it profitable to get x replaced by such a payoff vector y.
Even though y would yield higher payoffs y; > X; than x would yield to the s players
i in S, they could not retain these higher payoffs y, because y, being unstable, would
soon be itself replaced by still another payoff vector y' proposed by some coalition s'
and dominating y through s'.
To justify assumption (B), one may argue as follows:
(B*) In view of (17), if payoff vector x' is not in V, then it must be dominated by
some payoff vector y which does lie in V and which therefore, according to assumption
(A), will itself be stable. Hence, there will always be some coalitionS that will find it
profitable to get x' replaced by such a payoff vector y. This is so because, y being itself
stable, the s players i inS will be able in this case to retain the higher payoffs y; > x;
corresponding to y.
By (A*), we need assumption (B) to justify assumption (A); and, conversely, by
(B*}, we need (A) to justify (B). But the question is, are (A*) and (B*) valid arguments? It seems to me that (B*) in itself is valid enough-provided that all payoff
vectors yin V are in fact stable as required by assumption (A). But-at least in the
absence of some alternative justification (see §10 below )-assumption (A) itself will
be, in general, false because argument (A*) is open to the following objection.
1 In many games (viz. in those with empty cores), every payoff vector z could be challenged by
some players-but, it may not always be profitable for them to do so (see below).
• In contrast, let V• be some set of payoff vectors not possessing properties (16) and (17), and
therefore not having the nature of a stable set. Nevertheless, suppose that the players would
somehow come to expect all payoff vectors x in v• to be stable, and all payoff vectors z' not in
V0 to be unstable. Then, these very expectations would give them incentives to behave in such a
way as to falsify these expectations.
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Suppose that coalition S does get payoff vector x replaced by some unstable payoff
vector y, and that the latter in turn is later replaced by a third payoff vector y'. Then,
this payoff vector y' itself may very well be a stable imputation lying in set V, and
may very possibly yield every player i in S a higher payoff y'; > x; than the first payoff
vector x would have yielded him. But, should this be the case, then every player i
in S will have obtained a lasting benefit by getting x replaced with y (so as to permit
another coalition S' in turn to get y replaced with the desirable payoff vector y').
Hence, a given payoff vector x may turn out to be unstable, even though it does belong
to set V.
4. Indirect Dominance

More generally, a given payoff vector x in V may turn out to. be unstable because
some coalition S = S 1 may wish to take advantage of what we shall call a monotone
chain of dominance relations. We shall speak of a chain of dominance relations in a
given game G if there is a sequence of payoff vectors y\ · · ·, y", · · ·, yx with K 5;;; 3,
and there is a COrresponding sequence Of COalitionS S1, • • • 1 Sk 1 • • • 1 sK-11 with the
property that
(l 9 ) Each payoff vector y" (k = 1, · · ·, K - 1) is dominated by the next payoff
vector y"+1 through coalition S".
In view of (13), property (19) implies that ally" with k 5;;; 2 must be imputations.
For convenience, we shall call any sequence of payoff vectors y\ · · · , yx itself a chain
if it has property (19) with respect to some sequence of coalition S 1, • • • , sx- 1•
We shall speak of a monotone chain of dominance relations, as well as of a monotone
chain of payoff vectors y\ · · ·, yx, if these payoff vectors y" also have the additional
property that
(20)

y/

< y;K

for all i E s", and for k = 1, .. ·, K- 1.

Here y/ and y;K denote the ith components of y" and of yx, respectively.
Finally, we shall say that a given payoff vector xis indirecUy dominated by another
payoff vector z if there exists a monotone chain y\ · · · , yx connecting x = y1 with
s = yx. In contrast to the indirect dominance relation just defined, the relation defined
by (13), (14), and (15) will sometimes be called direct dominance.
We have included condition (20) in our definition of indirect dominance, because
the members i of any coalition s• cannot be expected to cooperate in getting payoff
vector x" replaced by the next payoff vector xH1; unless the likely end result of this
move, the last payoff vector xK of the chain, will yield them higher payoffs y;x > yl
than the payoff vector y" to be replaced would yield them.
In this terminology, our objection can be restated as follows. Assumption (A)
lacks -general validity because a given imputation x in some stable set V may be
indirecUy dominated by another imputation s in the same stable set V. To be sure, as
V will possess property (16 ), x cannot be directly dominated by another imputation z
in V, but, in general, we cannot exclude the possibility of indirect dominance. Yet, if
xis, in fact, indirectly dominated by some stable imputations in V, this will tend to
make x unstable, contrary to assumption (A).
This fact suggests the following definition. Let V be a stable set possessing internal
stability in the following stronger form, going beyond property (16):
(21 ) If some imputation x is in V, then x is not dominated, either directly or indirectly, by any imputation z in V.
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We shall call property (21) indirect internal stability. If any stable set V has this
property, then it will be called stricUy stable. 3
We shall call a given game G itself strictly stable if all stable sets V in G are strictly
stable.
Thus, we reach the following conclusion. Assumptions (A) and (B) arc always
justified in the case of strictly stable sets V. But they are, in general, unjustified in the
case of stable sets lacking strict stability-or, more exactly, as we shall see in Section
10, they can be justified only by additional assumptions about the strategies the
players will follow in the bargaining game B(G).
5. Trivial indirect dominance relations and absolutely stable games

We shall now give some examples for strictly stable sets V and for strictly stable
games G. But, first, we need a few more definitions.
Suppose that payoff vector x is indirectly dominated by payoff vector y. We shall
call this indirect dominance relation trivial if x is at the same time also directly
dominated by y. Otherwise, we shall call this indirect dominance relation rwntrivioL
A given game G will be called absolutely stable if every indirect dominance relation of
one imputation over another imputation in G is trivial. This terminology is motivated
by the following lemma.
LEMMA 1. Every absolutely stable game G is strictly stable. (That is, if all indirect
dominance relations between imputations in G are trivial, then all stable sets V in G are
strictly stable.)
PROOF. Let V be a stable set in G, and let x andy be imputations in V. We have to
show that x cannot be even indirectly dominated by y. Now, if x were in fact indirectly
dominated by y, then it would also be directly dominated by y (because in G all indirect dominance relations between imputations are trivial). But this is impossible
since V has property (16 ). Hence, x cannot be indirectly dominated by y.

1. Games of the following two classes are always absolutely stable:
(a) Simple games, and
(b) Games where all effective coalitions are 1 or (n - 1) or n-person coalitions (which

THEOREM

include all two- and three-person games).
PROOF. In a simple game G, let y\ · · ·, yK be a monotone chain of imputations with
respect to the coalitions S'' ... ' sK-l. we have to show that the indirect dominance of
yK over y' is trivial, i.e., that yK also directly dominates y1• By (20),

(22)

y;K

> yl

for all i E S 1•

In a simple game, dominance can occur only through winning coalitions. Therefore,
v (S1 ) =
= v (SK-I) = v (N ). Since yK is an imputation, we have
(23)

:E;es•Y;K;;;;; v(N) = v(S1 ).

Consequently, by (22) and (23), yK does directly dominate y1 through S1•
Next, suppose that y1, • • ·, yK is a monotone chain in a game G' of class (b). In
games of this class, dominance over an imputation can occur only through· (n - 1 )1 Our concept of strictly stable sets is somewhat similar to Vickrey's [1959] concept of strong
solutions. Yet, the two concepts are not equivalent. For example, as we shall see (Theorem 1 in
Section 5, below), all stable sets of any three-person game are always sttictly stable. In contrast,
as Vickrey has shown [op. cit., pp. 216-19], some of these stable sets are not strong solutions.
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person coalitions. Therefore, I S 1 I = ... I sK-I I = n - 1. Let s' = N - Ul and
S 2 = N - (mj. Without loss of generality, we can assume that S' -.t- S\ because if
S 1 = S\ then we can simply use the shorter sequence y\ y\ · · ·, yK, which, in this case,
will be itself a monotone chain with respect to S\ S3, ••• , sK-I. Therefore, j -.t- m,
andj E S2 • Hence, by (20)
(24)

y,.x

>

y/.

By (15)
(25)
Since yK and y2 are both imputations, in view of (24) and (25 ), we can write
(26)

L;es•Y;K = v(N)- y,.x

< v(N)-

y/ = L;es•Yl ~ v(S').

Consequently, by (22) and (26), yK again directly dominates y1 through coalition S1•
This completes the proof of Theorem 1.
Theorem 1 shows that, for games of classes (a) and (b), assumptions (A) and (B)
of §3 are always valid. But, in general, for other games, this will not be the ease.
II. FORMAL ANALYSIS OF THE BARGAINING GAME
6. Definition of the Bargaining Game

Let o* = (0, · · ·, 0) be the zero vector, i.e., an n-vector whose n components all
are zero. Let X be the set of all imputatio_ns in game G. We define
(27)

x*

=

x u 1o*l.

Thus X* is the set of imputations enlarged by including the zero vector.
We shall assume that the bargaining game B (G) is divided into stages 1, · · ·, k, · · ·At each stage k, the state of the game can be characterized by some payoff vector
:l E x* under active consideration by the players, to be called the current payoff
proposal xk for stage k.
We shall say that a given coalition S ~ N makes an effective counter proposal at
stage k if the s members of S unanimously propose some imputation yk dominating the
curre~t payoff proposal xk through this coalition S. If this happens, then this imputation yk will become the payoff proposal i+1 = yk for the next stage (k + 1 ). In order
to handle the case where two or more coalitions would like to make different effective
counter proposals to xk, we shall introduce an extra player to act as chairman during
the negotiations, and to decide which particular coalition S = Sk "should have the
floor" at any stage k. This chairman will be called player C or player (n + 1 ). The
n players other than chairman C will be called regular players. The set of all (n + 1)
players will be called M. Thus
(28)

M = Nu(n+

11.

Player C can be regarded as a personification of all factors that enable any particular coalition S at any stage k of the game to get organized, and to make an effective
counter proposal yk to the current payoff proposal xt, before other coalitions S' -.t- S
could do so.
LetS be the set of all (2"- 1) nonempty subsets of N. We shall assume that the
bargaining game B(G) is played as follows. At each stage k (except for the last stage
k = Kif the game ends after a finite number of stages), player C will choose some
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coalition Sk E s for making a counter proposal to xk. Then, every player i in this
coalition Sk will independently choose some imputation yk' E X. Finally, the payoff
proposal xH1 for the next stage (k + 1) will be determined as follows:
(29)

xk+l = yk

if all players i in sk have chosen the same imputation yki
and if this imputation yk dominates i through sk; but

(30)

xk+1

=

xk

=

·i/,

otherwise.

The game will end at stage Kif case (30) arises at stage (K - 1 ), that is, if
xK =

(31)

XK-1 = z.

If this happens, then the last payoff proposal z = xx will become the final payoff vector
of the game, and the n J;egular players will receive the corresponding payoffs Zt , • • • , Zn •
Accordingly, at stage K none of the (n + 1) players will have a move any more.
If case (30) never arises, then the game will go on indefinitely. In this event, we
define the final payoff vector of the game as

z = o* = (o, ... , o),

(32)

which will yield every regular player i E N a payoff z, = 0.
We want player C to have an incentive at every stage k to give the floor to one of
those coalitions S he thinks are likely to make an effective counterproposal yk to the
current payoff proposal xk. Therefore, we shall assume that at each stage k player C
will receive a premium ak to be defined-as follows:
(33)

ak = (! )k if

xH1

~ x\

~K

ak,

but

(34)

The final payoff of player C will be

a* =

(35)

L,Tc-1

where K is the number of stages through which the game passes on that particular
occasion, where K may be finite or infinite. (These definitions ensure that a* will be
finite even if K = co • )
The payoff proposal x1 = u for stage 1 will be called the initial payoff vector. We shall
assume that in B (G) the latter will always be the zero vector
(36)

X1

= U = 0* =

(0, '' ·, 0).

(That is, in the absence of any alternative agreement, all regular players i would receive zero payoffs u; = 0.)
However, for mathematical convenience, we shall also consider bargaining games
B(G, u) with u E X*, where u need not be the zero vector but rather may be an
imputation u E X.
We shall also consider bargaining games B*(G, u, S) with u EX* and with S E s,
defined as bargaining games having a given vector u as initial payoff vector, and starting from a position where a given coalition 8 1 = S already has the floor (without any
prior move by player C), so that in these games the first move belongs to the 8 players
in this coalition S. Apart from these differences in the initial payoff vector u, and in
the way the coalition 8 1 having the floor at stage 1 is selected, we shall assume that
all these games B (G, u) and B* (G, u, S) will be played according to the same rules as
B(G) is. The games B(G, u), including the game B(G) = B(G, 0*), will be called
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bargaining games of the first kind. The games B*(G, u, S) will be called bargaining
games of the second kind.
Both kinds of bargaining games will be useful auxiliary concepts in our analysis.
However, our main interest will be always in the bargaining game B(G) = B(G, o*).
7. Strategies and Equilibrium Points

We shall define a strategy u; for any player i E Min such a way that u; will determine his behavior, not only in one specific bargaining game B(G, u) or B*(G, u, S),
but rather in all bargaining games B or B* derived from a given cooperative game G.
Let A k be the sequence A k = (S\ · · ·, Sk ), where S\ · · ·, Sk are the coalitions holding the floor at stages 1, · · ·, k (as a result of player C's choice-i>r, in the case of
coalitionS\ possibly without any prior move by player C).
Let b0 = u = i; and let bk (fork = 1, 2, ···)be the ordered set bk = (yu, · · ·, yki),
where sk = Ii, .. j}. Thus, for k $;:; 1, bk consists of the imputations chosen by the l
players in coalition sk. Let E be the sequence E = (b0 , b\ ... , bk ).
Then, the pair dk = (A k-1, F-1 ) will provide full information about the initial
situation, and about the (n + 1) players' moves up to the point where player C has
to choose some coalition Skat stage k. Let D be the set of all possible pairs~- Accordingly, a strategy <Tn+I of player C (player (n + 1)) will be an arbitrary function from
this set D to the set S of all nonempty coalitions. If player C uses a given strategy
<Tn+I• then at any stage k -¢ K he will choose the coalition
0

(37)

,

sk =

O'n·+lW>.

On the other hand, the pair l = (Ak, E-1 ) will provide full information about the
(n
1) players' moves up to the point where player C has already chosen some
coalition Skat stage k, and the next move is up to the l players in Sk. Let E be the set
of all possible pairs l. Then, a strategy u; of any regular player i E N will be an arbitrary function from this set E to the set X of all imputations. If some regular player i
uses a given strategy u; , then, at any stage k where Sk ;, i, he Vlill choose the imputation

+

(38)
(It is sufficient to assume that the function u; is defined for those pairs ek = (A k, E-1 )
only where the last element Sk of the sequence A k satisfies Sk 3 i. But we can just as
well assume that u; is defined for all possible pairs l.) The set of all strategies u;
available to any player i E M will be called
Since Ak = (81, • • ·, sk-1, Sk) = (Ak-1, Sk), we shall sometimes make the dependence of yik on Sk more explicit by writing (38) in the form:

L• .

(38a)
where s = sk.
A strategy (n + 1 )-tuple of the (n + 1) players will be written as u = (u1, · · ·,
<Tn+t). The n-tuple which remains if the ith component u; is omitted from <T will be
called u'. Thus <T' = (u1 , • • ·, 0';_1 , <Ti+l'J ••• , <T.. +I).
In any game B(G, u) and B*(G, u, S), the payoff function of any player i EM
will be written as4
• This will cause no ambiguity because it will be always clear from the context whether the
payoff functions of game B(G, u) or of game B*(G, u, 8) [or of both games) are meant.
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(39)

u, =

U;(IT; u)

=

U;(ITl'

0

0

0

'

ITn+l; u)

= U;(IT;' IT'; u) = U;(ITs, IT sO, ITn+l; u).

Here ITs is the s-tuple of strategies used by the s regular players in coalition S, while
ITs• is the (n - s )-tuple of strategies used by the (n - s) regular players in the complementary coalition s" = N - S.
We shall also use the vector notation

(40)

U = U(IT;u),

where U = ( U1 , • • ·, U n) is called the vector payoff function for the n regular players•
Note that under our definition U does not include the payoff function Un+l of player C.
In any game B(G, u) or B*(G, u, S), a given strategy IT; of any player i E M will
be called a best reply to the strategy combination IT; used by the other n players if
(41)

+

If requirement (41) is satisfied for all (n
1) components of a given strategy
+ 1 )-tuple IT, then IT is called an equilibrium point in game B(G, u) orB* (G, u, S)
(Nash, [5, 1951]). 5
Let xk be the current payoff proposal for stage k. Suppose the strategies IT; of all
players i in a given coalition S are such that, were coalition S be given the floor by
player Cat stage k, then S would make an effective counterproposal yk to xk. That is,
suppose that for all players i in S we have yk = yk' = IT;(Ak-•, S, It-'), where yk
is an imputation dominating xk through this coalition S, whereas the two ordered sets
A 1,_. and~-· represent the past history of the game during stages 1 to (k - 1 ). Then,
we shall say that S is an opposing coalition against the current payoff proposal xk at
stage k (regardless of whether coalition S is or is not actually given the floor by player
C).

(n

LEMMA 2. Suppose that the (n + 1) players' strategies IT; in a given game B(G, u)
form an equilibrium point, and that the game end8 at stage K with xx = xx-•. This can
happen only if, as a result of its members' strategies IT;, i E S, no coalition S ~ N is an
opposing coalition against the payoff proposal xx = xK-1•

The lemma follo\\·s from the fact that, by (33) to (35 ), player C will always have an
incentive to choose an opposing coalition S as coalition sx-• = S if such a coalition
exists.
Suppose that the sequence of payoff vectors y1, • • ·, yx and the sequence of coalitions S', · · ·, sK-l satisfy condition (19) as well as the condition
(42)

y;x ~ y;k for all i E S\ and for k = 1, ···,.K- 1

(which is the same as condition (20), except that the strong inequality sign > has
~ ). Then we shall say that yx indirectly

been replaced by the weak inequality sign
dominates y1 in a weak sense.

LEMMA 3. Under the aBBUmptions of Lemma 2, let x1, • • ·, xx be the sequence of payoff
proposals in a game B(G, u) [or B*(G, u, S)], with x1 = u, and xx F u.
(a) Then xx = xx-• will directly dominate xK-2 and
1 In what follows, when we call a strategy n-tuple an "equilibrium point," we shall always mean
that it is an equilibrium point with respect to the strategy spaces L• just defined; a,nd we shall
not mean merely that it is an equilibrium point with respect to some more restricted strategy
spaces (such as the sets R; of reactive strategies, or the sets R,• of quasi-reactive strategies, to be
defined in Sections 8 and 1()--see Lemma 7, below).
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(b) xK = xK-l will indirectly dominate every payoff proposall with 1 ~ k ~ K - 3,
at least in a weak sense.
PROOF. Part (a) follows from (29 ). Part (b) follows from the fact that the sequence x1, · • ·, xK-l will possess properties (19) and (42) with respect to the coalitions S', · · ·, SK- 2 chosen by player Cat stages 1, · · ·, K- 2. Now, property (19) is
again implied by (29). On the other hand, property (42) follows from the assumption
that u is an equilibrium point. Any player i in a given coalition Sk can make the
payoff vector xk .into the final payoff vector of the game, e.g., by choosing yk' = xk.
Thus, if he nevertheless cooperates in making xK = xK-l ;;;e xk into the final payoff
vector, this can only mean that xf-1 ~ x/, which establishes property (42).
Suppose again that the players' strategies u; in game B(G, u) form an equilibrium
point u. Let x', · · ·, x\ · · · be the sequence of payoff proposals. LetS', · · ·, S\ · · · be
the coalitions chosen by player C at stages 1, · · ·, k, · · ·. Let z be the final payoff
vector of the game. Suppose that either

z = x',

(43)

or

xl for all i E S\ and for all k, except fork = K and k = K - 1, where
K is the last stage of the game
(if the game ends after a finite number of stages). Then, we shall say that u is a conservative equilibrium point. In other words, an equilibrium point u is conservative if it
makes. each player i E Sk refuse to cooperate in making an effective counter proposal
to the current payoff proposal xk at any stage k, unless he will positively benefit from
this move. (That is, in the absence of a positive incentive to the contrary he will always
prefer the status quo. )
LEMMA 4. Suppose the (n + 1) players' strategies u; ina game B(G, u) or B*(G, u, S)
form a conservative equilz'brium point. Then
(a) The phrase "at least in a weak sense" can be omitted from part (b) of Lemma 3.
Moreover,
(b) The game will end after a finite number of sta~
(44 )

z;

>

The lemma directly follows from the definition of a conservative equilibrium point.
Let u be an equilibrium point in a game B(G, u) or B*(G, u, S). Let R be a specific
coalition R ~ N. Suppose we permit each player i in S to change his strategy u; in
those situations l where he is acting as a member of coalition R, i.e., where Sk = R.
But in all other situations e\ we keep his strategy u; constant. That is, we permit him
satisfying
to shift only to strategies r; E

L•

(45)

yk' = .,,(ek) = u;(l) for all ek such that Sk ;;;e R.

At the same time, we keep constant the strategies ui of the (n - r) regular players j
not in R. Let uno be the (n - r )-tuple consisting of all these strategies ui. We also
keep constant the strategy un+l of player C.
Now suppose there does not exist any r-tuple rn of strategies r; satisfying (45) for
all i E R and having the property that
(46)
That is, there is no permissible strategy combination r 8 that would yield all players i
in R higher payoffs than their payoffs at the equilibrium point u (if the strategies u i
of all other playersj are kept constant). Under these conditions we shall say that this
equilibrium point u is efficient for coalition R in this game B(G, u) orB* (G, u, S).
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A given equilibrium point u is called coalitionally efficient in a given game B (G, u) or
B*(G, u, S) if u is efficient for every coalition R ~ N. 6
At any given stage k, a coalitionS = Sk may act inefficiently because (1) different
players i in S may vote for different imputations yk', with the result that none of these
imputations yk' will be accepted as the next payoff proposal xk+1, or because (2) even
though all players i in R do vote for the same imputation yki = y\ voting for another
imputation y~' = Yo\ may have better served their common interests. An equilibrium
point u may very well involve either kind of inefficient behavior, because any individual player i in R might be unable to obtain a better outcome for himself (and for
coalition R as a whole) by changing his own strategy u; , so long as the other players
h ~ i in R persist in their inefficient strategies uh • Thus, a given strategy u i may very
well be an equilibrium strategy and may still involve inefficient behavior. Therefore,
we need the concept of a coalitionally efficient equilibrium point if we want to exclude
these two types of inefficient behavior on the part of the members of the various coalitions R.
An equilibrium point u in a given game B(G, u) orB* (G, u, S) is called admissible
if u is both conservative and coalitionally efficient in B(G, u) or in B*(G, u, S).
8. Reactive Strategies and Canonical Equilibrium Points

We shall assume that in every game B(G, u) and B*(G, u, S) the players will use
strategies of a particularly simple mathematical form, to be called reactive strategies,
because they make the players react merely to the current situation in the game, regardless of what happened at earlier stages. More precisely, we define a reactive strategy
Pi of any player i E M as a strategy that makes his behavior at any stage k depend
only on the current payoff proposal xk and on moves made at stage k itself, but makes
it independent of moves made at earlier stages (except insofar as the payoff proposal
:l itself has been determined by such earlier moves).
Specifically, a reactive strategy Pn+I of player Cis an arbitrary function from set X*
to the setS of all nonempty coalitians, making him at any stage k (except for the last
stage k = K) choose some coalition Sk such that
(47)

Sk = Pn+I(xk).

On the other hand, a reactive strategy Pi of any regular player i E N is an arbitrary
function from the Cartesian product X* X s to the set X of all imputations, making
him, at any stage k where Sk 3 i, choose some imputation yk' such that
(48)
yki = p;(xk, Sk).
The set of all reactive strategies p; available to any player i E M will be called R;.
Of course, Ric Li for all i EM.
The assumption that the players will use reactive strategies can be mathematically
justified by Lemmas 6 and 7 below. But our more specific reason for making this
assumption is this: following von Neumann and Morgenstern, we want the stability of
any imputation x, to be decided solely by whether x does or does not belong to the
stable set V chosen by the players-quite independently of the history of the negotiations among the players at earlier stages of the game. (In particular, we do not want the
stability of X to be decided by some players' attempt to reward or to punish SOine other
players for moves the latter made at earlier stages. 7 )
8 Our concept of a coalitionally efficient equilibrium point is similar to Aumann's [1959] concept
of a strong equilibrium point. But coalitional efficiency is a less exacting requirement than strongness is.
7 This assumption will be relaxed in Section 10, below.
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Suppose the (n + 1) players use some (n + 1 )-tuple p = (PI , · · ·, Pn+I) of reactive
strategies in any game B (G, u ), i.e., in a bargaining game of" the first kind. Then this
(n + 1 )-tuple p will uniquely determine a tmnsition function t/>, specifying the next
payoff proposal xk+I as a function of the current payoff proposal xk, so that

l+l

(49)

=

q,(l).

Thus, tf> ·will be a function from the set x* into itself. By the definition of reactive
strategies, the transition function tf> will remain the same at all stages k of the game
B (G, u ), so long as the players use the same (n + 1 )-tuple p of reactive strategies.
If any payoff vector xis a fixed point oft/>, that is, if
<J;(x) = x,

(50)

then xis called a stationary point or a pole of the (n + 1 )-tuple p of reactive str!J.tegies
that gave rise to tf>. Any payoff vector x not satisfying (50) will be called a nonstationary point of p. The set V = V (p) of all stationary points x of p will be called the
stationary set of p. 8
,
Two (n + 1 )-tuples p = (pI, · · ·, Pn+I) and p' = (p'I, · · ·, p' •+I) of reactive strategies will be called co-polar if they have exactly the same stationary sets V (p) = V (p' ).
Two (n + 1 )-tuples p and p' of reactive strategies are called eq:uivalent if they yield
the very same final payoff vector U (p; o*) = U (p'; o*) in game B (G) = B (G, o*).

+

+

LEMMA 5. Suppose the (n
1) playe1·s use some (n
1 )-tuple p of reactive strategies
in game B(G, u). Then
(a) The game will end at stage K if and only if the payoff proposal xK-I for stage
(K - 1 ) is a stationary point of p.
(b) If the final payoff vector z is not a stationary point of p, then z must be the zero
vector z = o*.

PROOF. Part (a) follows from (31), while part (b) follows from (32).
i use the reactive strategies PI , • · ·,
S). Then playe1· i will have a best
reply p; that is itself also a reactive strategy. This is true regm·dless of whether i is a regula1·
player or is player C.
LEMMA 6. Suppose the n players other than player
Pi-I, PHI, · · ·, Pn+l in a game B(G, u) or B*(G, u,

PROOF. We have to show that player i, by using a reactive strategy p; can always
achieve a final payoff at least as high as he could achieve by using any nonreactive
strategy tT;. First, let i be a regular player. We can distinguish two cases:
CAsE I. If i used tT;, then the game would go on indefinitely. Then, by (32), he
would obtain the final payoff z; = 0. Hence, he could only gain by switching to an
alternative strategy .such as p;.
CAsE II. If i used tT;, then the game would end at stage K. His switching to p;
can make a difference only if the same combination (x\ Sk) arises at different stages k,
8 However, our statements about transition functions, and in particular equations (49) and (50),
do not in general extend to gaines of the form B* (G, u, 8), i.e., to bargaining games of the second
kind. For example, suppose that a given imputation xis a nonstationary point of p, with <f>(x) =
y F x. This means that if the players use the strategy (n + I)-tuple pin game B(G, x), then we
shall have x1 = x but x• = y F x. This in turn implies that there exists an opposing coalition T
against x, which will make the effective counter proposal y to x at stage 1.
In contrast, in game B*(G, x, 8), if 8 itself is not an opposing coalition to x, then we shall have
x' = x• = x. This is so because at stage 1 ·coalition 8 will have the floor, and this will prevent T
(or any other opposing coalition) from making an effective counterproposal to x. This example
also shows that Leinma 2 in general does not apply to bargaining games of the second kind.
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say, at stages k = k1 , • • ·, k,.. Suppose that strategy u; would yield him the final payoff z;, and would make him choose imputations yk' = y (k.), · · ·, y (k,.) at stages k1,
· · ·, k,., respectively. We claim that i can achieve the same payoff z; also by using a
reactive strategy p; which will make him choose the last of these imputations, yk' =
y (k,.), at every stage k characterized by the combination (xk, Sk). Since all other
players are assumed to use reactive strategies, if i switches over to this strategy p;,
the result will be simply that the old stages k1 , · · · , (k,. - 1 ) will be omitted, and the
old stages k,., · · ·, K will now become stages k1 , • • ·, (k1 + K- k,.). The final payoff
vector of the game will remain z, except that z now will not be achieved at stage K,
but rather already at stage (k1 + K - k,.).
Next, let i be player C. We shall again distinguish two cases.
CAsE I'. If C used u;, then at every stage k a different payoff proposal xk would be
considered by the regular players. In this case, it cannot make any difference if C
switches to a reactive strategy p; which prescribes the same moves for C at every stage
k as u; does.
CASE II'. If C used u;, then the same payoff proposal xk = xk' would emerge at least
at. two different stages k and k' with k' > k. Suppose that u; would make pl~yer C
choose coalition Sk at stage k. Then, since the regular players are assumed to use reactive strategies, player C can ensure that the game will go on indefinitely, yielding him
the highest possible final payoff a* = 1, if he switches over to a reactive strategy p;
which will make him choose the same coalition Sk at every stage k characterized by this
payoff proposal x•. This is so because, as a result of strategy p;, this same payoff proposal xk will now re-emerge at stages k, k', (2k'- k), (3k'- 2k), ···,indefinitely.
LEMMA 7. Suppose that the (n + 1 )-tuple p = (p., · · ·, Pn+I) would be an equilibrium
point in a given game B (G, u) or B* (G, u, S), if the (n + 1) players were restricted to
using reactive strategies. Then p will be an equilibrium point even if every player i E M
is free to use any strategy u; E
witlwut restriction.

L•

Lemma 7 follows directly from Lemma 6.
An equilibrium point p where all (n + I) players use reactive strategies p; is called
a reactive equilibrium point. 9
We feel that both the use of strategies representing an admissible equilibrium point,
and the use of reactive strategies, are important rationality requirements. But, then,
full rationality requires that the players should follow these two rationality requirements, not only in game B (G) as a whole, but also in all of its subgames!0 Even if,
given the players' actual strategies P1 , • • • , Pn+I , some particular subgame will never
be reached by the players, they must always act on the assumption that, were this subgame ever to be reached, all players would act in it in accordance with these two rationality requirements. These considerations suggest the following definition.
An equilibrium point p is called canonical if it is an admissible reactive equilibrium
point in game B (G) itself and in all of its subgames (both in those subgames the players
will actually reach, and in those they will not reach, with their equilibrium strategies
p; ).11
See footnote 4.
For definition of a subgame, see Kuhn [1953, p; 204).
11 Selten [1966] has argued that full rationality requires that the players should use strategies
representing a perfect equilibrium point, defined as a strategy n-tuple that is an equilibrium point
both in the main game as a whole and in all of its subgames. Our concept of a canonical equilibrium point is based on a similar philosophy.
1

10
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It is easy to verify that this definition is equivalent to the following one. An equilibrium point p is called canonical if it is an admissible reactive equilibrium point in all
games B(G, u) with u EX", and in all games B"(G, u, S) with u EX" and with

s E s.'2

LEMMA 8. Eve1·y canonical equilibrium point
z which is an imputation.

p

must have at least one stationary point

PROOF. Suppose that all players use the strategies Pi in game B (G, u) with u ;e o".
By part (b) of Lemma 4, the game will end after a finite number of stages. Hence,
since u ;e 0", in view of (29) to (31 ) , the final payoff vector z = U (p; u) can only be
an imputation. Moreover, by Lemma 5, z will be a stationary point of p.

LEMMA. 9. Every stationary point x of a canonical equilibrium point
imputation.

p

must be an

PROOF. We have to show that the zero vector O" cannot be a stationary point of p.
We shall consider two cases.
CASE I. All imputations are stationary points of p. Let z" = (z,", · · ·, z/) be the
imputation defined by z1" = · · · = zn" = v(N)/n. This stationary imputation z*
obviously dominates o* through the all-player coalition N.
CASE II. At least one imputation y is a nonstationary point of p. Suppose the players
use the strategies Pi in game B (G, y ). Then, by Lemmas 4 (b) and 5, the game will
eventually move from x' = y to some stationary imputation z = xK = xK-l, after a
finite number of stages. By Lemma 4(a), z will directly or indirectly dominate y.
Therefore, by (14), (15 ), and (19 ), there must exist some coalitionS ~ N such that
Zi > 0 for all players i inS, and such that z (S) ~ v (S), where z (S) =
z; (i E S).
Thus, in either case, o* is dominated by a stationary imputation z (with z = z*
or z ;e z*) through some coalition S (with S = N or S
N). Therefore, if x' = o*
is the current payoff proposal for stage 1, then, by coalitional efficiency, at least this
coalition S will be an opposing coalition against o*. Consequently, by Lemma 2, o*
will be nonstationary, as desired.

:E

.=

LE:~<IMA 10. Suppose the payoff vector x is do11iinated by some stationary point y of a
canonical equilibrium point p. Then x itself must be a nonstationary point of p.
PROOF. If x (£ X, then x must be nonstationary by Lemma 9. Thus we only have to
consider the case where x E X. Let S be the coalition through which y dominates x.
Suppose the players use the strategies p; in game B (G, x). Clearly, x1 = x. We have to
show that x2 ;e x. By Lemma 2, this will be the case if there is any opposing coalition
against x1 = x. Yet, by coalitional efficiency, S must be an opposing coalition, since if
it proposes y 1 = y, then y will become the final payoff vector (as y is stationary) and,
by (14), y will yield higher payoffs than x would to all.players inS.

LEMMA 11. Let G be an absolutely stable .game, and let p be a canonical equilibrium
point in B(G). Suppose.the imputation xis a nonstationary point of p. Then xis dominated by some stationary point y of p.
"By requiring admissibility, not only in the games B(G, u), but also in the games B*(G, u, S),
we ensure that the concept of &n "opposing coalition" will have its intended meaning. More particularly, we ensure that at each stage k any coalitionS that would find it advantageous to be an
opposing coalition against the current payoff proposal zk if it expected to be given the floor by player
C, would remain an opposing coalition even if it knew that player C's strategy Pn+~ was such as
to give the floor to another co&!ition T r6 S &t this stage k.
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PROOF. Suppose the players use the strategies p; in game B (G, x ), and obtain the
final payoff vector U(p; x) = z = y. By Lemmas 4(b) and 5, y will be a stationary
point of p. As x itself is nonstationary, x r!- y. To prove the lemma, all we have to
show is that y dominates x. But this follows from Lemmas 3 and 4(b), and from the
fact that in G all indirect dominance relations between imputations are trivial.
LEMMA 12. Let G again be absolutely stable, and let p be a canonical equilibrium point
in B (G). Then the stationary set V of p will be a von Neumann-Morgenstern stable set.
PROOF. We have to show that V has properties (16) and (17 ). But the formerfollows

from Lemma 10, while the latter follows from Lemma 11.
LEMMA 13. Let V be a von L N eumann-Morgenstern stable set in an absolutely stable game
G. Let x be any interior imputation in V. Then there exists a canonical equilibrium point p
in B (G) such that
(a) p yields this imputation X= U(p; o*) in game B(G), and
(b) p has this strictly stable set V = V (p) as its stationary set.

PROOF. We shall prove the lemma by constructing a canonical equilibrium point p
with properties (a) and (b). But before doing so, we shall construct the transition
function q, associated with p.
Let V 0 = X* - V. Let V 00 = V 0 - { O*l = X - V. For each payoff vector y E V 00,
we shall choose some imputation z = z (y) such that z E V and z dominates y through
some coalitionS = S(y). As V has property (18), this can always be done. Now we
set

(51)

q,(y) = y for all y E V;

(52)

tf>(y) =

(53)

q,(y) = z(y) for all y E V 00•

X

for

y = 0*;

Next, we construct the equilibrium strategy .Pn+1 of player C as follows.
(54)
(55)

Pn+t(Y) = N

if

y = O* or if y E V,

Pn+t(Y) = S(y)

but

if y E V 00•

Finally, we construct the equilibrium strategy p; of each regular player i E N as
follows.
(56)
(!>6a)
(57)
(57a)

Pi (S, y) =

z (y) if

z (y) dominates y through this coalition S.
p;(S, y) = w if (56a) fails, but if

there exists at least one stationary imputation w = q,(w) r!- z(y) dominating
y through S.

(If there exist two or more such imputations w, then we can choose ·any one of them
for use in (57).)
(58)

p;(S, y) = y

if both (56a) and (57a) fail.

It is easy to check that the strategy n-tuple p = (Pl, · · ·, PnH) just constructed is a
canonical equilibrium point and possess~;Js properties (a) and (b), as desired.
A given set V of payoff vectors will be called a canonical set if V = V (p) is the stationary set of some canonical equilibrium point p. By Lemmas 8 and 9, any canonical
set must always be a nonempty set of imputations.
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Let x be a point in a canonical set V. We shall say that xis a reachable point of V
if there exists a canonical equilibrium point p having V = V (p) as its stationary set,
and yielding X = U(p; o*) as final payoff in game B(G) = B(G, o*). By Lemma 13,
if V is a stable set in an absolutely stable game, and if x is an interior imputation, then
x is always a reachable point. However, in general this need not be the case if x is an
exterior imputation.
For example, let G be a three-person game, with v (N) = v ( (123)) = 1 and v (S) =
0 for all S rf N. G has only one stable set, viz. the set V = X of all imputations (which
is also the core of the game). By Theorem 1, G is absolutely stable. Let x = (1, 0, 0).
This imputation x is obviously an unreachable point of V (since it does not dominate
the zero vector o* through any coalition whatever).
Intuitively this means that, if this stationary imputation x ever became the payoff
proposal xk = x considered by the players at any stage k, then all further bargaining
would stop, and x would immediately become the final payoff vector of the game
(assuming that the players' strategies would form a canonical equilibrium point p
with V = V (p) as its stationary set). But, in actual fact, if the game starts with the
zero vector o* as initial payoff vector, then x can never become a payoff proposall =
x considered by the players at any stage k.
We now state the following theorem.
2. Let G be an absolutely stable game. Then
(a) Every canonical set V in G will be a von N eumann-Morgenstern stable set and
conversely.
(b) The set w* of all canonical equilibrium points pin game B(G) can be partitioned
into families v* = 1/t(V) of co-polar equilibrium points having the same stable set Vas
stationary set.
(c) Any such family V* = Y,(V) can be further partitioned into subfamilies T* =
1/t (x) of equivalent equilibrium points p yielding the same imputation x = U (p; o*,) E V
as final payoff vector. There will be a nonempty subfamily T* = 1/t (x) for every interior
imputation X in the stable set v associated with this family v* = 1/t(V). (But in general
this will not be true for exterior imputations x' in V, because the latter will often be unreachable points of V.)
THEOREM

Theorem 2 follows from Lemmas 12 and 13 (see also the discussion on unreachable
points, following Lemma 13 ).
9. Canonical Sets in Arbitrary Games

In any game G lacking absolute stability, the canonical sets of the game in general
will not be von Neumann-Morgenstern stable sets, and conversely. Any given imputation x will be stable (in the sense of assumptions (A) and (B) of Section 3) if and only
if x belongs to the stationary set V = V (p) of the canonical equilibrium point p chosen
by the players. In contrast, if x belongs to any particular von Neumann-Morgenstern
stable set V', this, in general, will not assure its stability, owing to the destabilizing
effect of indirect dominance relations. 13
13 At the present time, it is not known whether Lemma 13 can be extended to strictly stable
sets V belonging to games G that lack absolute stability. Therefore, it is not known whether every
strictly stable set is always a canonical set or not. In the terminology of Theorem 3 (see below),
of course every strictly stable set V will possess internal effective stability. But we do not know
whether we can always find a canonical equilibrium point p such that V will have external effective
stability in terms of the transition function cf> generated by p.
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Accordingly, U'e propose to re-define a stable set as a canonical set, i.e., as a stationary
set V = V (p) of some canonical equilibrium point p.
By Theorem 2, in an absolutely stable game, every canonical set V has both internal
and external stability, as defined by (17) and (18). In order to obtain a general theorem
about the stability properties of canonical sets for all games, we shall now introduce the
concept of effective dominance.
1) players' stategies PI, · · ·, Pn+l form a canoniSuppose that in game B (G) the (n
cal equilibrium point p. Let 4> be the transition function generated by p. Then we shall
say that a given payoff vector z = (z1 , • • ·, z,.) effectively dominates some payoff vector
x = (x1 , • • • , x,.) in terms of this transition function 4> if either of the following two
conditions is satisfied:

+

(59)

Either z directly dominates x,

(60)

Or z indirectly dominates x through some monotone chain

y\ · · · , yK with y 1 = x and yK = z, such that
(60a)

If z indirectly dominates x, but if the monotone chain (s) y 1, • • • , yK connecting y1 = x
with yK = z does not (or do not) have property (60a), then we shall say that z ineffectively dominates x. The importance of property (60a) will become apparent from the
following lemma.
LEMMA 14. Suppose that a given payoff vector xis effectively dominated by a stationary
point z of some canonical equilibrium point p, in terms of the transition function 4> generated by p. Then x itself will be a nonstationary point of p.

PROOF. Lemma 10 takes care of case (59). Therefore we shall assume that x and z
come under case (60). Let S 1 be the coalition through which imputation y2 dominates
y1 = x in the monotone chain y\ · · ·, yK mentioned under (60). Now suppose that in
game B(G, x) the players use the strategies p; corresponding top. Clearly; we shall
have x1 = x. By Lemma 2, x1 = x will not be stationary if there is any opposing
coalition against it. Yet, by coalitional efficiency, S 1 must be such an opposing coalition
since if it proposes y 2, then, by (60a) and by the stationariness of z, this move will
make z the final payoff vector of the game. Moreover, by (20 ), z will yield every player
i in S 1 a higher payoff z; > x; than x would. Consequently, x will be nonstationary.
Obviously, if xis indirectly dominated by z, but if this dominance is ineffective, i.e.,
if (60a) fails, then the proof of Lemma 14 does not go through.
LEMMA 15. Suppose that x is a nonstationary point of some canonical equilibrium
point of p. Then x is effectively dominated by some stationary point z of p, in terms of the
transition function "' generated by p.

PROOF. Suppose that in game B(G, x) the players use the strategies p; corresponding top. Let z = U (p; x) be the resulting final payoff vector. By Lemmas 4 (b) and 5,
z will be a stationary point of p. As x itself is nonstationary, z ¢. x. Let x\ · · ·, xK
be the sequence of payoff proposals in the game. Clearly, x1 = x and xK = xK-t = z.
By Lemmas 3 and 4(a), x will be either directly or indirectly dominated by z. Moreover, as the sequence x1, • • ·, xK has been generated by the strategy (n
1 )-tuple p,
we shall have x~+l = f/l(x~) for k = 1, · · ·, K - 1. Therefore condition (60a) will be

+
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satisfied. Consequently, the direct or indirect dominance of x by z will be effective
dominance.
THEOREM 3. (a). Suppose that V = V(p) is the stationary set of some canonical
equilibrium point p. Then V will have the following two properties:
(61) If some payoff vector x is in V, then x is not dominated effectively by any payoff
vector z in V, in terms of the trans'itionfunction q, generated by p.
(62) If some payoff vector xis not in V, then xis effectively dominated by some payoff
vector z in V, in terms of the transition function q,.
Property (61) will be called internal effective stability whereas prop{3rty (62) will be
called external effective stability.
(b). Conversely, suppose that some set V of payoff vectors has both internal and external
effective stability in terms of a transition function q, generated by some canonical equilibrium
point p. Then V will be the stationary set of p.
PROOF. In part (a), property (61) follows from Lemma 14, while property (62)
follows from Lemma 15. As to part (b), let V* be the stationary set of p. Suppose that
V has properties (61) and (62). We have to show that V = v*. We shall first show
that v* ~ V, i.e., that any payoff vector x not in Vis nonstationary. Since V has
property (62 ), any x not in Vis effectively dominated by some stationary point z in V.
Yet, by Lemma 14, this means that x itself will be nonstationary.
Next, we shall show that V ~ V*, i.e., that no nonstationary payoff vector y can
belong to V. Let y be such a nonstationary point. Then, by Lemma 15, y is effectively
dominated by some stationary point z. As z is stationary, we have z E v* ~ V. Consequently, y cannot belong to V since, by assumption, V has property (61 ).
Hence, V* ~ V and V ~ V*, so that V = V*, as desired.
Thus, according to Theorem 3, the basic difference between canonical sets and von
Neumann-Morgenstern stable sets is this. The former have both internal and external
stability in terms of effective dominance relations, which include both direct dominance
relations and effective indirect dominance relations. In contrast, the latter have both
external and internal stability merely in terms of direct dominance relations alone, and
their definition disregards indirect dominance relations altogether.
THEOREM 4. Let G be any game given in characteristic function form, such that the set
of canonical equilibrium points in the corresponding bargaining game is nonempty. (G
need not be absolutely stable or stricUy stable. )
(a) Then the set w* of all canonical equilibrium points in game B(G) can be partitioned into families V* = 1/t(V) of copolar equilibrium p_oints, each family having the
same canonical set V as stationary set.
(b) Any such family V* = 1/t(V) can be further partitioned into subfamilies T* =
1/t (x) of equivalent equilibrium points p, each subfamily yielding the same imputation
x = U (p; o*) E V as final payoff vector. There will be a nonempty subfamily T* = 1/t (x)
for every interior imputation x in the canonical set V associated with this family V* =
1/t(V). (But in general this will not be true for exterior imputations x' in V, because the
latter will often be unreachable points of V.)
PROOF. Part (a) and the first sentence of part (b) follow from the definitions of
canonical sets, of co-polarity, and of equivalence, as well as from Lemma 9. The second
sentence of part (b) can be verified by a construction procedure similar to the one
used in the proof of Lemma 13. As to the last sentence (in parentheses), see the discussion of unreachable points, following Lemma 13.
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10. A Model Yielding von Neumann-Morgenstern Stable Sets

As we have seen, in games lacking absolute stability the stable sets (canonical sets)
generated by our model, in general, will not be von N eumann-Morgenstern stable sets.
We now propose to show that the stable sets our model yields are von Neumann-Morgenstern stable sets in every game if we assume that the players' bargaining strategies
will incorporate a deliberate policy of "neutralizing" indirect dominance relations.
Suppose that at stage k of some bargaining game B(G, u), coalition S = Sk unanimously proposes some imputation yk dominating the current payoff proposal x =
xk, so that this imputation yk replaces xk as the payoff proposal xH1 = yk for stage
(k + 1 ). Then we shall say that coalition S vetoed the payoff vector x at stage k.
Such a vetoing move can serve either of two purposes. Coalition S may wish to make
y itself into the final payoff vector of the game. In this case, we shall say that S tries
to take advantage of the direct dominance of y over x. Alternatively, coalition S may
wish to make some other payoff vector xK = z F y into the final payoff vector at some
later stage K of the game. In this latter case, we shall say that S tries to take advantage
of the indirect dominance of z over x. In the former case, in view of (15 ), coalition S
cannot obtain a joint payoff exceeding v (S) by this vetoing move. But in the latter
case, there is no such automatic restriction on the joint payoff that coalition S can
eventually achieve by this move.
However, it is possible that the players will adopt a deliberate policy restricting the
joint payoff that any coalition S can achieve by a vetoing move, even with the help of
indirect dominance relations. More specifically, each regular player i E N may adopt
the following restrictive policy. If a given coalition S = Sh vetoed the payoff proposal
x = xh at some stage h, then at all stages k > h player i will refrain from proposing
any imputation y = y•• such that

L;esY;>v(S).

(63)

To make this policy consistent with player i's own self-interest, we may assume that
he will follow this rule only if the w;hole shift from payoff vector x to payoff vector y
would 1Wt benefit him personally, i.e., if
{64)
Of course, a bargaining strategy u; incorporating this restrictive policy cannot be areactive strategy because it will make player i's behavior dependent on the vetoing
moves of various coalitions S at earlier stages of the game. But we may assume that
player i will use a "quasi-reactive strategy," under which he basically follows some
reactive strategy p; and departs from the latter only to the extent necessary for implementing this restrictive policy.
Suppose that a given coalition S = Sh vetoed the payoff proposal x = xh at stage
h. Let {J;h be the set of all imputations y satisfying (63) with respect to S = S\ and
also satisfying (64) with respect to x = xh fOl' a given regular palyer i. Finally, let
(65)
The restrictive policy we have described amounts to requiring that any regular player
i should refrain from proposing any imputation y = yki in this set ·d.
Thus, we can define a quasi-reactive strategy p;* for any regular player i as follows.
Let p; E R; be a reactive strategy of player i. Then, in view of (38) and (65), we define
(66)

yik

= p;*(x•, Sk, ·d) = p;(x\ Sk)

if p;(x\

s•) { ·r/,
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but
(67)

+

In case of player C (player (n
1) ), since he has no role in enforcing the restrictive
policy, we define his quasi-reactive strategies P!+1 to be identical with his reactive
strategies Pn+J •
The set of all quasi-reactive strategies p;* available to any player i E M will be called
R,*. Of course, R,* c
for all i E M.
Let p* = (pi*,···, P!H) be an (n + 1)-tuple of quasi-reactive strategies. We define the stationary set V = V (p *) of p* as the set of all payoff vectors x satisfying

L•

(68)

U(p*; x) = x in game B(G, x).

+

We define co-polarity and equivalence between different (n
1 )-tuples of quasireactive strategies in the same way as we did in the case of (n + 1 )-tuples of reactive
strategies.
If an (n + 1 )-tuple p * = (pi*, · · · , P!+i) of quasi-reactive strategies is an equilibrium
point in a given game B(G, u) or B*(G, u, S), then p* is called a quasi-reactive equilibrium point in this game B(G, u) orB* (G, u, 8). 14
LEMMA 16. Suppose the (n+ 1) players'strateg1"espi*, ·· · ,p!+iinsomegameB(G,u)
or B*(G, u, S) form a conservative quasi-reactive equilibrium point. Let x·, · · · , xK be
the sequence of payoff proposals in the game, with i = u and with xK = xK-i = z. Sup_
pose that xK .= xi. Then z will directly dominate all payoff vectors xk with 1 ~ k ~ K - 2;

PROOF. For l with k = K - 2, the lemma follows from (29 ). So we have to consider
only payoff vectors xk with 1 ~ k ~ K - 3. Lets = sk and T = sK-2 be the coalitions selected by player Cat stages k and (K - 2 ), respectively. In view of the restrictive policy followed by the players, only two cases are possible: (a) Either z will satisfy
the condition

(69)

L;esZ;

~ v(S),

(b) Or z will satisfy the alternative condition
(70)

z;

>

x; for all

i E T,

with respect to x = xk.
Asp* is a conservative equilibrium point, in view of (45 ), we can write
(71)

z;

>

x; for all i E S.

By (29 ), z = xK-l must dominate xK-2• Hence, by (13) and (15 ), we have
(72)

zEX and

(73)

LiETZ;~ v(T).

Therefore, in case (a), by (69), (71), and (72), z will dominate x through coalition
S; whereas, in case (b), by (70), (72), and (73), z will dominate x through coalition
T. Thus, in either case, z will directly dominate x, as desired.
Let p* be an admissible quasi-reactive equilibrium point in all games B(G, u) with
u E X*, and in all games B* (G, u, S) with u E X* and with S E s. Then p* will be
called a quasi-canonical equilibrium point. The stationary set V = V (p *) of any quasicanonical equilibrium point will be called a quasi-canonical set.
" See footnote 4.
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Lemma 16 directly implies:
THEOREM 5. Let G be any game given in characteristic-function form. (Thus, G need
not be absolutely stable or strictly stable. ) Then, every quasi-canonical set V in G will be
a von Neumann-Morgenstern stable set.

It is not known at present whether the converse is true, i.e., whether every von Naumann-Morgenstern stable set V of any game G can always be obtained as the stationary
set of a quasi-canonical equilibrium point in the corresponding bargaining game B (G).
To conclude, we have argued that, in view of the destabilizing effect of indirect
dominance relations, in defining stable sets for a given game G, the von NaumannMorgenstern definition should be replaced by an alternative definition, based on the
canonical equilibrium points of the bargaining game B (G). Yet, if we assume that the
players will deliberately adopt a "restrictive policy" discouraging the use of indirect
dominance relations, then the stable sets this bargaining game B(G) yields will always
be von Naumann-Morgenstern stable sets.
ll. Postscript
If we are willing to go one step further, and drop the requirement that stable sets
must be defined in terms of direct dominance relations-or at least in terms of chains
of such relations-then the following alternative definition suggests itself for stable
sets.
Let us say that y semi-dominates x through coalition S if x and y satisfy (13) and
(15), regardless of whether they also satisfy (14). Then, in (19), we may replace the
word "dominated" by the word "semi-dominated," and likewise in (29), we may replace the word "dominates" by the word "semi-dominates." Let us call the resulting
modified bargaining game B 0 (G). We may now define a stable set as the stationary set
V = V (/)of a canonical equilibrium point/ in this modified bargaining game If (G).
Intuitively, these changes in our definitions would amount to permitting any coalition sk (selected by player c at any given stage k) to propose an imputation y = y•
possibly less favorable to its own members than the current payoff proposal x = x•
is-provided that coalition Sk has the power to enforce y (in accordance with (15) ).
Of course, if the members of Sk are rational individuals, then they will not initiate a
reduction of their own provisional payoffs from x; to y; < X; , unless they expect that
this move will increase their final payoffs z; at the end of the game. But it seems
reasonable that the rules of the bargaining game should permit any player to make such
temporary sacrifices for the sake of an ultimate gain. 16
" As Robert Weber has pointed out to me, another change in the rules of the bargaining game
might also be desirable. One might assume that at each stage k, before player C gave the floor to
any coalition, all coalitions would have to declare how they would act if they were given the floor;
and player 0 would choose one particular coalition in the light of this information. Under these
rules, a given player i in a certain coalition 8 might find it advantageous to cooperate in making
an effective counterproposal to the current payoff proposal zk = z, even though he would think
that the final payoff vector z resulting from this move would be less favorable to him than x itself
was, with Z; < z; . He might find this more advantageous because he might come to the conclusion
that otherwise player C would give the floor to another coalition T r6 8 and. T ~ i, and this would
result in a final payoff vector z' even less favorable to him, with z', < z,. In real-life bargaining
situations as described in Section 3, it is often rational to accept cuts in one's payoff on the basis
of such considerations. Therefore, one might argue that our formal bargaining model should also
give proper scope for this kind of behavior. (However, such a change in the rules of our bargaining
game would represent a major change in our model, and would no longer leave our main results
unaffected.)
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It is easy to verify that these changes in our definitions would leave our main conclusions unaffected. In particular, all of our theorems would retain their validity. 16
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A NEW GENERAL SOLUTION CONCEPT FOR BOTH
COOPERATIVE AND NONCOOPERATIVE GAMES

I. Some limitations of classical game theory
1. Cooperative games vs. noncooperative games
A basic distinction in classical game theory is that between cooperative
and noncooperative games. 1 This distinction was introduced by NASH [1951],
who defined cooperative games as games where the players can communicate
and can make enforceable agreements, in contrast to noncooperative games,
where neither communication nor enforceable agreements are allowed. Of
course, a binary distinction based on two different criteria is logically
unsatisfactory. We cannot define one category as the class of objects
possessing both properties A and B while defining the other category as the
class of objects possessing neither property. For the question then immediately
arises, What about objects having the first property but lacking the second,
and what about objects having the second property but lacking the first?
Accordingly, the modern approach is to use a one-criterion distinction;
cooperative games are defined 'lls those permitting enforceable agreements
while noncooperative games are defined as those not permitting them. How
much communication is permitted among the players is, of course, also
important; but it is a less fundamental issue. For example, consider a Prisoners' Dilemma game:
y

X

A

to

-to
10

B

11

t1
1

-to

t

If enforceable agreements are possible then two rational players will no
doubt immediately agree to use the strategy pair (A, X) since this outcome is
much better for both of them than the other symmetric outcome (B, Y) would
be. But if agreements are unenforceable then the players cannot do any better
1
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than use the strategy pair (B, Y). This is so because if they agreed to use (A, X)
instead, then each player would know that his opponent would be most
likely to break this agreement (and he himself, also, would be most likely to
do the same). The reason is that, even if player 1 expected player 2 to keep
to the agreement and use strategy X, his own (player 1's) best reply to this
would be to use strategy B, i.e., to violate the agreement. Of course, player 2
would be in a similar position. This inherent instability of strategy pair
(A, X) can be overcome only if the two players can irrevocably commit
themselves to using strategies A and X by means of an enforceable agreement.
On the other hand, it makes little difference whether the players can talk
to each other or not. Even if they can talk and can negotiate an agreement,
this will be of little help if such an agreement is unenforceable and, therefore,
has little chance of being kept. An ability to negotiate agreements is useful
only if the rules of the game make such agreements fully binding and
enforceable. (In real life, this may be the case because an outside government
agency, or public opinion, etc., will enforce such agreements; or because the
players are, and know each other to be, spontaneously unwilling of their
own accord, to break agreements, say, as a matter of moral principle.)
As NASH has already pointed out, since in a noncooperative game agreements are unenforceable, rational players will always use a strategy combination that is self-enforcing, i.e., a strategy combination with the property
that each player's strategy is a best reply to the other players' strategies.
Such a strategy combination is called an equilibrium point.
For instance, in our example, the strategy pair (B, Y) is an equilibrium
point; if player 1 uses strategy B, then player 2's best reply is to use strategy
Y; and, conversely, if player 2 uses strategy Y, then player 1's best reply is
to use strategy B. Thus, BandY are mutually best replies to each other. Such
a strategy pair is self-enforcing, in the sense that, if either player expects the
other player to abide by it, then he will have an incentive to do the same.
In contrast, all other strategy pairs in this game are self-destabilizing: even
if the players expected each other to use such a strategy pair, this very
expectation would give at least one player an incentive to act contrary to
this expectation. (For instance, the strategy pair (A, X) is self-destabilizing
because, as we have seen, if the two players expected each other to use this
strategy pair then this expectation would immediately give them an incentive
not to use strategies A and X but rather to use strategies B andY instead.)
Besides inventing the concept of an equilibrium point, NASH [1951] has
also shown that every finite game (i.e., every game with a finite number of
players, and with a finite number of pure strategies for each player) has at
least one equilibrium point.
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2. Limitations of the classical theory of cooperative games
After NAsH had introduced the concept of equilibrium points, the theory
of noncooperative games has made little progress for a number of years, and
the main interest of game theorists shifted to the theory of cooperative games.
A number of solution concepts for such games were proposed: the VON NEuMANN- MoRGENSTERN [1944) stable sets, NAsH's [1950, 1953) solution for
two-person bargaining games, the SHAPLEY [ 19 53] value, the core [GILLIES,
1959), the AuMANN - MASCHLER [ 1964] bargaining sets, and several others.
Individually, each of these solution concepts is of great theoretical interest.
But, taken as a group, they fail to provide an analytically clear and coherent
theory of cooperative games. Indeed, the different solution concepts have
very little theoretical connection with one another and even less can they be
interpreted as special cases of one general theory.
These shortcomings of the classical theory of cooperative games are, of
course, basically conceptual limitations, important primarily for the logician,
the methodologist, and the philosopher, and are perhaps of lesser importance
to the social scientist, whose main interest is in possible applications of gametheoretical ideas to economics, political science, or sociology. But these
conceptual limitations do give rise to major difficulties also in empirical
applications.
First of all, classical game theory offers quite a number of very different
cooperative solution concepts, but gives little guidance to the social scientist
as to which particular solution concept to use in analyzing any specific reallife social situation. Nor does it tell him why so many different solution
concepts are needed in the first place.
Another difficulty lies in the fact that classical game theory is restricted
to fully cooperative games, where all agreements are always fully enforceable,
and to fully noncooperative games, where no agreements are ever enforceable
at all. It does not cover partially cooperative games, where some types of
agreements may be fully enforceable, while other types may be either unenforceable or enforceable only with specified probabilities; where agreements
by some groups of players may be enforceable but agreements by other groups
may not be; where agreeements made at some stages of the game may be
enforceable while agreements made at other stages may lack this property,
etc. Yet, this intermediate category of partially cooperative games has great
importance in many empirical applications.
Within the class of partially cooperative games, special importance attaches
to cooperative games with a sequential structure. These are games involving
two or more successive stages, in which agreements among the players may
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be built up gradually in several consecutive steps. Unlike strictly cooperative
games, in which any agreement is always final, such sequential games will
often permit renegotiation and modification of earlier agreements under
certain conditions in later stages of the game. In real life, games of this type
are extremely important, yet they are altogether beyond the reach of classical
game theory.
All these limitations of classical cooperative game theory have their roots
in one basic shortcoming of this theory. In almost every cooperative game,
bargaining negotiations among the players play an all-important role.
Yet, the classical theory of cooperative games completely excludes the
players' bargaining moves and countermoves from its formal analysis by
postulating that the latter (called "pre-play negotiations") always occur
before the game is actually played and, therefore, are not a part of the game
itself. This amounts to voluntarily relinquishing any serious attempt to
understand how the outcome of the game in fact depends on the nature of
the bargaining process among the players.
3. Games with incomplete information

One of the most serious limitations of classical game theory is its inability
to handle games with incomplete information. We say that a given game
involves complete information if all players know the nature of the game- in
the sense of knowing the extensiv·e form of the game (i.e., the game tree), or
at least knowing the normal form of the game (i.e., the payoff matrix).
A game with complete information can be either a game with perfect
information or a game with imperfect information: it will be the former if
the players not only know the nature of the game as such but also know all
previous moves (made by other players or by chance) at any stage of the
game; and it will be the latter if the players know the nature of the game but
have less than full information about some or all previous moves during the
game.
On the other hand, a game involves incomplete information if the players
have less than full information about each other's strategy possibilities and/or
each other's payoff functions. (The latter problem may arise because the
players do not have full knowledge about each other's strategic objectives in
the game, or because they do not know each other's attitudes to risk taking as
expressed by their cardinal utility functions.) At the same time, the players
may also fail to know how much information the other players have about
any given player's strategy possibilities and about his payoff function, etc.
Classical game theory cannot handle games with incomplete information
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at all (but it does cover both games with perfect and with imperfect information, as long as these have the nature of games with complete information).
This is obviously a very serious limitation because virtually all real-life game
situations involve incomplete information on the part of the players. (In
particular, it very rarely happens that the participants of any real-life social
situation have reasonably full information about each other's utility functions. Uncertainty about the strategies actually available to the other players
is also very common.)
It turns out, however, that we can bring a game with incomplete information within the scope of game-theoretical analysis by using a probabilistic
model to represent the incomplete information that the players have about
various parameters of the game [HARSANYI, 1967-68]. More specifically,
let G be a game with incomplete information. Then, analysis of this game G
can be reduced to analysis of a new game G':- involving random moves, called
the probabilistic model for G. In this new game G\ the fact that (some or
all of) the players have limited information about certain basic parameters
of the game is mathematically represented by the assumption that these
players have limited information about the outcomes of these random moves.
From a technical point of view, this probabilistic-model game G'' will be a
game with complete information. (But it will be a game with imperfect information because of the players' having less than full information about the
random moves occurring in the game.) Thus, our approach essentially
amounts to reducing the analysis of a game with incomplete information, G,
to the analysis of a game with complete (yet imperfect) information, G':-,
which, being a game with complete information, is of course fully accessible
to the usual analytical tools of game theory.
By constructing suitable probabilistic models of various types, we can
produce games with any desired distribution of knowledge and of ignorance
among the players, and can study how alternative informational assumptions
will change the nature of the game. We can also study how any given player
can infer some pieces of information originally denied to him, by observing
the moves of those players who already posses this information. We can
also investigate how each player can optimally convey information to some
other players, or can optimally withhold this information from them, in
accordance with his own strategic interests within the game [see HARSANYI,
1977b].
I must add, however, that use of such probabilistic models in general
provides only a partial solution for the problem of how to analyze games
with incomplete information. This is so because, as soon as a probabilisticmodel game G'' has been constructed as a more convenient mathematical
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representation for the originally given game with incomplete information,
G, the problem immediately arises what solution concept to use for this
newly constructed game G':· itself.
In actual fact, if the game G we start with is a noncooperative game with
incomplete information, then this question has an easy and natural answer.
In this case, the probabilistic-model game G':· derived from G will be itself
also a noncooperative game (though of course one with complete information), and can be analyzed in terms of its equilibrium points: thus, the concept
of equilibrium points can be extended to games with incomplete information ·
without any difficulty [HARSANYI, 1967-68, pp. 320-329].
The situation, however, is very different if the game G we are trying to
analyze is a cooperative game with incomplete information. In this case, we
will find that typically the probabilistic-model game G':· derived from G
will not admit of analysis in terms of any of the cooperative solution concepts
of conventional game theory.
For example, it turns out that the NASH solution for two-person bargaining
games, which is such an attractive solution concept for such games in the case
of complete information, cannot be used at all to define solutions for twoperson bargaining games with incomplete information or for the probabilisticmodel games derived from them: if we try to use the NAsH solution for this
purpose then we obtain completely nonsensical results [HARSANYI, 1967-68,
pp. 329-334]. Other classical cooperative solution concepts give equally
unsatisfactory results when applied to incomplete-information games. This
lack of solution concepts applicable to games with incomplete information is
another serious weakness of the classical theory of cooperative games.

4. Difficulties with the concept of equilibrium points
Compared with the classical theory of cooperative games, the classical
theory of noncooperative games presents a much more satisfactory picture.
First of all, it has a much higher degree of theoretical unity because it is
wholly based on one specific solution concept, that of equilibrium points. It
is also a more complete theory than the theory of cooperative games is
because it tries to cover all aspects of any given game, and does not exclude
the players' bargaining moves from the scope of its analysis, in the way the
theory of cooperative games does. 2 Furthermore, as I have already mentioned, the concept of equilibrium points- and, therefore, the classical theory
2

I am assuming that our definition of noncooperative games includes games where interplayer communication is permitted (see Section 1 above).
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of noncooperative games- can be easily extended to games with incomplete
information.
Finally, equilibrium points are one of the very few game-theoretical
solution concepts that have direct application both to games in extensive
form and to games in normal form, which enables the theory of noncooperative games to deal with both game forms in terms of a uniform theoretical
framework. (This has many desirable consequences. One of them is the fact
that the classical theory of noncooperative games, unlike the theory of
cooperative games, can handle games possessing a sequential structure,
without any difficulty.)
Yet, even though the concept of equilibrium points has many strong points,
it also has at least three important weaknesses:
1. Almost every nontrivial game has many (sometimes even infinitely
many) essentially different equilibrium points. Hence, a theory which could
only predict that the outcome of a noncooperative game should be an
equilibrium point, without specifying which equilibrium point this actually
were to be, would be an extremely weak and uninformative theory. This
difficulty I will call the multiplicity problem.
2. Secondly, any mixed-strategy equilibrium point is, or at least appears
to be, fundamentally unstable (see Section 6 below) and, therefore, to be
unsuited to be the solution of a game. This gives rise to what I will call tb.e
instability problem: how are we to define a solution for a noncooperative
game that has only mixed-strategy equilibrium points?
3. A third difficulty connected with equilibrium points was discovered
by REINHARD SELTEN [1965, 1975]. He pointed out that many equilibrium
points require some or all of the players to use highly irrational strategies
(see Section 7). He proposed to call such equilibrium points imperfect equilibrium points, as distinguished from perfect equilibrium points, which
involve no irrational strategies. The problem posed by the fact that many
games contain imperfect equilibrium points I will call the imperfectness
problem.
This completes my survey of the main problems posed by classical game
theory, both by its cooperative and by its noncooperative branches. I now
propose to show how the new solution theory developed by REINHARD SELTEN and by me tries to resolve these problems.
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II. The new solution theory
5. Analysis of cooperative games by means of noncooperative
bargainig models

The new solution concept developed by REINHARD SELTEN and by me is
primarily a solution concept for noncooperative games. But it actually grew
out of our research concerning cooperative games. When it became clear to
us that the NAsH solution in its original form could not be used as a solution
concept for two-person bargaining games with incomplete information
[HARSANYI, 1967-68, pp. 329-334], REINHARD SELTEN and I first tried to
overcome this difficulty by proposing an ad hoc modification of the NAsH
solution, specifically designed to resolve this particular problem [HARSANYI
and SELTEN, 1972]. But soon after this we have come to the conclusion that
thinking up new ad hoc cooperative solution concepts whenever the need
arises is not really a satisfactory approach, and that a radically new
theoretical departure is required.
We have decided to follow NAsH's [1951, p. 285] suggestion that analysis
of any cooperative game G should be based on a formal bargaining model
B (G), involving bargaining moves and countermoves by the various players,
and resulting in an agreement about the outcome of the gaJ1le. Formally, this
bargaining model would have the nature of a noncooperative game in
extensive form (or possibly in normal form). The solution of the cooperative
game G would then be defined in terms of the equilibrium points of this
noncooperative bargaining game B (G).
At the same time, we have been aware of the fact that NAsH's approach
cannot possibly work unless we can overcome the three- already mentioned- weaknesses in the concept of equilibrium points itself, viz. the
multiplicity problem, the instability problem, and the imperfectness problem.
Overcoming the multiplicity problem has been particularly crucial: experience shows that bargaining games (bargaining models) are especially prone
to having an overabundance of essentially different equilibrium points.
This fact can be illustrated by considering a very simple two-person
bargaining game, where two players have to agree on how to divide $ 100,
the money being lost to them if they cannot agree. (I will assume that both
players have linear utility functions for money.) This game can be represented
by the following bargaining model. Each player has to name a real number,
representing his payoff demand. The numbers named by players 1 and 2
will be called Xt and x2, respectively. If Xt + x2 :;:;:; 100, i.e., if the two players' payoff demands are mutually compatible, then both will obtain their
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payoff demands, i.e., they will obtain the payoffs ut = Xt and u2 = X2. In
contrast, if xt + x2 > 100, i.e., if their payoff demands are incompatible,
then they will receive zero payoffs Ut = u2 = ·0 (since this will be taken to
mean that they could not reach an agreement).
If the players are freee to divide the$ 100 in all mathematically possible
ways, then this game will have infinitely many essentially different equilibrium points in pure strategies since all possible pairs (xt, x2) satisfying
xt + x2 = 100 and x1, x2 ~ 0 will be equilibrium points. But even if we
restrict the players to payoff demands representing integer numbers of
dollars, the game will still have 101 essentially different equilibrium points,
from (0,100), (1,99), ..., to (100,0). Clearly, a theory telling us no more
than that the outcome can be any one of these equilibrium points will not
give us much useful information. We need a theory selecting one specific
equilibrium point as the solution of the game. In fact, the main purpose of
REINHARD SELTEN's and my solution concept is to provide a mathematical
criterion that always selects one specific equilibrium point as the solution. In
other words, its main purpose is to overcome the multiplicity problem. (But,
as I will try to show, our theory also overcomes the two other problems
posed by the concept of equilibrium points, viz. the instability problem
and the imperfectness problem.)
Used in conjunction with our solution theory, analysis of cooperative
games by means of noncooperative bargaining models, as suggested by NAsH,
does provide a full remedy for the various problems posed by the classical
theory of cooperative games. First of all, it yields a uniform approach to
analyzing all classes of cooperative games. Even though different cooperative
games may have to be analyzed in terms of very different bargaining
models, the solution of each bargaining model, and therefore the solution of
each cooperative game, will be defined in terms of the very same basic
mathematical criteria, as specified by our solution theory.
Indeed, the suggested approach will permit a unification, not only of
cooperative game theory, but rather of game theory as a whole, including
both the theories of cooperative and of noncooperative games. This is so
because the problem of defining a solution for a cooperative game G will
always be reduced to the problem of defining a solution for the noncooperativ game B (G).
A further advantage of this approach is that it shows exactly how the
outcome of any given cooperative game will depend on the actual nature of
the bargaining process among the players, including such factors as who can
talk to whom, and who can talk to whom first, before anybody else can;
what the rules are for concluding agreements, or for withdrawing from
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agreements already concluded, or again for making one's tentative agreements
final and irrevokable; how easily coalitions can be formed, dissolved, or
recombined; what threats can be made by whom against whom, and to what
extent such threats are irrevokable, etc.
In constructing bargaining models we can take advantage of the very
great flexibility that bargaining games in extensive form provide for us-a
flexibility not available to the classical theory of cooperative games because
of its insistence on using the much more restrictive normal form (or the even
more rigid characteristic-function form). For example, we can easily construct
bargaining models that represent cooperative games wholly inaccessible to
classical theory, such as partially cooperative games, or cooperative games
possessing a sequential structure, or cooperative games with incomplete information, etc.
In what follows, I will first describe how our theory resolves the instability
and the imperfectness problems. Then, I will discuss our solution concept
itself, which we use primarily to overcome the multiplicity problem.
6. A new justification for use of mixed-strategy equilibrium points

To illustrate the problem posed by games that have only mixed-strategy
equilibrium points, consider the following game:

0

45

30
30

90
60

75

45

The only equilibrium point of this game is the mixed-strategy equilibrium
point (A*, B*), where A'' = ( 1/a, 2/a) and B* = ( 4/5, 1/5). In other words,
players 1's equilibrium strategy A* requires him to use his two pure strategies
At and A2 with the probabilities 1/a and 2/a, respectively. In contrast, player
2's equilibrium strategy B'' requires him to use his two pure strategies Bt and
B2 with the probabilities 4/5 and 1/5.
We can better understand the problem if we add a new row and a new
column to the payoff matrix, corresponding to the equilibrium strategies
A* andB*:
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B*
45

0
30

30

35

36

45
40

60

42

90
60

75

A*

36

69
36

60

60

As can be seen from this enlarged payoff matrix, if player 1 expects
player 2 to use his equilibrium strategy B\ then player 1 himself will have
no real incentive to use his own equilibrium strategy A''. This is so because
he will obtain the same payoff u1 = 36, regardless of whether he does use
his mixed equilibrium strategy A'', or uses either of his two pure strategies
At and A2, or uses any other mixed strategy whatever. Likewise, player 2 will
have no real incentive to use his equilibrium strategy B"' even if he does expect
player 1 to use his own equilibrium strategy A''. This is so because player 2
will obtain the same payoff u2 = 60, regardless of whether he uses his equilibrium strategy B'', or uses either of his two pure strategies Bt and B2, or uses
any mixed strategy whatever.
This is what we mean by saying that the equilibrium point (A*, B*) isseemingly-unstable: even if it does not provide any incentive for either
player not to use his equilibrium strategy, it does not provide any incentive,
either, that would make it positively attractive for him to use his equilibrium
strategy.
I now propose to argue that this instability of such mixed-strategy equilibrium points is only apparent. First of all, even if the players have as
complete information about the payoff matrix of the game as they can
possibly have, each player will always have some irreducible minimum of
uncertainty about the other player's payoffs. For example, even though the
payoff matrix shows player 2's payoff associated with the strategy pair
(At, Bt) to be U2 (At, Bt) = 30, player 1 will never be able to exclude the
possibility that, at this very moment, this payoff may be in fact 30 - e or
30 + t, where t is a small positive number. This is so because every person's
utility function is subject at least to small unpredictable random fluctuation
as a result of changes in his mood, or a possible sudden urge to use one of his
pure strategies in preference to his other pure strategy, etc.
This means that a realistic model of any given game will not be one with
fixed payoffs but rather one with randomly fluctuating payoffs (though
these fluctuations may be very small). Mathematical analysis shows that
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such a game will have no mixed-strategy equilibrium points at all. Rather,
all its equilibrium points will be in pure strategies, in the sense that neither
player will ever intentionally randomize between his two pure strategies:
instead, he will always find that one of his two pure strategies will yield
him a higher payoff, and this is the pure strategy that he will actually use.
At the same time, the random fluctuations in the two players' payoffs will
interact in such a way that player 1 will find strategy At to be more profitable
than strategy A2 approximately tfa of the time, and will find A2 more
profitable than At approximately 2/a of the time. As a result, even though
he will make no attempt to randomize, he will in fact use his two pure
strategies approximately with the probabilities actually prescribed by his
equilibrium strategy A* = (1/a, 2/s ). By the same token, even though player 2
will make no attempt to randomize, he will in fact use his two pure strategies
Bt and B2 approximately with the probabilities prescribed by his equilibrium
strategy B'~ = (4/5, 1/5). [For detailed discussion and for mathematical proofs,
see HARSANYI, 1973.]
To conclude, when a given game is interpreted as a game with fixed
payoffs, then it will not provide any incentives for the players at a mixedstrategy equilibrium point to use their pure strategies with the probabilities
prescribed by their equilibrium strategies. But if the game is, more realistically, reinterpreted as a game with randomly fluctuating payoffs, then it will
provide the required incentives, so that the instability problem associated
with mixed-strategy equilibrium points will disappear.

7. Elimination of imperfect equilibrium points from the game
To illustrate the imperfectness problem, we have to consider a game in
extensive form because, in the normal form, the distinction between perfect
and imperfect equilibrium points becomes unclear. I will use the following
example:
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In this game, player 1 has the first move: he can choose between move a
and move b. If he chooses b then the game will immediately end with the
payoffs u1 = 0 and u2 = 2. But if he chooses a, then player 2 will also have
a move: he will be able to choose between moves x andy. If he chooses x then
the payoffs will be u1 = u2 = 1 while of he chooses y then the payoffs will be
Ul = U2 = -1.
For people more accustomed to considering games in normal form, the
normal form of this game is:
y

X
A

-1

1

-1

1

0

0

B

2

2

Thus, player 1 has two pure strategies, viz. strategy A ("Choose move a")
and strategy B ("Choose move b"). Player 2 also has two pure strategies, viz.
strategy X ("Choose move x if player 1 has chosen a"), and strategy Y
("Choose move y if player 1 has chosen a").
Obviously, the game has two pure-strategy equilibrium points, viz. the
strategy pairs E = (A, X) and P = (B, Y). E is a perfect equilibrium point.
But I will now show that E'' is an imperfect equilibrium point, involving
irrational strategies.
In fact, strategy Y is surely irrational because it requires player 2 to choose
move y, which will yield him as well as player 1 the payoff u1 = u2 = -1,
even though by choosing move x both he and player 1 could obtain the payoff
u1 = u2 = 1. Strategy B is equally irrational: player 1 should know that if
he chose move a then player 2 would surely choose move x, which would
yield him the payoff u1 = 1; therefore, player 1 should not choose move b,
which would yield him only u1 = 0. 3
How is it possible that an equilibrium point should involve such irrational
strategies? In panicular, how can an equilibrium point require a player to
choose a move like y when choosing this move is inconsistent with maximizing
his own payoff?
3

The reader may object that we do not need the concept of imperfect equilibrium points
to show that E'' = (B, Y) is an undesirable equilibrium point, because it is sufficient to
point out that E* uses a (weakly) dominated strategy, viz. strategy Y. This is, of course,
a correct observation. In fact, in two-person games all imperfect equilibrium points
always involve dominated (or equivalent) strategies. But this is not true for three-person
or even larger games. (The reason why I did not use a three-person example was that
its analysis would take up much more space.)
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The answer is that a move like y will in fact reduce a given player's
expected payoff only if this move occurs with a positive probability. Yet, if
the two players act in accordance with equilibrium pointE~' = (B, Y), then
player 2 will never come into a position of having to implement this irrational
move y, i.e., move y will occur with zero probability, and, therefore, will not
actually reduce player 2's expected payoff.
More generally, an equilibrium strategy by definition must maximize the
relevant player's expected payoff if the other players' strategies are kept
constant; and this means that no equilibrium strategy can possibly prescribe
an irrational (i.e., a non-payoff-maximizing) move at any point of the game
tree that will actually be reached with a positive probability if all players
use their equilibrium strategies. But an equilibrium strategy may prescribe an
irrational move for a given player at some point of the game tree tpat will
be reached with zero probability. Imperfect equilibrium points are precisely
those equilibrium points that prescribe a move contrary to payoff maximization at some point of the game tree that will be reached with zero
probability.
This analysis, however, suggests a method of eliminating imperfect equilibrium points from any given game. We first replace every player by as
many agents as the number of his information sets in the extensive form of
the game. Each agent's pure strategies will be simply the moves that the main
player had at the relevant information set. His payoff function will be the
same as the main player's. Then, we construct a normal-form game whose
players are these agents: this game will be called the agent normal form. 4
Given the agent normal form, we can now eliminate all imperfect equilibrium points as follows. Suppose that agent i (i = 1, ..., n) has K; pure
strategies, denoted as a;t, ..., a;k, ..., a;Ki, I will make the following assumption. Whenever agent i tries to use any given pure strategy a;k, he will succeed
in doing so only with probability (1 - e), where e is a small positive number;
whereas with probability e he will make a mistake, using each of his (K; - 1)
unintended pure strategies with probability e/(K; - 1). The resulting game,
involving these imposed mistake probabilities, is called the perturbed agent
normal form (PANF).
As a result of these positive mistake probabilities, in this PANF game all
information sets of the game tree will always be reached with positive
probabilities. Consequently, this PANF game will no longer contain any
4

If we want to eliminate all imperfect equilibrium points from the game then we have
to work with the agent normal form rather than with the ordinary normal form because
in the latter it is in general impossible to distinguish perfect and imperfect equilibrium
points from eadt other.
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imperfect equilibrium points. Moreover, if we let the mistake-probability
parameter e go to zero, the equilibrium points of the P ANF game will
converge to perfect equilibrium points of the original game.
To prevent our solution concept from ever selecting an imperfect equilibrium point as the solution of any given game, we define our solution as
follows. We first apply our solution concept to the P ANF games G. characterized by given e values. Then, we compute the solutions s. for these
games G•. Finally, we define the solution of the original game G as that
particular perfect equilibrium point s = (st, ..., sn) which is the limit of
these solutions s. when the parameter e goes to zero.
8. The tracing procedure

Our solution theory consists of two parts. One is a mathematical procedure
called the tracing procedure. The other is a theory of the prior probability
distributions used in this tracing procedure. This latter part of our theory
also deals with the hierarchical structure of the game, based on the various
component games into which the game can be divided, since the prior
probability distributions used in the tracing procedure are themselves defined
in terms of this hierarchical structure of the game. For lack of space, I can
describe our solution theory only in very rough outlines. A more detailed
discussion of the tracing procedure can be found in HARSANYI [1975]. The
prior probability distributions used by our theory, and the hierarchical
structure of the game, are described in HARSANYI [1977a]. Some applications
of our theory are discussed in HARSANYI [1977c and 1979]. Other aspects of
our solution theory will be discussed in forthcoming publications by REINHARD SELTEN and by me.
I will use the following notations. The pure strategies of player i
(i = 1, ..., n) in game G will be written as a;1, ••• , a;k, ... , a;Ki. Any
mixed strategy s; of player i will have the form of a probability vector
s; = (s;1, ••• , s;k, •.. , s;Ki), where s;k (k = 1, ..., K;) is the probability
that s; assigns to the pure strategy a;k. A strategy combination s of the n
players will have the form s = (st, ..., sn). A strategy combination of the
(n - 1) players other than player i will be written as 8;' = (st, ..., Si-1>
Si+l, ••• , sn). I will also writes = (s;, "8;). Player i's payoff function will be
denoted as U; (s) = U; (s;, Si) = U; (st, ..., sn).
The tracing procedure is an attempt to extend Bayesian decision theory
from one-person decision problems, where it has been so eminently successful,
to then-person decision problems arising in n-person noncooperative games.
We use the following model. Each player j expresses his expectations about
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the strategies that any other player i is likely to use in the game, in the form
of a subjective probability distribution pi = (pit, ..., p;k, ..., p;Ki) over
player i's pure strategies, where pik (k = 1, ..., Ki) denotes the subjective
probability that player j assigns to the hypothesis that player i will use the
pure strategy a;k. Since all players j =I= i will base their subjective probability
distributions pi over the pure strategies a;k of any given player ion the same
information concerning the nature of the game, all of them will use the same
subjective probability distribution p;. This subjective probability distribution
p; is called the prior probability distribution over player i's pure strategies.
Since any prior distribution pi is a probability distribution over player i's
pure strategies, mathematically it will have the nature of a mixed strategy
by player i. But it will have a very different intuitive interpretation from
an ordinary mixed strategy. While an ordinary mixed strategy Si involves
the assumption that player i himself will randomize among his different
pure strategies, a prior probability distribution p; involves no such assumption. Rather, it merely expresses uncertainty in the other players' minds
about the actual strategy that player i will use in the game.
I will write p = (p1, ..., pn), Pi = (pt, ... , Pi-1, Pi+1, ..., pn), and
p = (p;, p;). Thus, p; is a probability vector summarizing player i's expectations about the behavior of all the other (n __:_ 1) players in the game
whereas p summarizes the expectations of all n players about one another's
behavior.
Suppose we know p. How can we predict the outcome of the.game? The
simplest answer would be this. Since the expectations of each player i about
his fellow players' behavior are expressed by the relevant probability vector
Pi, he will use that particular strategy s;+ that is his best reply top;, i.e., he
will use a strategy s; = s;+ that maximizes his expected payoff
(8.1)

U1 (s;, p;).

Accordingly, one may try to argue that the solution of game G should be
defined as the strategy combinations+ = (st+, ..., Sn +), consisting of these
best-reply strategies s1 +, ..., s;+, ..., sn +. I will describe the solution theory
based on this assumption as the naive Bayesian approach.
Regrettably, this simple-minded naive Bayesian approach must be rejected
because the strategy combination s+ in general will not be an equilibrium
point.
Yet, even though this naive Bayesian approach is an unsatisfactory solution
theory, it can be used as a starting point of a more satisfactory theory. In
fact, the tracing procedure always starts with this best-reply strategy
combination s+, but then continuously and systematically transforms s+
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until it converges to an equilibrium point s'' = (st'', ..., sn'') of the game,
which will then be chosen as the solution.
The tracing procedure is based on a one-parameter family of auxiliary
games Gt, with 0 ;: : ; t ;::::;; 1. In any given game Gt, each player i will have
the payoff function
(8.2)

U;1 (s;, ;)

= (1

- t) U; (s;, i};)

+ t U; (s;, 5;).

Clearly, fort= 1, game Gt = G 1 will have the same payoff functions
(8.3)

Ui1 (s;, 5;)

= U;

(s;, 50

as the original game G has. Therefore, we can write G1 =G. On the other
hand, fort= 0, game G 1 = G0 will have payoff functions of form (8.1)
smce
(8.4)

U;0 (s;, 5;) = U; (s;, i};).

Thus, this auxiliary game G 0 will be a game of a very special form since
it will make the payoff U;0 of each player i depend only on his own strategy st
and will make it independent of the other players' strategies (since does
not depend on 5;). Consequently, G 0 can be factored into n mathematically
independent maximization problems, one for each player i.
More generally, for 0 ;:;;;; t ;:;;;; 1, the payoff function U;t of each player i
will be a convex combination of U;0 and of U;1 = U;.
For each game Gt, let Et be the set of all equilibrium points of Gt. By
NAsH's [1951] theorem (see Section 1), each of these sets Et will be nonempty.
Let P be the graph of the correspondence t-+ Et, 0 ;: : ; t;::::;; 1. For any fixed t,
this graph P will have as many points as the number of equilibrium points
in Et. Accordingly, in nondegenerate cases, in region t = 0, graph P will
have only one point x 0 , because each player i will have a unique (pure)
strategy s; = s;+ maximizing the payoff function U;0 = U; (s;, J?;), and as a
result the equilibrium-point set E 0 will contain only the one point s+ = (s1 +,
••• , Sn +). Moreover, one can show that, in nondegenerate cases, graph P will
contain exactly one continuous path L, leading from this one point x 0 in
region t = 0 to some point x 1 in region t = 1. This point x1 will always
correspond to a specific equilibrium point s'' = (st*, ..., sn*) of game
G 1 = G, and this equilibrium point s* can be chosen as the solution of game
G. The mathematical procedure selecting s* as solution is called the tracing
procedure because it is based on tracing (i.e., following) path L from its
starting point x 0 (corresponding to the strategy combination s+) to its end
point x 1 (corresponding to the solutions*).

p;
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This version of the tracing procedure, called the linear tracing procedure,
in all nondegenerate cases always yields a unique solutions*. In degenerate
cases, however, it will not yield a unique result because graph P may contain
more than one point x 0 in region t = 0 (in which case it will always contain
infinitely many points x 0 ) and, even if x 0 is unique, there may be several (and
even infinitely many) continuous paths leading from x 0 to the region t = 1.
But one can show that a modified version of the tracing procedure, called the
logarithmic tracing procedure, will always yield a unique solution, even in
highly degenerate cases.
The solution defined by the tracing procedure always has the form
s'~ = T (G, p). That is to say, the solutions* obtained will depend not only
on the game G we are analyzing but also on the vector p = (p1, ..., pn) of
priors used as a starting point. Indeed, in most cases, s'~ will very crucially
depend on p. Therefore, the theory of how to select the vector p of priors
is a crucially important part of our solution theory.
Intuitively, the tracing procedure has the following interpretation. Its
purpose is to model the solution process, i.e., the reasoning process by which
rational players choose a specific equilibrium point s'~ as the solution of any
given noncooperative game G;
At the beginning of this solution process, the players' expectations about
each other's strategy choices will correspond to the prior probability distributions p1, ..., pn; whereas their tentative strategy choices themselves will
correspond to the strategies Si +, ..., Sn +, which represent their best-reply
strategies to these expectations. Then, the solution process will consist in
gradually and systematically modifying both these expectations and these
tentative strategy choices until both of them converge to the solution strategies s1", ..., s,.*, corresponding to a unique equilibrium point s'~ = (s1'~,
... , sn*) of the game.
9. The hierarchical structure of the game

For any given game G, our theory makes use of two kinds of component
games, viz. formations and cells. A formation F is a smaller game deriV'ed
from game Gin the following way. F is played be the same n players as G is,
but each player i is now restricted to some nonempty subset Al of the purestrategy set A; he would have in G. He can also choose any mixed strategy s;
which uses only pure strategies a;k included in Al. These pure and mixed
strategies will be called his £-permissible strategies. We also require that the
new game F should satisfy the following closure requirement: If any given
player i expects all the other players to use F-permissible strategies, then
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player i should have a positive incentive likewise to use an F-permissible
strategy.
On the other hand, a cell C is a game played by some subset N° of the
player set N of game G. The players included in N° are called the C-players.
A cell C must satisfy the following closure requirement: If any given Cplayer i wanted to decide which strategy s; of his was a best reply to the
strategies he expects the other players would use, then it should be sufficient
for him to consider the strategies he expected his fellow C-players would use,
regardless of the strategies he expected the non-C-players would use.
Thus, a formation is a self-sufficient strategy-restricted component game
whereas a cell is a self-sufficient player-restricted component game.
Our theorey defines the solution s•f (G) of the entire game in terms of the
solutions s•f (F) and s•f (C) of the formations F and the cells C of G. On the
other hand, the solutions* (F) of any formation F, and the solution s* (C)
of any cell C, is itself defined in terms of the solutions of the subformations
and the subcells of F or of C, etc., until we reach the smallest formations
and the smallest cells which cannot be any further decomposed into subformations and subcells.
This inductive definition procedure will always involve only a finite
number of steps because any finite game G can contain only finite numbers
of formations and of cells (even if we include the subformations and subcells
of all subformations and subcells of all orders).
10. The prior probability distributions
Our theory uses two types of prior probability distributions, called
bicentric priors and uniform priors. Under our theory, the players will use
bicentric priors p; whenever they want to decide which of two equilibrium
points s = (s1, ..., sn) and t = (t1, ... , tn) should be the solution of the
game, in case their choice could be restricted to these two equilibrium points.
For lack of space, I cannot state the formal definition of the bicentric
probability vectors p; = (pl, ... , p;Ki). Let me merely state the following
fact. Consider the quantities
(10.1)

Vi=

U; (s;, si)- U; (t;, Si)

and
(10.2)

w; = U; (t;, tt)

-

U; (st, tt)

for i = 1, ..., n.

We may interpret the quantity v; as the net payoff incentive that player i
will have to stick to his s-strategy s; rather than shift to his t-strategy t; in
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case all the other (n - 1) players j likewise stick to theirs-strategies SJ. On
the other hand, the quantity w; is the net payoff incentive that player i will
have to stick to his t-strategy t; rather than shift to his s-strategy s; in case
all the other (n - 1) player j likewise stick to their t-strategies tj.
Now, in a fairly large and very important class of games, the bicentric
prior p; induced by the two equilibrium points s and t will be equivalent to
an expectation that each player i will use his s-strategy s; and his t-strategy t;
with probabilities proportional to these net payoff incentives v; and w;,
which amounts to assigning the prior probability
(10.3)

Vi

Prob(s;) = - - v;+w;

to the hypothesis that player i will use strategy s; while assigning the prior
probability
Prob(t;) = _w_;_
v;+w;
to the alternative hypothesis that he will use strategy t;.
Our theory uses the vector p = (p1, ... , Pn) of bicentric prior probability
distributions for defining risk-dominance relations. Let F 0 be the smallest
formation of the game which contains both equilibrium points s and t. We
say that equilibrium point s risk-dominates equilibrium point t if the tracing
procedure, when applied to p, yields s as solution, in preference over t, i.e.,
if we have T (F 0 , p) = s. Conversely, we say that t risk-dominates s if we
have T (F 0 , p) = t. We call this relation "risk-dominance" because, if (say)
s risk-dominates t, this will have the intuitive interpretation that, if the
players have to choose between the two equilibrium points s and t, then
they will chooses on the ground that they will consider t to be a more risky,
and therefore a less attractive, choice than s is.
As I have already mentioned, under our theory the players will use
bicentric priors p; only when they want to choose between two alternative
equilibrium points as possible solutions for the game. In all other cases, they
will use uniform priors p;. While a bicentric prior p; typically assigns different prior probabilities to different strategies of any given player i in
accordance with the payoff incentives this player has to use each particular
strategy, a uniform prior p; always assigns the same prior probability to
each strategy. (This is so because uniform priors are used in situations where
the other players have no reason to regard player i as being more likely to
use one strategy than to use another.)
Both uniform and bicentric priors play essential roles in our theory. But,
in an important sense, bicentric priors, and the risk-dominance relations
(10.4)
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based on them, play a more fundamental role. Indeed, one may even say
that our theory defines the solution of a game basically in terms of the riskdominance relations that exist among the various equilibrium points.
11. Conclusion

To sum up, REINHARD SELTEN and I have developed our solution theory
basically to overcome certain deficiencies of classical game theory. The
primary application of our theory is to noncooperative games. But it does
yield solutions also for all classes of cooperative games because any cooperative game can always be analyzed in terms of a suitable noncooperative
bargaining model.
Lack of space does not permit me to describe some of the actual solutions
our theory defines for various specific classes of games. [But see HARSANYI,
1977c, and 1979. This latter paper also discusses the actual computation
procedure for a one-parameter family of two-person bargaining games with
incomplete information as an illustrative example.] In all cases investigated
so far, the solutions we obtain are in very good agreement with our intuitive
expectations.
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SECTION E

GAME-THEORETICAL ANALYSIS OF MORAL
DECISIONS

CHAPTER 12

RULE UTI LIT ARIANISM, RIGHTS, OBLIGATIONS AND
THE THEORY OF RATIONAL BEHAVIOR

Abstract. The paper first summarizes the au thor's decision-theoretical model of moral
behavior, in order to compare the moral implications of the act-utilitarian and of the
rule-utilitarian versions of utilitarian theory. This model is then applied to three voting
examples. It is argued that the moral behavior of act-utilitarian individuals will have the
nature of a noncooperative game, played in the extensive mode, and involving action-byaction maximization of social utility by each player. In contrast, the moral behavior of
rule-utilitarian individuals will have the nature of a cooperative game, played in the
normal mode, and involving a firm commitment by each player to a specific moral
strategy (viz. to the strategy selected by the rule-utilitarian choice criterion) - even if
some individual actions prescribed by this strategy, when considered in isolation, should
fail to maximize social utility.
The most important advantage that rule utilitarianism as an ethical theory has over
act utilitarianism lies in its ability to give full recognition to the moral and social importance of individual rights and personal obligations. It is easy to verify that action-byaction maximization of social utility, as required by act utilitarianism, would destroy
these rights and obligations. In contrast, rule utilitarianism can fully recognize the moral
validity of these rights and obligations precisely because of its commitment to an overall
moral strategy, independent of action-by-action social-utility maximization.
The paper ends with a discussion of the voter's paradox problem. The conventional
theory of rational behavior cannot avoid the paradoxical conclusion that, in any large
electorate, voting is always an irrational activity because one's own individual vote is
extremely Ut:Jlikely to make any difference to the outcome of any election. But it can
be shown that, by using the principles of rule-utilitarian theory, this paradox can easily
be resolved and that, in actual fact, voting, even in large electorates, may be perfectly
rational action. More generally, the example of rule utilitarianism shows what an important role the concept of a rational commitment can play in the analysis of rational
behavior.

1. INTRODUCTION

In earlier publications (Harsanyi, 1953, 1955, 1977a, b, 1978a, b, c), I have
argued that the modern theory of rational behavior- as developed by economists (as well as by decision theorists and game theorists)- can make
important COntributions to OUr understanding of the nature of morality. I
Now I would like to carry this argument a little further and discuss the
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important role that the concept of rational commitment plays in ruleutilitarian theory. I also propose to show how rule-utilitarian theory, in turn,
can help us to resolve certain problems in the theory of rational behavior
itself and, in particular, how it can help us to resolve the voter's paradox
problem.
When economists take an active interest in the foundations of moral
philosophy, they are following a long tradition, going back to Adam Smith
himself. In fact, an important branch of economic theory, namely welfare
economics, is primarily a study of how to apply certain moral principles
(Pareto-optimality, distributive justice, individual freedom, etc.) to economic
activities. What is more, a major school of thought in moral philosophy itself,
that of utilitarianism, was developed by a number of distinguished scholars
(James Mill, John Stuart Mill, Sidgwick, Edgeworth, and others) who combined active work in moral philosophy with active work in economics. Indeed,
utilitarianism can be interpreted as an attempt to base the whole of moral
philosophy on the economic principle of utility maximization- or, more
exactly, on the requirement of maximizing social utility, the latter being
defined as the sum, or as the arithmetic mean, of all individual utilities.
Again, when utilitarianism came under heavy criticism because of its
apparent insensitivity to individual rights and personal obligations, it was an
economist, Roy Harrod (1936), who pointed out that these difficulties can
be easily overcome if the act-utilitarian theory of the 19th-century utilitarians
is replaced by a rule-utilitarian approach.2 Act utilitarianism is the theory
that the utilitarian criterion of social-utility maximization should be directly
applied to each individual action (or act): In any given situation, a morally
right action is that particular one that maximizes social utility. In contrast,
rule utilitarianism .is the theory that the utilitarian choice criterion should be
applied, in the first instance~ to alternative possible moral rules, rather than
directly to alternative possible actions: In any given situation, a morally right
action is one that conforms to the "correct moral rule" applicable to this
kind of situation; whereas the correct moral rule is defmed as that particular
behavioral rule which will maximize social utility if it is followed by everybody in this kind of situation.
As I have argued elsewhere (Harsanyi, 1977a), the actual moral implications of either version of utilitarian theory can be ascertained only by a
study of rigorous decision-theoretical models of moral behavior. Such a study
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will show that the rule-utilitarian approach does overcome the notorious
difficulties of the act-utilitarian approach, and does yield a very attractive,
truly rational and deeply humane, standard of morality.
In this paper I propose to show that the rule-utilitarian conceptual framework not only helps us to clarify the nature of morality, but also can help us
to resolve important problems in the theory of rational behavior: in particular,
it can help us to resolve the voter's paradox problem and, more generally, it
can help us to appreciate the important role that rational commitments play
in rational behavior.
2. ACT UTI L IT A R I A N IS M V S. R U L E UTILI T A RIA N ISM

To clarify the moral implications of the two utilitarian theories, I have.
proposed the following decision-theoretical model (Harsanyi, I977a). Society
consists of(n + m) moral agents (individuals). Out of these individuals, agents
I, ... , n are utilitarians, while agents (n + I), ... , (n + m) are nonutili·
tarians, whose behavior is governed by self-interest or by some nonutilitarian
morality (say, by traditional morality), or by some mixture of the two. Each
agent has a finite set, S, of pure strategies, which is the same for all agents. By
'strategy' I mean the usual decision-theoretical and game-theoretical strategy
concept: thus, a strategy is a mathematical function from the set of all
possible 'situations' to the set of all possible 'actions', specifying, for each
situation, the specific action that the agent will take in that situation. (But
it is required that any strategy should always specify the same action for two
different situations if the agent has insufficient information to distinguish
between the two.) The strategy of a given agent k will be called sk.
The strategies sk of the m non utilitarian agents k (k = n + I, ... , n + m)
are regarded as given, i.e., as being determined outside the model. In contrast,
the strategies si of the n utilitarian agents i (i = 1, ... , n) are determined
within the model, by the requirement that they should maximize the socialutility (or social-welfare) function W. But the constraints of this maximization problem will differ according as the n utilitarian agents are act
utilitarians or are rule utilitarians.
First take the act-utilitarian case. In this case, each utilitarian agent i will
regard, not only the nonutilitarian agents' strategies, but also the other
(n- I) utilitarian agents' strategies, as given. Therefore, he will try' to solve
the following maximization problem.
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In contrast, in the rule-utilitarian case, each utilitarian agent will act on the
assumption that all the other (n - 1) utilitarian agents will follow the same
moral rule and, therefore, will use the same strategy as he does himself. Thus,
he will try to solve the following maximization problem.
Maximize W = W(s 1 , . . . , s;,. _. ,sn; Sn+t, . . . , Sn+m). subject to:
(2.3)
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Even though the maximand is the same function W in both cases, the two
maximization problems are quite different maximization problems because
Equations (2.1) and (2.3) are very different constraints. Accordingly, in many
cases the two maximization problems will have very different solutions, as I
will illustrate by three voting examples (see below).
Mathematically, the behavior of the n utilitarian agents in both models
can be regarded as an n-person game. (It is an n-person game, rather than an
(n + m)-person game because only the n utilitarian agents are active players.)
But it is a very special game because all n players are trying to maximize the
same social-utility function W, which means that we are dealing with a game
where all n players have the same payoff function W.
More specifically, if the n players follow the act-utilitarian approach then
the resulting game will be formally a noncooperative game since each player
will choose his strategy independently of all other agents in trying to maximize the function W. In contrast, if the players follow the rule-utilitarian
approach then the resulting game will be a cooperative game since, according
to requirement (2.3), each player will choose his strategy on the assumption
that all other players will use the same strategy, so that the different players'
strategies will not be independent. But their strategies will be independent in
another sense: they will be chosen in general without any priQr consultation
between the players.3
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We can express this fact by saying that the rule-utilitarian game is a
cooperative game of a somewhat unusual type. It is not a cooperative game
with negotiated strategy coordination as most cooperative games discussed in
the game-theoretical literature are. Rather, it is a cooperative game with
spontaneous strategy coordination, in which this coordination is typically
achieved without actual communication between the players, merely by the
fact that all players will follow the same choice criterion in choosing their
strategies.
To illustrate the differences between the act-utilitarian and the ruleutilitarian approaches, I will briefly discuss three voting examples. (For fuller
mathematical analysis, see Harsanyi, 1977a, Mathematical Note II.)

EXAMPLE 1. 1000 voters have to decide the fate of a socially very desirable
policy measure M. All of them favor the measure. Yet it will pass only if all
1000 voters actually come to the polls and vote for it. But voting entails
some minor costs in terms of time and inconvenience. The voters cannot
communicate and cannot find out how many other voters actually voted or
will vote.
Under these assumptions, if the voters are act utilitarians then each voter
will vote only if he is reasonably sure that all other 999 voters will vote.
Therefore, if even one voter doubts that all other voters will vote then he will
stay home and the measure will fail. Thus, defeat of the measure will be a
fairly likely outcome.
This voting process by act-utilitarian voters, as a noncooperative game, will
have two game-theoretical equilibrium points: one will occur if everybody
votes while the other will occur if nobody votes. This second, socially
undesirable, equilibrium point is much more stable than the first, socially
desirable, equilibrium point because it will be destabilized as soon as even
one player becomes doubtful about whether everybody will vote.
In contrast, if the voters are rule utilitarians then all of them will be
certain to vote, ensuring passage of the measure. This is so because, for ruleutilitarian voters, their choice reduces to a choice between everybody voting
and nobody voting; and since the former alternative will yield a much higher
social utility they will always choose that alternative
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EXAMPLE 2. The situation is as in Example 1, except that now only 800
affirmative votes are needed to pass the measure. The voters can use only
pure strategies.
In this case, an act-utilitarian voter will vote only if he is reasonably sure
that exactly 799 other voters will vote. (If fewer of them vote then his vote
will not be sufficient to pass the measure; whereas, if more of them vote then
his vote will not be needed.) But this means that he will be most unlikely to
vote.
Now, the noncooperative game representing voting by act-utilitarian voters
will have an astronomical number of equilibrium points, which fall into two
classes. Class 1 consists of one unique equilibrium point where nobody votes.
On the other hand, Class 2 consists of all strategy combinations where exactly
800 voters do vote and exactly 200 voters do not. Thus, it contains as many
equilibrium points as the number of possible ways of selecting 800 elements
out of a set of 1000 elements, which is, of course, a very large number. Since
it is very hard to ensure that exactly 800 voters should vote if no communication is permitted, equilibrium points of Class 2 are very unlikely to occur.
A much more likely outcome is the one equilibrium point of Class I, which
makes all voters refrain from voting, with socially very undesir~ble results.
In contrast, if the voters are rule utilitarians then again everybody will
vote.
Thus, neither rule utilitarianism nor act utilitarianism is abie in this case to
ensure the socially efficient outcome where exactly 800 voters would vote.
This is, of course, not at all surprising: in the absence of communication
between the voters this outcome can arise only as a result of a most unlikely
accidental coincidence. But, given this constraint, rule utilitarianism has a
clear advantage over act utilitarianism. It will ensure passage of the socially
desirable measure, even though it will do so somewhat inefficiently, with
more votes cast than legally needed. Yet, this outcome will be much preferable to a defeat of the measure, which would be the likely outcome if the
voters followed the act-utilitarian approach.
EXAMPLE 3. The situation is as in Example 2, but now the voters can also
use mixed strategies.
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In this case, once more, an act-utilitarian voter will vote only if he is
reasonably sure that exactly 799 other voters will vote, which will make him
very unlikely to vote.
Now, the noncooperative game representing voting by act-utilitarian voters
will have an even larger number of equilibrium points than it had in Example
2. The two classes of pure-strategy equilibrium points described for Example
2 will remain equilibrium points. But now they will be joined by a very large
number of mixed-strategy equilibrium points as well. Again, the equilibrium
point most likely to arise as an actual outcome will be the pure-strategy
equilibrium point at which all voters choose nonvoting with probability one.
Among the very large number of mixed-strategy equilibrium points that
the game now has, two are of special theoretical interest because they are
symmetric equilibrium points where all players use the same mixed strategies.
I will call them equilibrium points a* and a**_
At a*, every player will use a mixed strategy a* which assigns a probability p*, slightly smaller than 800/1000 = 4/5, to voting and assigns the
remaining probability (1 - p*) to nonvoting. On the other hand, at a**, every
player will use a mixed strategy a** which assigns a probability p* *,slightly
greater than 4/5, to voting and assigns the remaining probability (1 - p* *)
to nonvoting. (For proof, see Harsanyi, 1977a, Mathematical Note II.)
Finally, if the voters are rnle utilitan(ms, then, in this case the common
strategy they use will be a mixed strategy. More particularly, it can be shown
(Zoe. cit.) that it will be the same mixed strategy a** that would be used at
equilibrium point a** of the act-utilitarian game. It is easy to verify that if
the players use this mixed strategy a** then measure M will pass with a
probability very close to (but slightly less than) one. Moreover, the outcome
obtained in this way will represent a true social optimum: it will achieve the
highest social utility that can be achieved at all without actual communication among the players.
These three voting examples show that the act-utilitarian and ruleutilitarian choice criteria will often lead to different outcomes. Moreover, in
the absence of communication, by using the rule-utilitarian approach, people
can achieve a much higher degree of spontaneous strategy coordination than
they could by using the act-utilitarian approach. I will call this fact the
coordination effect.
Yet, in spite of the theoretical importance of this coordination effect, in
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my opinion, the superiority of rule utilitarianism over act utilitarianism rests
primarily on other considerations. It rests primarily on the fact that rule
utilitarianism can provide a much more satisfactory theory of individual
rights and personal obligations than act utilitarianism can provide (see below).
3. RULE UTILITARIANISM AND MORAL COMMITMENT

In a given game, any player may follow two basically different approaches in
playing the game. One is to make a separate decision on each particular move
he undertakes: this may be called the extensive mode of playing. The other
is to choose a comprehensive strategy at the beginning of the game, with a
firm commitment to follow this strategy all the time even if at some later
stages of the game he were to feel tempted to deviate from this strategy: this
may be called the normal mode of playing the game.
A game where all players act in the extensive mode is called a game in
extensive form, while a game where all players act in the normal mode is
called a game in normal form. But it is often analytically convenient to
analyze a game where the players in fact act in the extensive mode, by studying the normal fom1 of the game. This is, of course, a perfectly legitimate
procedure as long as we clearly remember that we are actually dealing with a
game played in the extensive mode, in which the players are not committed
to specific strategies chosen in advance. 4 Accordingly, when a game theorist
studies a game in normal form, he must always clearly state whether this
game modelled in normal form is meant to represent a real-life game situation
where the players in fact will act in the normal mode, or is meant to represent
a game situation where in fact they will act in the extensive mode, so that the
normal-form representation is used merely for analytical convenience.
Using this terminology, it is clear that the moral behavior of act-utilitarian
moral agents will represent a noncooperative game played in the extensive
mode since they will choose each individual action one by one so as to maximize social utility by this particular action, assuming that all other moral
agents' behavior is given. In contrast, the moral behavior of rule-utilitarian
moral agents will represent a cooperative game played in the normal mode
since their behavior will be governed by firm commitment to some moral
rules- and, therefore, to some moral strategy -chosen in advance in accordance with the rule-utilitarian choice criterion (viz., with the criterion that this
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moral strategy should maximize social utility if all other rule-utilitarian moral
agents follow the same strategy).5
The cooperative nature and the normal-mode decision structure of the
rule-utilitarian game can be illustrated by means of Example 2 of Section 2.
As we have seen, in this example, if all voters follow the rule-utilitarian
approach then this will ensure passage of the proposed measure - in fact, this
will ensure that all 1000 voters will cast affirmative votes, even though 800
votes would suffice for passage. The point is that, even though there will be
too many votes cast, rule-utilitarian theory cannot excuse any one voter from
voting because if it did then it would have to do the same for every voter, so
that the measure would most certainly fail.
Yet, voting by every voter is not a game-theoretical equilibrium point and,
therefore, it could not be the planned outcome of a noncooperative game
played by rational voters. (No equilibrium point can involve more than 800
voters voting in this case.) It is only because the game played by ruleutilitarian voters is a cooperative game that it can have such a non-equilibriumpoint outcome as voting by all the voters.
Moreover, this outcome can occur only because the game is played in the
nonnal mode, involving a firm commitment by each voter to the ruleutilitarian voting strategy. In effect, if a given voter were not under such a
commitment, then he would obviously choose not to vote since nonvoting
would be the social-utility maximizing action for him. This is so because he
would know that 999 other voters would vote for the measure anyhow; therefore, if he himself did not vote, then the measure would still pass, yet he would
have saved the costs (in time and in inconvenience) of himself going to the
polls. To be sure, as we have seen, as a joint strategy, voting by all voters is
the social-utility maximizing strategy, given that, in the absence of communication, only joint strategies under which all players do the same thing are
practicable. Yet, even if voting by all voters is the optimal joint strategy, it
will be implemented only if each voter feels committed to this joint strategy,
and does not feel free to depart from it on the ground that by not voting he
could actually increase social utility, as long as the other voters did vote.
As we will see, it is generally true that the social benefits of the ruleutilitarian approach crucially depend on each individual feeling committed
to the joint strategy chosen on the basis of the rule-utilitarian choice criterion,
and on his firm adherence to this joint strategy even if some action deviating
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from this strategy, when considered in isolation, would yield a higher social
utility. To put it differently, the rule-utilitarian approach requires each individual to renounce the right to choose his individual actions by the actutilitarian criterion of action-by-action maximization of social utility.
Under the modern theory of rational behavior, rationality always involves
some form of utility maximization, For a utilitarian decision maker, devoted
to the common interests of society as a whole, rational behavior will always
involve maximization of social utility. Therefore, it may appear that, of the
two versions of utilitarian theories, act utilitarianism is the more rational
approach because it requires every individual to choose each individual action
of his by the criterion of social-utility maximization, whereas, rule utilitarianism restricts social-utility maximization essentially to one decision problem,
that of choosing a comprehensive joint strategy. But such a view would
amount to misapplication of the concept of rationality. Whether one
approach is more rational than another does not depend on the number of
different occasions where it makes use of utility maximization. Rather, it
depends on its effectiveness in maximizing utility, i.e., on its ability to
achieve a higher level of utility.
Yet, in this respect, the rule-utilitarian approach is incomparably superior
to the act-utilitarian approach. Our three voting examples have shown that in
many cases society will be much better off, i.e., will reach a much higher level
of social utility, if its members follow the rule-utilitarian approach than if
they follow the act-utilitarian approach; and, as we will see, it is quite
generally true that the rule-utilitarian approach will yield socially much more
beneficial results than the act-utilitarian approach would - primarily because
the rule-utilitarian approach has a much better appreciation for the social
importance of individual rights and personal obligations.
Thus, the rule-utilitarian approach does restrict the freedom of action of
each individual by asking him to make a firm commitment to a moral strategy
chosen in accordance with the rule-utilitarian choice criterion - even if this
strategy is to be often inconsistent with action-by-action maximization of
social utility. Nevertheless, when an individual commits himself to a ruleutilitarian moral strategy he is making a rational commitment because by
doing so he will contribute to achieving a higher level of social utility.
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4. INDIVIDUAL RIGHTS AND OBLIGATIONS

It is this commitment to a comprehensive moral strategy, independent of
action-by-action maximization of social utility, that enables rule utilitarianism to recognize the existence of morally protected individual rights and
obligations.
According to common-sense morality, people have many individual rights,
and have many specific obligations to certain other people, which cannot be
overridden merely on the basis of social-expediency considerations, except
perhaps under very exceptional conditions. On the other hand, act utilitarianism is inherently unable to provide a proper recognition for these rights and
obligations because it must take the position that any action violating such
rights and obligations is morally permissible- and is, indeed, morally
obligatory- if it here and now maximizes social utility. Yet, such a view
deprives these rights and obligations of all effective moral force.
For example, act utilitarianism must take the view that the legal owner
will lose all his moral claim to his private property if this property is desired
by a needy person who presumably would have a higher utility for it. Ukewise, it must take the view that a person who has made a promise will be
under no moral obligation to keep it, and the recipient of his promise will
have no moral right to demand its fulfilment, should the utility to the former
of breaking his promise be somewhat greater than would be the utility to the
latter of actually obtaining the promised benefits. Again, act utilitarianism
must take the position that the parents of any given child will have neither
the moral right, nor the moral obligation, of spending their time and their
money on the support and the education of their own child, if there are any
other children (or any adults) in a somewhat greater need for support or for
educational help, etc.
Of course, by being logically compelled to take such positions, act utilitarianism essentially destroys all individual rights and all personal obligations.
The right to private property, the right to demand fulfilment of promises,
the right to parental support, as well as the obligation to respect other
people's private property, the obligation to keep one's promises, and the
obligation to support one's children, all become empty words if they can and,
indeed, have to be violated on every occasion where this might produce
slightly more total utility than disutility.
In contrast, rule utilitarianism has no logical difficulty in taking the

246

CHAPTER 12

position that individual rights and personal obligations have full moral
validity -even if they do not pass the act-utilitarian test of action-by-action
maximization of social utility- as long as they pass the rule-utilitarian test,
Le., as long as a general moral strategy committed to full observance of these
rights and obligations by all honest people will in the long run yield a higher
social utility than a moral strategy disregarding some or all of these rights and
obligations would yield.
Thus, to the extent that such rights and obligations actually pass this test
of social utility, rule utilitarianism- in sharp contrast to act utilitarianismwill fully recognize the moral validity of these rights and obligations, much
in the same way as common-sense morality does. At the same time, rule
utilitarianism goes beyond common-sense morality in two philosophically
important respects. It not only recognizes the existence of such morally
binding rights and obligations, but also provides a rational justification for
them in terms of their social utility. Moreover, it also provides a rational
criterion for discovering the legitimate exceptions to actual observance of
these rights and obligations, which common-sense morality cannot do. More
specifically, suppose we want to fmd out whether it is morally permissible to
disregard a given individual right, or a given personal obligation, under such
and such conditions. Then, rule-utilitarian theory tells us that, in order to
answer this question, we have to ask whether society will be better off in
the long run by adopting a moral strategy permitting its members to disregard
this right or this obligation under the specified conditions, or whether society
will be better off by adopting a moral strategy not permitting any such
exception from observance of this right or this obligation.
For example, any reasonable moral code must permit some exceptions to
the general obligation of keeping our promises, at least in cases of special
hardship. On the other hand, it must not permit too many easy exceptions
because this would greatly reduce the social value of promises by greatly
diminishing the probability that these promises would actually be kept.
Even though in practice it may be hard to judge at what particular point the
socially optimal balance will be reached between these two considerations
pulling in opposite directions, the social-utility maximization principle, at
least in theory, does provide a conceptually clear criterion for finding this
social optimum.
By recognizing the moral importance of individual rights and personal
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obligations, but by making this recognition strictly dependent on the social
utility of these rights and obligations, rule utilitarianism takes up a middle
ground between act utilitarianism (which essentially fails to recognize them)
and many other ethical theories (which do recognize them but which fail to
provide any rational justification for them), such as deontological, contractarian, and entitlement-based ethical theories (cf. Prichard, 1965; Ross, 1963;
Rawls, 1971; Nozick, 1974). Since these theories reject the utilitarian test
of social utility, they have to leave the network of moral rights and moral
obligations without any rational foundation.
For instance, deontologists such as Prichard and Ross could never explain
where our alleged moral duties actually come from, and why a rational individual should feel bound to observe them. Contractarians like Rawls are in
an even weaker position: even if the postulated 'social contract' were a
historical fact, it would be hard to see why any rational individual should
feel bound by a contract that his very remote ancestors had concluded
presumably many thousands of years ago. But, of course, we know that this
postulated 'social contract' is sheer fiction, which makes it even harder to see
why it should have any moral force. Indeed, more fundamentally, even in the
case of real contracts we have ourselves concluded, the principle that contracts are to be kept needs some rational justification, and such rational
justification cannot be provided in terms of any con tractarian theory. Rather,
such a justification can be provided only in utilitarian terms, i.e., in terms of
the social utility of a moral rule requiring the observance of contracts, except
in some very special cases. Again, entitlement theorists like Nozick' cannot
explain where 'entitlements' actually come from. Did some mysterious godhead
invest us with all the unlikely-sounding 'entitlements' postulated by these
entitlement theorists? If so, how can we ever find out that we have been so
invested? And, in any case, why should any rational person pay any attention
to these 'entitlements'?
Given that the justification of individual rights and obligations lies in their
social utility, I now propose to consider what advantages, if any, the existence of such rights and obligations has for society.
One advantage lies in what may be called their expectation effect and their
incentive effect. The former consists in the fact that the existence of such
rights and obligations makes it easier for us to form reasonably specific
expectations about other people's future behavior, and this fact gives us a
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stronger feeling of security, and makes it easier for us to plan our future
activities. On the other hand, the incentive effect consists in the fact that the
existence of such rights and obligations greatly increases our incentives to
engage in socially desirable activities. For example, the existence of private
property rights increases people's incentives to hard work, to saving, and to
investment. The existence of an obligation to keep one's promises increases
people's incentives to agree on certain joint activities, and to perform services
for other people in exchange for promised future rewards, etc.
Another advantage lies in the fact that this network of rights and obligations gives rise to a certain division of labor among the members of society
as a whole, and among the members of each particular social institution, by
creating a large number of mutually complementary social roles, and by
assigning specific rights and specific obligations to the occupants of these
roles. This fact may be called the division-oflabor effect. The resulting social
division of labor has extremely great social utility.
For example, we could imagine a society in which all adults would have
common responsibility for the support and the education of all the children.
But, in actual fact, in all known societies the main responsibility for the wellbeing of any particular child is always vested in one particular adult or in a
small group of such adults, whether these are the child's natural parents, or
some other relatives, or some specially appointed guardians, etc. This division
of labor among adult members of the society in looking after the children
has both informational and motivational advantages. If each adult had to take
an equal interest in all the children, then he or she could not keep informed
about the specific needs of any child, and could not develop close emotional
ties with any of them. In contrast, if each adult is responsible only for a few
children, then he or she can pay very close attention to them, and can give
each of them very close emotional support.
To conclude, the existence of a network of individual rights and obligations has great social advantages because of its expectation effect, its
incentive effect, and its division-oflabor effect. The superiority of the ruleutilitarian approach over the act-utilitarian approach lies primarily in the fact
that it is able to recognize the moral significance of these rights and obligations, which the act-utilitarian approach is logically unable to do .6
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5. RULE UTILITARIANISM AND THE VOTER'S PARADOX

Economic theory has a long tradition of making use of the concept of
rational behavior. Political science has been using this concept for a much
shorter time, but has already achieved important insights by doing so. Yet,
application of the concept of rational behavior to political activities has
also yielded a curious paradox: It seems that voting cannot be analysed at all
in terms of the concept of rational behavior because, in any large electorate,
voting seems to be a highly irrational activity. This is so because the probability that one's own vote should actually decide the election is virtually nil.
Thus, even if the election is concerned with extremely important issues, and
even if the costs of voting, in terms of time and inconvenience, are actually
quite small, any cost-and-benefit calculus will come out very clearly against
voting. Yet, many people do vote, and do not seem to feel at all that they
engage in an irrational activity. This fact is often described as the voter's
paradox.
In actual fact, many of the more articulate voters will even offer a specific
argument to defend the rationality of their voting. They will argue: "Admittedly, my own individual vote cannot make any difference. But imagine that
all people (or most people) like me would not vote. That surely would make a
significant difference in many cases!"
Under the customary model of rational behavior, this must be considered
as being an invalid -and, in fact, a badly confused -argument. One would
have to say to the voter who uses this argument: "Your argument would be
valid if you had the power to decide whether all people (or most people) like
you should vote or not. But, in actual fact, you can only decide whether you
yourself will vote or not, and your decision will have no effect whatever on
most other people you describe as people like you. Therefore, you cannot
rationally make your decision on whether to vote or not to vote depend on
what would happen if all people like you did not vote. All you can rationally
ask is what difference it would make if you personally did not vote."
Yet, in my opinion, this voter's argument is a perfectly valid argument.
The fault does not lie with this argument, but rather lies with the unduly
narrow model of rational behavior which would suggest rejection of this
argument. The fault lies in the fact that the customary model of rational
behavior does not take account of the possibility of a rational commitment
to a comprehensive joint strategy, such as the rule-utilitarian joint strategy.
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Once the possibility of such a rational commitment is recognized, the argument in question makes perfectly good sense.
In the three voting examples discussed in Section 2, for simplicity I have
disregarded all possible morally relevant differences that may exist among the
voters. Accordingly, I have concluded that, in Example 2, the moral strategy
suggested by the rule-utilitarian approach would require every voter to vote.
But, more realistically, if there are relevant differences among the voters in
age, in health, in how busy they are, etc., then the correct rule-utilitarian
strategy may actually take the form, "People above a certain age, people who
are sick, or people who are very busy, etc., need not vote, because we can
win the election even without their votes. But all other people should
definitely vote." (Of course, in the real world- unlike what has been
assumed to happen in our voting examples - there will be considerable disagreements about the merits of any given policy measure. Therefore, a separate moral strategy of this kind must be formulated both for the supporters
and for the opponents of any given measure.)
Accordingly, it makes very good sense to ask the question, ''What would
happen if people like me did not vote?" For it is precisely by asking such
questions that (say) 70-year old voters can rationally decide whether the
election will be so close that they will also have to vote, or whether people of
that (or even higher) age can safely stay home in this election, etc.
Thus, we can conclude that voting in a large electorate need not represent
irrational behavior at all; and that its rational justification actually lies in the
often-rejected common-sense argument based on considering what would
happen if all persons of a given category (as well as people who had even
better excuses not to vote) refrained from voting.
More generally, our discussion of rule utilitarianism has shown that behavior based on a rational commitment must be classified as truly rational
behavior, and that rational commitment by various individuals to specific
strategies can be legitimately used as an explanatory variable in analyzing
rational behavior. 7
6. CONCLUSION

In this paper I have argued that moral behavior by act-utilitarian moral agents
has the nature of a noncooperative game played in the extensive mode, and
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based on action-by-action maximization of social utility. In contrast, moral
behavior by rule-utilitarian moral agents has the nature of a cooperative game
played in the normal mode, and involving a firm commitment by each agent
to an overall joint strategy chosen on the basis of the rule-utilitarian choice
criterion.
We have seen that this cooperative nature, and this normal-mode decision
structure, of the rule-utilitarian game enables the rule-utilitarian approach
to achieve a more effective strategy coordination among different individuals
than the act-utilitarian approach would be able to achieve. This fact I have
called the coordination effect.
Yet, I have argued that the superiority of the rule-utilitarian approach
over the act-utilitarian approach rests primarily on the ability of the former,
and on the inability of the latter, to give proper recognition to the social
importance of individual rights and obligations, and on the resulting expectation effect, incentive effect, and division-oflabor effect. As we have seen,
the act-utilitarian approach would destroy all individual rights and obligations by its insistence on action-by-action maximization of social utility.
In contrast, the rule-utilitarian approach can fully recognize the moral validity of such rights and obligations because it requires a firm commitment by
each individual to a suitably chosen overall strategy, which will make his
behavior independent of action-by-action maximization of social utility.
Finally, I have argued that the rule-utilitarian conceptual framework
enables us to resolve the voter's paradox. It enables us to show that voting,
even in large electorates, may be a perfectly rational activity. The example of
rule-utilitarian theory also indicates the important role that the concept of a
rational commitment can play in the analysis of rational behavior.
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2 Harrod did not actually use the terms 'act utilitarianism' and 'rule utilitarianism'. These
terms were introduced only later by Brandt (1959, pp. 380 and 396). As the 19thcentury utilitarians did not distinguish between the two versions of utilitarian theory,
it is a rather controversial issue whether their views were closer to act utilitarianism or to
rule utilitarianism.
3 We have seen that each rule-utilitarian player will choose his strategy on the assumption that the other players, also, will choose the same strategy. But this assumption will
not be based on any direct information about the strategy choices of the other players.
Rather, it will be based merely on the fact that the other players will choose their
strategies by using the same rule-utilitarian decision rule, i.e., by maximizing the same
function W, subject to the same constraints (2.3) and (2.4).
4 For instance, in analyzing noncooperative games, if we are dealing with a game played
in the extensive mode then, as Reinhard Selten (1965, 1975) has pointed out, not all
equilibrium points of the normal form of the game will qualify as rational outcomes,
but only the perfect equilibrium points of the game will do so. In contrast, if the game is
actually played in the normal mode then all equilibrium points will potentially represent
rational outcomes.
5 In fact, any cooperative game will always involve at least some behavior in the normal
mode if it ends with an agreement among the players. For an agreement will always
lead to a commitment by the players to some agreed strategies.
6 As we have seen, the act-utilitarian approach would destroy the moral force of these
individual rights and obligations. In doing so, it would destroy the expectation and the
incentive effects, depending on these rights and obligations. For instance, if there are
many readily available exceptions to the obligation of keeping one's promises then
people cannot formulate reasonably firm expectations on the assumption that promises
will be kept; and they will not have the incentive to engage in activities whose profit·
ability depends on such expectations. Act utilitarianism would also destroy the division·
oflabor effect by invalidating the special obligations one person is supposed to have to
some specific other persons. For instance, as we have seen, it would prevent any parent
from giving priority to looking after his own children's needs over looking after the
needs of other children or the needs of any other individuals.
7 Of course, within a model of rational behavior, a person's commitment to a specific
strategy can explain his behavior only if this commitment is in fact a rational commit·
ment. In game theory, in analyzing games in normal form, it is often too readily assumed
that the players will feel committed to specific strategies - even though the conditions
actually do not permit them to make such commitments, or even though it would be
against their strategic interests to make, and to abide by, any such commitments.
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